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1 MENH DE
I. MENH DE, MENH DE CHUA BIEN

Nhic lai kién thiic vé ménh dé, ménh dé chia bién

& Menh dé 1a mot cau khéng dinh dang hosc sai.

& Meénh dé khong thé vira ding vira sai.

& Kif hicu P,Q, R...

& Meénh dé chia bién 1a ménh dé ma ching ta chua biét tinh ding sai, khi thay bién la 1 gia
tri cu thé ta méi biét tinh dung sai.

& Menh dé chita bién khong phai 13 ménh de.

B * o v

P: "3 chia hét cho 2" 14 1 ménh dé sai.
Q: "3 >2" 13 1 ménh dé ding.
R: "Toi thich ban" khong 13 ménh dé.

B * - %+

Xét P:"n chia hét cho 2, n € N"
+) n =3 = 3 chia hét cho 2 la ménh dé sai.
+) n = 6 = 6 chia hét cho 2 134 ménh dé ding.

Il. MENH DE PHU DINH

Nhic lai kién thiic vé ménh dé phu dinh
<& Phii dinh ctia P 1a "khong" P, ki hieu 1a P.
& P, P la hai ménh dé trai nguge nhau.

EEED)) * o v

Phét biéu ménh dé phit dinh clia cdc ménh dé sau va nhan xét tinh ding sai ctia ménh dé phii
dinh do6

a) P:"17 1a s6 chinh phuong".

b) Q:"10 chia hét cho 3".

¢) A: "2? — 4z 4+ 4 = 0 ¢6 nghiem".

d) B: "5 la sb hitu ti".

e) C: "Paris la thu do ctia nuée Anh".

a) P:"17 khong 1a s6 chinh phuong", P ding.

b) @:"10 khong chia hét cho 3", @ dung.

) A:"z? — 4z + 4 = 0 vo nghiem", A sai.

d) B:"5 khong 1a s6 hitu ti", B ding.

e) C:"Paris khong 13 thii d6 nuée Anh", C' ding.

(@]
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1= Chuong 1. Ménh d& va tap hop

1. MENH DE KEO THEO, MENH DE DAO

hai niém ménh dé kéo theo

P = Q doc 1a "P kéo theo Q" hay "P suy ra Q" hay "Néu P thi Q" véi P la gia thiét
va @ 1a két luan.

trong do

P 13 diéu kieén can dé c6 Q.

Q la diéu kien du dé c6 P,

EVida)) kv n

Cho hai cau sau

P:"Tam gidc ABC' la tam gidc vuong tai A".

Q: "Tam giac ABC c¢6 AB? + AC? = BC?".

Hay phét biéu cau ghép c6 dang "Néu P thi @ va cho biét tinh didng, sai ctia ménh dé do.

[} oa(jzf/ Lal.

Néu "Tam giac ABC la tam gidc vuong tai A thi Tam gidc ABC c6 AB* + AC? = BC?" (Day
la meénh dé dang).

hai niém ménh dé dao

P = @ c6 ménh d& do 1a Q = P.
P = (Q dang thi chua chic Q = P dung.

Néu ABC 1a tam giac déu thi A = 60° ¢6 ménh dé dio la: Néu A = 60° thi AABC déu.

~ 2, - 2 ~ X 2 2 2 ~ X 2 2 2 ~ X N 2 . s ~ .
Hay phat bieu ménh dé dao ctia cac ménh dé dao cua cac ménh de sau va xac dinh tinh ding sai

clia cac ménh dé dao nay

a) A:"Néu tam gidc ABC' la tam gidc déu thi tam giac ABC' la tam giac can.

b) B:" Néu a va b chia hét cho ¢ thi a + b chia hét cho c.

[ (g"zéﬁzfézﬂ.

a) Néu AABC can thi AABC déu la ménh dé sai.

b) Néu a + b chia hét cho ¢ thi @ va b chia hét cho ¢ 1a ménh dé sai vi (2 + 4) chia hét cho 6.

IV. MENH DE TUONG DUGNG

hai niém ménh dé tuong duong

P & @Q doc 1a "P tuong duong Q" hay "P khi va chi khi Q" hay "P néu va chi néu Q"
hay "P la diéu can va da dé c6 Q".
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(£ Chuyeén dé 1. Menh dé

Cho hai ménh dé

P:"T giac ABCD la hinh vuong".

Q:"Tt giac ABCD la hinh chit nhat c¢6 hai duong chéo vuong goéc véi nhau".

Hay phat biéu ménh dé tuong duong P < @ va xéac dinh tinh ding, sai ctia ménh dé tuong duong
nay.

[} (,@z(}fzkz’zl

P < Q: "Tu giac ABCD la hinh vuong khi va chi khi ti@ gidc ABCD la hinh chit nhat c¢6 hai
duong chéo vudng goc véi nhau.

Xét,

P = Q: ménh dé dung.

Q@ = P: ménh deé sai.

Do d6 P < @ 1a ménh dé dung.

V. MENH DE CHUA v, 3

Nhic lai kién thic vé ménh dé chia v, 3
& V: v6i moi.

& 3: ton tai hoac c¢6 mot.

a) P:"V x € R,z? > 0" doc 1a Véi moi s6 thuc, binh phuong ctia n6 khong am.
b) Q:"Jz € Q,2? = 2" doc 1a Ton tai mot sé hitu ti, ma binh phuong clia né bang hai.

Dung ki hiéu V hoiic 3 dé viét cac menh dé sau, xét tinh dang sai ctia ménh dé do

a) "C6 {t nhat mot s6 ty nhién béng vdi nghich ddo ctia no".

b) "Moi s6 thyc déu c6 binh phuong khac 1".

c¢) "Ton tai mot s6 thiic ma binh phuong ciia n6 cong véi 1 bang 0".
d) "Binh phuong ctia moi s6 thyc déu duong".

[} o@z(jaa

a) "dr € N,z = —" la ménh dé ding vi z = 1 thod man.
T

b) "Vz € R, 2% # 1" 1a ménh dé sai vi 12 = 1.

¢) "dr € R,2? +1 = 0" 1a ménh dé sai vi 22 = —1 vo 1i.

d) "Vz € R,2? > 0" la ménh dé sai vi 02 > 0 vo Ii.

VI. MENH DE PHU DINH CUA v, 3

Nhic lai kién thic vé ménh dé pha dinh cta Vv, 3
Cho ménh dé&:"P(z),z € X"
< Pht dinh cia menh dé:Ve € X, P(z) 1a menh dé&:3z € X, P(z).

< Phi dinh ctia ménh dé:3z € X, P(x) 1a ménh dé:Va € X, P(x).
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1= Chuong 1. Ménh d& va tap hop

Lap ménh dé phu dinh ctia cac ménh dé sau

a) Vr € R, |z| > z.

b) Iz e R, 2?2 +1=0.

c¢) Ton tai s6 nguyén chia hét cho 3.

d) Moi s6 thap phan viét duge dudi dang phan s6.

[} o@'zéiz'(zl'

a) dr € R, |z| < z.

b) Va € R, a? + 1 # 0.

¢)Jr € Z,z:3.

d) C6 mot s6 thap phan khong viét duge dudi dang phan sb.

X . 9 X 5 z
Lap ménh dé phu dinh va xét tinh ding sai cia ménh dé sau a) A:”ﬁ la mot phan so".

I

b) B:"Phuong trinh 22 + 3z + 2 = 0 ¢6 nghiém".
c) C:"S6 2025 chia hét cho 15".

(2} p@ym’@
D
a) ﬁ khong 1a mot phan s6" 1a ménh dé sai.

b) B:"Phuong trinh z? + 3z + 2 = 0 vo nghiem" 14 ménh dé sai.
¢) C:"S5 2015 khong chia hét cho 15" 1a ménh dé sai.

Lap ménh dé phu dinh va xét tinh dung sai clia cac ménh dé sau
a) Vo € R, 22 # 21 — 2
b) Vz € R, 2% < 2z — 1.
1
c)reRz+—>2.
x
d) Iz eR, 2> —z+1<0.
o @zjzféz;
a) dr € R, 2? =22 — 2.
Xét tinh dang sai

?,>I

x? — 2z +2#0.
=(2® =22+ 1) + 1 #0.
S(r -1 +1#£0.
S —-12#-1 VzeR,
Vi ménh dé gbc clia cau a) ding nén ménh dé phi dinh ciia n6 sai.
b) 3z € R, 2% > 2z — 1.
Xét tinh dang sai
r? <22 —1.
o2 —2r+1<0.
s —-1)2<0.

Vi ménh dé gbc clia cau b) sai nén ménh dé phtt dinh ctia né ding.
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(£ Chuyeén dé 1. Menh dé

1 N s 2

c) Vr € R,z 4+ — < 2 la ménh deé sai vi ménh de goc clia né ding (khi x =1 =1+ 1> 2 dung).
x

d)Vz e R,2*> —z+1>0.

Xét tinh dang sai

> —r+1<0.
1 1 3
2
—2.— - - .
<:><:c 2x+4)+4<0

Vi ménh dé gbc clia cau d) sai nén ménh dé pht dinh ciia n6 ding.

B sa Tae

$> Cau 1. Trong cac cau sau, cau nao khong phai 14 ménh de?

(A) Budn ngt qual.
Hinh thoi c¢6 hai dudng chéo vudng goéc v6i nhau.
(©) 8 1a s6 chinh phuong.
(D) Bang Céc 1a thit do clia Mianma.
(e} Hmfy din Q, @

$> Cau 2. Trong cac cau sau, ¢6 bao nhiéu cau khong phai 1a ménh deé?
a) Hué 1a mot thanh phd cta Viet Nam.

b) Song Huong chay ngang qua thanh phd Hué.

c) Hay tréa 15i cau héi nay!

d) 5+19=24.

e) 6+81=25.

f) Ban c¢6 ranh t6i nay khong?

@ 1. 2. © 3. D) 4.
(e /Z{U‘o/‘égj dén Q @
$> Cau 3. Trong cac cau sau, ¢6 bao nhiéu cau la ménh dé?
a) Hay di nhanh lén!
b) Ha Noi la tha do cia Viet Nam.
c) 5+ 7+4=15.
d) Nam 2018 la ndm nhuan.

@) 4. 3. © 2. D 1.
[ /‘[u‘o‘gy dén Q,
¢ Cau 4. Trong cac cau sau, ¢6 bao nhiéu cau la ménh dé?
a) Co len, sap doéi roi!
b) S6 15 1a s6 nguyen t0.
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1= Chuong 1. Ménh d& va tap hop

c¢) Tong cac goc clia mot tam giac 1a 180°.
d) z 1a s6 nguyen duong.

@ 3. 2. © 4. D) 1.
[} Ha‘o/‘égj din Q
¢ Cau 5. Trong cic cau sau, cau nao la ménh de?

@ z+1=25.

Trung Qudc 1a nude dong dan nhat thé gidi.

(©) 22 1a s6 nguyen t6.

(D) Khong duge lam viéc rieng trong gid hoc.

() Hzm‘% dén Q,
¢ Cau 6. Cau nao trong cac cau sau khong phai 1a meénh de?

© —2—-22<0. ® 4+ .
[ Ha‘()y (/Q‘V/Z,Qg @

$» Cau 7. V6i gia tri thyc nao ctia z thi ménh dé chia bién P(x):222 — 1 < 0 1a ménh dé dang:

@ 0. 5. © 1. ) %.
O uong diin @ (&)

¢ Cau 8. Cho meénh dé chita bién P(z):"z + 15 < 22" v6i z 1a s6 thye. Ménh dé nao sau day
ding:

@ P(0). P(3). © P(4). ®) P(5).
(2} /Z{a‘o/’y diin Q@ @

¢ Cau 9. Cho ménh dé chita bién P(n):"n? — 1 chia hét cho 4" v6i n la s6 nguyén. Xét xem céc
ménh dé P(5) va P(2) ding hay sai?

(A) P(5) ding va P(2) sai. P(5) sai va P(2) sai.

(© P(5) ding va P(2) sai. (D) P(5) sai va P(2) ding.
[ /‘[L[()/Zﬁ (/(5/2/% @

¢ Cau 10. Trong cdc ménh dé sau, ménh dé nao la ménh dé diung?
(A) Tong ctia hai s6 tut nhién 14 mot s6 chin khi va chi khi c& hai s6 déu 1a s6 chén.
Tich ctia hai s6 tu nhién 1& mot s6 chin khi va chi khi ca hai s6 déu 1a s6 chin.
(©) Tong ciia hai s6 tut nhién 1a mot s6 18 khi va chi khi ca hai s6 déu 1a s6 18.
(D) Tich ctia hai s6 tu nhién 1a mot s6 18 khi va chi khi ca hai s6 déu la s6 18,

(2} Ha‘(f% din & @

¢ Cau 11. Trong cac cau sau, cau nao la ménh dé dang?

@Néuazbthia22b2.

Néu a chia hét cho 9 thi a chia hét cho 3.

(©) Néu em cham chf thi em thanh cong.

(D) Néu mot tam giac ¢6 mot goc bang 60° thi tam gide do déu.
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« Chuyén dé 1. Ménh dé

[ Ha’()‘/y din Q, @

$¢> Cau 12. Trong cac ménh dé sau, ménh dé nao 13 ménh dé sai?

(A) Hai tam giac bang nhau khi va chi khi chiing dong dang va ¢c6 mot géc bang nhau.
Mot t giac la hinh chit nhat khi va chi khi ching ¢6 3 gbc vuong.
(©) Mot tam gidc 1a vuong khi va chi khi né c6 mot géc bing tong hai géc con lai.
(D) Mot tam giac 1a déu khi va chi khi ching ¢6 hai dudng trung tuyén bang nhau va c¢6 mot goc
biang 60°.
(e Haaéy a/(?/z, & @

¢ Cau 13. Trong cic ménh dé sau, ménh dé nao c6 ménh dé dio dang?

(A) Néu s6 tu nhién n c6 tong cac chit s6 bang 9 thi s6 ty nhién n chia hét cho 3.
Néu z > y thi 22 > 2.
(©) Néu z =y thi t.z = t.y.
(D) Néu z =y thi 23 = 33
() HL[‘()/‘W dén Q @

$> Cau 14. Trong cac ménh déu sau, ménh dé nao 1a ménh dé sai?

(A) "ABC 1a tam giac déu < Tam gidc ABC can".
"ABC la tam giac déu < Tam gidc ABC can va c¢6 mot goc 60°".
(© "ABC la tam gidc déu & ABC la tam giac c6 ba canh bing nhau".
(D) "ABC la tam gidc déu < Tam giac ABC c6 hai géc bang 60°".

[} Hwo/’ézy diin @ @

$® Cau 15. Tim ménh deé sai:

(A) 10 chia hét cho 5 < Hinh vuong c6 hai dusng chéo bing nhau va vuong géc véi nhau.
Tam gidc ABC vuong tai C & AB? = CA? + CB%
(©) Hinh thang ABCD noi tiép dudng tron (O) < ABCD la hinh thang can.
(D) 63 chia hét cho 7 = Hinh thang c6 hai dudng chéo vuong goéc véi nhau.
[} /‘[mf/(y din Q, @

$¢> Cau 16. Tim menh deé dung:

(A) Duong tron ¢6 mot tam déi xiing va c6 mot truc ddi xing.

Hinh ch@ nhat c6 hai truc déi xing.

(©) Tam giac ABC vuong can < A = 45°.

(D) Hai tam giac vuong ABC va A’B'C’ ¢6 dién tich bing nhau < AABC = AA'B'C'.
(e Haoiy din Q, @

$> Cau 17. Lap ménh dé pha dinh ctia ménh dé:"S6 6 chia hét cho 2 va 3".

(A) S6 6 chia hét cho 2 hodc 3.

S6 6 khong chia hét cho 2 va 3.

(©) S6 6 khong chia hét cho 2 hodc 3.

(D) S6 6 khong chia hét cho 2 va chia hét cho 3.

[ Huw(zy dén Q, @
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1= Chuong 1. Ménh d& va tap hop

$> Cau 18. Ménh dé "Jx € R, 2% = 2" khang dinh ring:

(A) Binh phuong ctia mdi s thuc bing 2.

C6 it nhat mot s6 thyc ma binh phuong clia n6 bang 2.
(©) Chi ¢6 mot sb thic ma binh phuong ciia n6 bing 2.

(D) Néu x 1a mot s6 thuc thi 22 = 2.

[ Ha‘a‘éz/ﬁ din Q

$> Cau 19. Ki hieu X 1a tap hop céac cau thi z trong doi tuyen bong 16, P(x) 1a ménh dé chita
bién "z cao trén 180 cm". Ménh dé "Vz € X, P(z)" khang dinh ring:

(A) Moi cau thii trong ddi tuyén bong rd déu cao trén 180 cm.

Trong s6 cac cau thi clia doi tuyén bong ré c6 mot s6 cau thii cao trén 180 cm.
(©) Bat ki ai cao trén 180 cm déu la cau thi ctia doi tuyén bong r0.

(D) C6 mot sd ngudi cao trén 180 cm 1a cau thi ctia doi tuyén bong rd.

[ Haozy dén Q @

&> Cau 20. Ménh dé nao sau day la pht dinh ctia ménh dé "Moi dong vat déu di chuyén"?

(A) Moi dong vat déu khong di chuyén.
Moi dong vat déu ditng yeén.
(©) C6 it nhat mot dong vat khong di chuyen.
@ C6 it nhat mot dong vat di chuyén.
() Hm)‘/zj diin B @

$» Cau 21. Menh dé P(z):"Vr € R, 22 — x + 7 < 0". Pht dinh cia ménh dé P 1a

A JreR 22—z +7>0. ® Ve eR,22—2+7>0.
© Ve ¢R22—2+7>0. O JreR 22—z +7>0.
[} Had?ﬁ a/(é\/z,fqe @

¢ Cau 22. Menh dé pht dinh cia meénh dé P(z):"z% + 3z + 1 > 0 v6i moi 2" 1a

(A) Ton tai z sao cho 22 + 3z +1 > 0.
Ton tai z sao cho 22 + 3z +1 < 0.
(C©) Ton tai x sao cho 22 + 3z + 1 = 0.
(D) Ton tai x sao cho 2% + 3z + 1 < 0.

() Ha‘(mj din &

¢ Cau 23. Cho ménh dé P(x):"Vx € R, 2?2 + z +1 < 0". Ménh dé phu dinh ctia ménh dé P(z)
la

A "V eR, 2> +x+1<0" ® "Vxr eR 2?2 +x+1<0"
© "JreR 2>+ +1<0" O "freRz?+x+1>0"
[ /’[a‘o‘éy din Q, @

¢ Cau 24. Trong cac ménh dé sau day, ménh dé nao dung?

(A) Khong c6 s6 chin nao la s6 nguyén t6.

Vo € R, —2? < 0.

(©) In € N,n(n + 11) + 6 chia hét cho 11.

(D) Phuong trinh 32% — 6 = 0 ¢6 nghiém hitu ty.
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(£ Chuyeén dé 1. Menh dé

[} Hmfy din Q @

$> Cau 25. Trong cac ménh dé sau day, ménh dé ndo ding?

(A) V6i moi s6 thuc z, néu x < —2 thi 2% > 4.
Véi moi s6 thue , néu 22 < 4 thi z < —2.
(C) Véi moi s6 thuyc x, néu x < —2 thi 2% < 4.
(D) Vé6i moi s6 thuc z, néu 22 > 4 thi x > —2.

(2} /’/uoz(z; din & @
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2 TAP HQP, CAC PHEP TOAN TREN TAP HQP
I. TAP HQP

Nhic lai kién thic vé tap hop
& Meénh dé la 1 khai niem co ban ciia Toan, khong dinh nghia (Tap).

<& Ki hiéu
A={0;1;2;3;4}.
B =1{5;1;2;7}.

C={neN/n <3}

& Mot tap hop c6 thé c6 nhiéu phan tit, mot phan ti, vo sd phan ti, hodac khong c6 phan ti
nao.

& (€6 hai cach chi ra mot tap hop (liet ke va chi ra tinh chat dic trung).

& O vi du phan ki hiéu ta dé dang thiy ngudi ta da chi ra tap hop A, B bing céach liet ke va
tap hop C bang cach chi ra tinh chat dac trung.

Cho D = {n € N/n 1a s6 nguyén t6 , 5 < n < 20}.
a) Dung ki hidu €, ¢ dé viét cau tra 13i cho cau héi sau: Trong cac s6 5,12,17,18, s6 nao thude

tap D, s6 nao khong thuoc tap D?

b)Viét tap hop D bang cach liet ke cac phan t1t.Tap hgp D ¢6 bao nhiéu phan t1?
O o gidi

a)be D, 12¢ D, 17€ D,18 ¢ D.

b) D ={7;11;13;17;19} = np = 5.

Viét cac tap hop sau bang phuong phap liet ke
a) A= {r € Q/(z* - 1)(2* - 5) = 0}.

b) B ={x € N/b < 2% < 40}.

c) C={x€Z/x* <9}

d) D ={z e R/|2z + 1| = 5}.

[} Lot gid.

2—1=0 r==41  (tm)

22 —5=0 r=+v5 (loai)

b) 5 <2? <40 = 2,23 < |z| < 6,32 = B =1{3;4;5;6} don € N.

)a?<9=—v/9<2<V9e 3<r<3=>C={-2-10;1;2} dox € Z.

2x+1=5 [x:2
&

a) (x2—1)(x2—5)20@[ = A={+1}.

d) 2z +1=5= = D = {-3;2}.

2r+1=-5H r=-3

By kv nn

Viét tap hgp sau bang cach chi ro tich chat dic trung clia phan ti do6
a) A=1{1;3;5;.....; 15}.
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(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

b) B ={0;5;10; 15; 20; ....}
c) C={-2;-1;0;1;2}.
d) D = {0;1;4;9; 25; 36;49; 64; ; 81}.
[} 0@2(27&2’12
a) A la tap hop so 1é khong vugt qua 15.
b) B 1a tap hgp s6 tu nhién chia hét cho 5.
c) C —$€Z/—2<x<2
d) D l1a tap hgp hop s6 chinh phuong khong vugt qua 81 hodc D = {z?/z € N,z < 9}.

Il. TAP RONG

Nhic lai kién thiic vé tap réng

& Tap roéng 1a tap hop khong chita phan tit nao.
& Ki hieu: 0 # {0}.

& Gia st tap A # () thi 3z € A.

B, oo

) 22+ 1=0= 2% = —1 (vo nghiem). Vay S = 0.
b) Tap hop nguoi song trén mit troi. Vay S = 0.

I1l. TAP CON, TAP HGP BANG NHAU

hic lai kién thic vé tap con

& Kihituww ACB&xe Athix € B.
© Néu A khong la con B= A ¢ B.

& Luu y
ACA.
0 cC A.
Tap A c¢6 n phan tt = 2" tap con.
Tap A c6 C* tap con c6 k phan tit.

D)) Kttt ¥
A={1;2;3}
A c6 3 phan tit = c6 2% = 8 tap con gom
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1= Chuong 1. Ménh d& va tap hop

{1; 2; 3}7 {15 2}7 {1; 3}> {23 3}7 {1}7 {2}7 {3}7 0.

Cho tap hgp C' = {—4;0;1;2}. Xét tinh ding, sai ctia cAc ménh dé sau:
Phét biéu D|S

@ C' la tap con cua Z.

C la tap con cua N.

@ C' la tap con cta R.

@ Cho tap hop B = {—2;0;1;2}, ta c6 C C B.
A Lo gial. &) B) @ B

Nhic lai kién thic vé hai tap hop bang nhau
® ACBvaBCAthi A=DB.

EEED) * v o

Xét quan heé gitta moi cap tap hgp bang nhau. Chung c6 bang nhau khong?
a) A={0;1;2;3;4} va B = {0;2;4}.

b) C={zr eR/x* =4} va D = {z € R, |z| = 2}.

D ={xeN|zlabdicia3}va H={xrecN|zlaboiciab}.

a) A# B.

b)

=4 1=+2=C={+£2}.

|z] =2 x=42= D = {£2}.

= C=D.

c) G={0;3;6;9;12;....}, H = {0;6;12;18; ....} = G # H.

IV. CAC PHEP TOAN TREN TAP HQP

Nhic lai kién thiic vé phép giao
& ANB={x,x € Avax € B}.
A B

B * <0

A={1;2;5;7}.
B ={1,3;5;6}.
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(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

= AN B ={1;5}.

Nhic lai kién thic vé phép hop

©® AUB = {x,z € A hodc x € B}.
A B

) QAR AR

A={3;1;a;5}.
B ={1;6;a;3}.
= AU B = {3;1;a;5;6}.

Nhic lai kién thiic vé phép higu
S A\B={recAvax ¢ B}, B\A={re Bvax ¢ A}.
A B

EEEED)) * -« v

A={1;2;5;7}.

B = {3;4;1;5}.

= A\ B={2;7},B\ A={3;4}.

Nhic lai kién thiic vé phép lay phan bit
& ACB.
& CpA =B\ A
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1= Chuong 1. Ménh d& va tap hop

) QRGN ¢
A={1;2},B={1;2;3;4} = CpA = B\ A= {3;4}.

- B

& Bai 1. Cho hai tap hop A = {1;2;3;4;5;6} va B = {n € N,n la u6c cua 12}. Tim cac tap hop
sau:

a) AN B. b) AU B. c) A\ B. d) B\ A.

[} Hao/}(zy f/(‘z‘wlyz'(éz?,

a) AN B ={1;2;3;6}.

b) AU B = {1;2;3;6;5;4;12}.

c) A\ B ={5}.

d) B\ A= {4;12}.

& Bai 2. Cho tap hop E = {1;2;3;4;5;6;7;8;9} va cac tap hgp con
A ={1;2;3;4} va B = {2;4;6;8}. Xac dinh céc tap hgp sau

[} Hmfg (/é/%zfdzl

a) CpA=FE\ A=1{5;6;7;8;9}.

b) CgB =FE\ B =1{1;3;5;7;9}.

c)

ANB=1{2;4;1;3;6;8.

Cg(AUB)=FE\(AUB) = {57;9}.

& Bai 3. Cho hai tap hgp A= {r € N/3z —1 <0} va B = {z € Z/32* — 14z + 1 = 0}. Tim céc
tap hgp sau:
a) AN B. b) AUB . c) A\ B. d) B\ A.

[ Ha‘o/‘% QZ(EIZ// lat.

11
3x—1§0<:>x§3%3,6v\1xEN:>A={O;1;2;3}.
11

r=— (loai
327 —14r+11=0% 3 ('>vix€Z:>B={1}.

r=1 (tm)
a) AN B = {1}.
b) AUB ={1;0;2;3} = A.
) A\ B = {0;2;3}.
d) B\ A=10.

o

V. TAP HOP SO VA CAC PHEP TOAN
Cac tap s6 da hoc
& S6 ty nhien: N = {0;1;2;3;...}.
& S6 nguyen: Z = {...; —3; —2; —1;0;1;2; 3; ...}
& S6 hitu ty: Q: %, b # 0 bao gom s6 thap phan hitu han va s6 thap phan vo han tuan hoan.
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(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

1
Vi du: 1,26@,56(@.

© S6 vo ty: T (s6 thap phan vo han khong tuan hoan).
Vi du: WGH,ﬁGH.

& S6 thuc: R.
& NCcZcCcQCR.
& ITCR.
( ™
R
Q
7
N
() I
N J
Ki hiéu Tén goi Biéu dién tap hop Biéu dién trén truc sbé
(a,b) Khoéang {reR|a<x<b} ¢ e
[a, b] Doan {reR|a<z<b} [ >,
[a,b) Nita khoéng {(reR|a<z<b} ] >
(a,b] Nita khoéng {(reR|a<z<b} ¢ >,
la, +00) Ntta khodng {reR|x>a} [ > .
(a,+00) Nita khoang {reR|z>a} ¢ >
(—00, b Nita khoang {zeR|z<b} >,
(—00,b) Ntta khodng {r eR |z <b} >,
(—00, +00) Khoang R > .
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1= Chuong 1. Ménh d& va tap hop

Doc tén, ki hiéu va biéu dién trén truc sb:
a) A={reR/-2<z <3}
b)B={reR/-3<xz <1}

c) C={reR/2z—-1> 0}.

[ Lot gia.

a) Nita khoang, A = (—2;3].

T T 1 > T
-3 —\2 -1 0 1 2 é
b) Doan, B = [-3;1].
: — | ] | - T
—4 —L3 -2 -1 0 { 2 4
¢) Khoang, C' = (%, —|—oo>
| —{
1 oo0t1 o2 3 4
2
VIil. CAC PHEP TOAN TREN TRUC SO
Dang 1:Phép giao
& ANB ={x/r € Avaz e B}
Tim giao cac tap hop sau:
a) (1;3) N [2;4). b) [-=3; =7] N (2;5). ¢) (—oo,1] N [0;3).
d) (=1;3]N[3;4). e) (—1;2)N[2;+00). f) (—o0;1) N (1;+00).
C6 2 cach giai cho bai nay. Toi sé giai 2 cach chi tiét § cau a)
a)
Céach 1: Vé 1 truc.
| | | | ( |- + -| > :L‘
T T T T K 1
-3 -2 -1 0 1 2 é
= (1;3)N[2;4) = [2;3).
Cach 2: Vé 2 truc.
(1, 3]
: : | | —— -
-3 -2 -1 0 } 2 g‘i 4
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(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

(2, 4]
: : : : : [ ‘ sz
-3 -2 -1 0 1 é 3 }1
= (1;3)N[2;4) = [2;3).
b)
[ : : : : { : : } : ] -
-3 -2 -1 0 1 5 3 4 é 6 7

= [-3;=7]N(2;5) = (2;5).

c)

- > | N
-4 -3 -2 -1 0 1 2 é 4

i
8

= (—o00;1) N (1;400) = 0.

Dang 2: Phép hop
& AUB = {z/x € A hoic xz € B}.

Tim hop cia cac tap hop sau:

a) (1;4) U [2;5]. b) (0;2] U (—3;1). c) (1;3) U (—2;3].

d) [-2;5) U (3;5].  e) (—o0;2) U[2;+00). f) (—o0;0] U (—2;0).
(&} @zdnm?z,

a)

S eSS
-3 -2 -1 0 1 4

T——
@ 4+
\] —+
A 4
8

= 1;4) U [2;5] = (1;5).
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1= Chuong 1. Ménh d& va tap hop

b)

( | | (—F] | | | | >
-3 -2 -1 0 { 2 3 4 5 6 7

= (0;2] U (—3;1) = (-3;2].
)

T ( 1 1 1y T T T T — T
-3 -2 -1 0 1 2 % 4 5) 6 7

= (1;3) U (—2;3] = (2;3].

d)
: [ : : : : { : ) : -
-3 -2 -1 0 1 2 é 4 51) 6 7
= [-2;5) U (3;5] = [-2;5].
e)
: : : : : ] ; >
-3 -2 -1 0 1 5 3 4 5 6 7
= (—00;2) U [2;400) = (—00; +00) = R.
)
: { : : : : -
-3 —\2 -1 g) 1 2 3 4

= (—00; 0] U (—2;0) = (—00;0].

Dang 3: Phép hiéu

© A\B={r€Avaz¢ B}, B\A={r € Bvaxz ¢ A} (Nhé ddi 1 dau tit tron thanh vuong
va ngugc lai).

Tim hiéu cac tap hgp sau:
a) (=1;5)\[26). D) (=3:2)\[1;3). ¢ R\ (=o00:3).  d)[35]\(~1;4).

(2} o@zymz
a)
(‘17 5)
| ( | | ) >
-2 —\1 0 1 2 3 4 Lé) 6
2, 6)
| | | | [ ‘ yo
-2 -1 0 1 é 3 4 ) é

» 2¢ Dién Phii - §) 0866590573



(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

= (—=1;5)\ [2;6) = (—1;2).

b)
(‘37 2)
-~ ‘ N
4 -3 —2 -1 0 1 2 3 4
['173)
: ‘ ‘ [ ; ; ) R
4 -3 -2 1 0 1 2 3 4
= (=3;2) \ [1;3) = (=3;1).
c)
(—00, +00)
: > T

-4 -3 -2 -1 0 1 2 3 4 )

—4—3—2—16 1 5 3
= [3;5] \ (—1;4) = [4;5].

Dang 4: Phép lay phan bu
& CpA =B\ A.

a) Cho A = —2). Tim CgrA.
b) Cho B = ( 5,+oo). Tim CgrB.

[ (,@‘Iéf&z’zﬁ
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1= Chuong 1. Ménh d& va tap hop

a)

= T

(=5, 400)
‘ ( 1 1 1 ‘ X
-6 -5 -4 -3 -2 -1 0 1 2 3
= CrB =R\ B = (—o0; —5|.
(<,
(1) Cho 2 tap hop A = [0;3], B = (2; +o0). Tim
a) AN B. b) AUB. ¢) A\ B. d) B\ A.
(2} HMO/‘% (/(5/2(71,'(511,
[0, 3]
‘ : : — L >
-4 -3 -2 -1 (5 1 2 %‘, 4 5
(2, +00)
‘ ‘ ‘ | | | | T

DO~
w4
e

(@

-4 -3 -2 -1 0 1
a) ANB=(23.  b)AUB=[0;4+00). ¢ A\B=[0;2. d) B\A=(3;+00).
Dang 5: Giao - Hop - Hiéu chita m

Cho 2 tap hop A= (3m — 1;3m +7), B = (—1;1). Tim m dé B\ A.
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(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

() @zfyzfa’zl

Im+7<1.

Cho 2 tap hop A = [2m — 1;2m + 5], B = (—2;0]. Tim m dé B\ A.

f, 3m—1< 1. <0,
DéB\Athi{m = @{m—

c&@ajg@
(_2a0]
[ { ] ] .
om'— 1 _\2 0 2mJ+5 t
2m —1 < =2 <2
2 -1 <=2, m< ——.
be B\ A thi " ~ & ?) <:>—§§x§—1.
2m+5 > 0. mz_§ 2 2
B v ¢+
Cho 2 tap hop A = (m;m +5), B = (—1;3]. Tim m dé B\ A.
t&@%mb
(_173]
( Ly
Y Lnls *

m+5> 3.

Cho 2 tap hop A= (3m —1;3m +7), B = (—1;1). Tim m dé AN B = .

. m < —1. m < —1.
DéB\Athi{ @{ & 2<m<1.

f&p@ajzéz.
2
1) 3m-1>1&m m> 2.
(_171)
{ - ) .
N ! 3m—1 3m+7 %
8
@3m—|—7§—1<:)m§—§.
(_171)
( N E— ) .
3m—1 3m+T_q 1 z
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1= Chuong 1. Ménh d& va tap hop

Cho 2 tap hop A = [2m — 1;2m + 5), B = [—2;5]. Hay tim m dé AN B = (.
@@ij
(1) 2m—1>5<m> 3.

[_275]
[ ] [ ) s
. Lomb1 omlys @
7
@2m—|—5§—2®m§—§.
[_275]
[ \ [ ] .
om—1 2m’+5 ' A
Cho 2 tap hgp A = [m — 2;m +6), B = (—3;4). Hay tim m dé AN B = ().
O Q¢ i
@m—224<:)m26.
(_374)
( : 3 [ ) s
_\3 0 imL—Z m}+6 r
(2) m+6<-3em< -9
(_374)
[ ) ( : ) s
m L2 m46_{3 0 i t
Cho 2 tap hop A = (m — 2;+00), B = (—o0;1). Tim m dé AN B # ().
O Q¢ i
(—00,1)
[ ( A \
\ m L9 { Jx
DéEANB#Dthim—-2<1&m<3.
Cho 2 tap hop A = [2m + 1;4+00), B = (—00;5]. Tim m dé AN B # 0.
(—00,5]
[ [ 1 N,
\ 2mL—i-1 i}) )z

DEANB#0thi2m+1<5em<2.
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(& Chuyen dé 2. Tap hop, céc phép toan trén tap hop

L 4 L o )
Cho s0 thuc a < 0 va 2 tap hop A = (—o0;9a), B = (—; —I—oo). Tim tat ca cac gia tri thyc cia
a
tham s6 a dé AN B # 0.

(ﬁa@z(lj[a’zl.
[ ( ] \
\ ] I E
a
. 4 ) , 4 2 2
DeAmB;«éOth15<9a<:>4>9a Sa <§<:>—§<a<§.
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Chuong @

BAT PHUONG TRINH VA HE BAT
PHUGONG TRINH BAC NHAT HAI AN

Muc luc cia chuong

Chuyén dé 1. B4t phuong trinh va hé bat phuong trinh bac nhit hai 4n .28
Chuyén dé 2. Bai toan thuc té& vé bit phuong trinh, hé b4t phuong trinh 36
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(D

1 BAT PHUGNG TRINH VA HE BAT PHUGNG
TRINH BAC NHAT HAI AN

I. BAT PHUONG TRINH BAC NHAT HAI AN

hic lai kién thic vé bat phuong trinh bac nhét hai an

& Bat nghia la < . >, <, >.
¢ Bac nhat hai an nghia la ax + by.

<& Bat phuong trinh bac nhat hai 8n c¢6 dang:
ax +by > c,ar + by < ¢c,ax + by < ¢,ax + by > 0(a = 0 hodc b = 0).

Sy xrw

2043y > 5,0 —y <0,y > 4,52 <0 la cac bat phuong trinh bac nhat hai an.

Il. NGHIEM CUA BAT PHUGNG TRINH

Nhic lai kién thiic vé nghiém ctia bat phuong trinh

© Néu (xg,yo) thod man ax + by > c(cac bpt con lai) thi ta néi (zg,yo) 14 nghiém ctia bat
phuong trinh.

& Bat phuong trinh bac nhat luon c6 vo s6 nghiem.

B2y xwrn

Cho x +y > 5. Trong céc cdp s6 sau, dau la nghiém ctia bat phuong trinh.
a) (1;2). b) (0;0). c) (—=1;7). d) (2;4).

(e O@Ljau

a) 142 > 5(sai) = (1;2) khong phai la nghiém ctia bat phuong trinh trén.
b) 0 > 5(sai) = (0;0) khong phai 1a nghiém clia bat phuong trinh trén.

¢) 6 > 5(ding) = (—1;7) 1a nghiém ctia bat phuong trinh trén.

d) 6 > 5(dung) = (2;4) 1a nghiém ctia bat phuong trinh tren.

1. MIEN NGHIEM CUA BAT PHUGNG TRINH

Nhic lai kién thic vé mién nghiém ctia bat phuong trinh

& Biéu dién mién nghiém ctia bat phuong trinh ax + by < 0.
Buéc 1: Vé dusng thang d : ax + by = c.
Budc 2: Lay diém A(zg,y0) khong thuoc d. Tinh axg + by 16i so sanh véi c.
Buée 3: Két luan
Néu azg + byo < ¢ thi mién nghiém 1 nita mit phang (ké ca bd d) chita diem A(xg, yo).
Néu azo+ by > ¢ thi mién nghiém la nita mat phang (ké ca bd d) khong chita diém A(xo, yo)-
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= Chuong 2. B4t phuong trinh va hé b4t phuong trinh bac nhit hai an

Vé mién nghiém cta z + 2y > 3.

e o gidi

Buéce 1: Vé dusng thang d : = + 2y = 3.

Buéc 2: Thay (0;0) = 0 > 3(loai).

Budc 3: Vay mién nghiém ctia bat phuong trinh 1a 14 phan bi gach va chita d.
Y

4 1 z+2y>3

Biéu dién mién nghiém ciia cac bat phuong trinh sau:

a)x+y—3>0. b) x —2y+3<0. c) x+2y<0. d) z>0. e) y > 0.
N Joi gid.

a)

Buée 1: Vé dudng thang d; : x +y — 3 = 0.

Budc 2: Thay (0;0) = —3 > 0(sai).
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« Chuyén dé 1. Bat phuong trinh va hé bat phuong trinh bac nhat hai an

Budc 3: Vay mién nghiém ctia bat phuong trinh 1a phan bi gach va chia d.

Y

2y -3=20

b)

Bude 1: Vé dudng thang dy : # — 2y + 3 = 0.
Buéc 2: Thay (0;0) = 3 < 0(sai).

Bué6c 3: Vay mién nghiém ctia bat phuong trinh 14 phan bi gach va khong chita d.

Y

z—2y+3<0

r-2+3=0

1 O 1 2 3 4 5

c)

Buéc 1: Vé dudng thang ds : x + 2y = 0.
Buéc 2: Thay (1;1) = 3 < 0(sai).
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= Chuong 2. B4t phuong trinh va hé bit phuong trinh bac nhit hai an

Budc 3: Vay mién nghiém ctia bat phuong trinh 14 phan bi gach va khong chia d.
Y

d)
Vé dusng thang z = 0 (truc Oy).
Vay mién nghiém ctia bat phuong trinh 14 phan bi gach va chita truc Oy.

Y

)

Vé dusng thang y = 0 (truc Ox).
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(& Chuyen dé 1. Bat phuong trinh va hé bat phuong trinh bac nhat hai an

Vay tap nghiém ctia bat phuong trinh 14 phan bi gach va chita truc Oz.

y
9 ]
y >0
1,
' T
92 -1 O 1 2 3 4 5
114
—92

IV. HE BAT PHUGNG TRINH BAC NHAT HAI AN

Nhic lai kién thitc vé hé bat phuong trinh bac nhit hai an
<& He bat phuong trinh bac nhat hai an 1a mot hé gom hai hay nhiéu bat phuong trinh bac nhat

« 2
hai an x,y.

V. NGHIEM BAT PHUGNG TRINH BAC NHAT HAI AN

Nhic lai kién thic vé nghiém bat phuong trinh bac nhat hai an

& Cap s6 (0, yo) duge goi la mot nghiém clia he phuong trinh bac nhat hai an néu né 1a nghiem
chung ctia tat ci cac bat phuong trinh trong he.

VI. MIEN NGHIEM CUA HE BAT PHUGNG TRINH

Nhic lai kién thiic vé mién nghiém ctia hé bat phuong trinh

¢ Trong mit phing Ozy, mién nghiém ctia hé bat phuong trinh bac nhat hai an 1a tap hop céc
diém (z9,yo) 1a nghiém ctia he bat phuong trinh do.

EEED) * o v

Vé mién nghiém ctia cadc bat phuong trinh sau:

xz > 0.

xz > 0. > 0

8) 4y > 0. R S
+y<15 vty =10
Y= 27 +y < 12.

(e o@zjmf;
a)
Bude 1: Vé dusng thang x = 0,y = 0,2 +y = 15.

» Q¢ Dien Phii - §) 0866590573



= Chuong 2. B4t phuong trinh va hé b4t phuong trinh bac nhit hai an

Buge 2: Thay (0;0) = 0 < 15(dtng).
Budc 3: Vay mién nghiém ctia hé bat phuong trinh 13 AOAB va chiia cac canh (bd).

b)

Bu6e 1: Vé dudng thing = 0,y = 0,z +y = 10,2z +y = 12.

Budc 2: Ta thay (0;0) thoa (3), (4).

Budc 3: Vay mién nghiém ctia hé bat phuong trinh 13 tit gide OABC va chiia bo.

2 +y <12
O 2 4 6B 8 10 12 y=0

VIl. GIA TRI LGN NHAT, GIA TRI NHO NHAT CUA HE
PHUONG TRINH BAC NHAT HAI AN

Nhic lai kién thitc vé gia tri 16n nhat, gia tri nho nhat ctia hé phuong trinh bac
nhéit hai an

& Gia thuyét cho F(z,y) = ax + by va hé bat phuong trinh.

& Cac bude tim gia tri 16n nhat, gia tri nho nhat

» 2¢ Dién Phii - §) 0866590573



3 Chuyén dé 1. Bit phuong trinh va hé bat phuong trinh bac nhit hai an

Budc 1: Vé mién nghiem.
Bué6c 2: Tim dinh da gidc bang cach gidi hé phuong trinh.
Budc 3: Thay vao F(z,y) roi so sanh va két luan.

y—2r<2 (1).

Tim gi4 tri nhoé nhéat clla F =y — z véi dieu kien 2y —x >4 (2).
cty<5  (3).

[ 0@‘1(7[(&.7,

Vé dudng thang dy :y — 22 =2,dy : 2y —wv =4,d3 : x +y = 5.

Ta thay (0;0) thoa ca (1), (2), (3).

Vay mién nghiém ctia hé bat phuong trinh 134 AABC va chita bo.

~71?1234567
)
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= Chuong 2. B4t phuong trinh va hé b4t phuong trinh bac nhit hai an

Ta co
A(0;2).
—2 = 2.
Bedinds—{ 1Y = B(1;4).
T +y=0.
+y=>5.
C=dsNdy = vy :>C<2,3>
—r 42y =4.

F(A)=2-0=2F(B)=4-1=3F()=3—-2=1.
Vay Foin = 1 tai C(2;3).

0<y<5 (1).

e 1 a v A4 s 1 x>0 (2).
Tim gia tri nho nhat ciia F' = x — 2y véi dieu kién

r+y—2>0 (3).

r—y—2<0 (4).

[} (@‘1(71.7(51.7.

Vé duong thang 0 <y <5,dy:x>0,2+y—2>0,2—y—2<0.

Thay (0;0) vao (3) = —2 > 0 (sai).

Thay (0;0) vao (4) = —2 < 0 (diang).

Vay mién nghiém ctia hé bat phuong trinh 13 ti giac ABC'D va chita bo.
Y

gy &

Ta co6
A(0;2), B(0;5), D(2;0), C = {

F(A)=—-4,F(B)=—-10,F(C) = =3, F(D) = 2.
Vay Fnin = —10 tai B(0;5).
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BAI TOAN THUC TE VE BAT PHUGNG TRINH,
HE BAT PHUGNG TRINH

I. PHUGNG PHAP CHUNG

Nhic lai cac budc lam

® Buéc 1: Goi z,y = lap hé bat phuong trinh.

¢ Budc 2: Biéu dién tap nghiém = hinh khép kin (tam gidc, ti giac, ngii giac...).
® Xé&c dinh toa do néu hinh dé, con khoé thi ta bam hé phuong trinh.

Vi) xw

Thay Thitc ¢c6 mot manh dat rong 6 ha. Thay du dinh trong ca chua va ngd cho vu mila sip tdi.

Néu trong ngo thi thay can 10 ngay dé trong 1 ha, néu trong ca chua thi thay can 20 ngay dé
trong 1 ha. Biét ring mdi ha ngo sau thu hoach dudge ban 30 triéu, méi ha ca chua sau thu hoach
ban duge 50 tricu va thay chi con 100 ngay dé canh téc cho kip vu mila. S6 tién nhiéu nhat ma
thay c6 thé thu hoach sau vu nay la bao nhiéu?

[} D@z(lfzfa’zl.

Goi z,y(x,y > 0) lan lugt 1a 1 ha ngo va 1 ha ca chua = F = 30z + 50y (tri¢u).

z,y > 0. x>0,y >0.
Ta ¢6 he bat phuong trinh ¢ z 4+ y < 6. S vty <6. (1).
10z 4 20y < 100. r+2y <10. (2).

Vé duong thang dy : x +vy = 6,ds : v + 2y = 10.
Thay (0;0) vao (1), (2) ta thay thod man.

10l 1 2 3 45 67 8 9 10

Mién nghiém clia hé bat phuong trinh 1a t giac OABC véi

0(0;0), A(0;5),C(6;0), B =dy Ndy = (2;4).

F(O) = 0, F(A) = 250, F(B) = 260, F(C) = 180.

Vay s6 tién 16n nhat thu duge 14 260 trieu khi trong 2 ha ngo va 4 ha ca chua.

V) kv n

Mot phan xuéng can san xuat ra hai loai san pham. Dé san xuat 1 kilogam san pham loai I can

stt dung may trong 30 gi va tieu tén 2 kilogam nguyen lieu. Dé san xuat 1 kilogam san pham
loai IT can stt dung may trong 15 gio va tiéu toén 4 kilogam nguyén liéu. Biét rang 1 kilogam san
pham loai I thu 1ai dugce 40000 dong, 1 kilogam san pham loai IT thu 1ai duge 30000 dong, cé thé
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= Chuong 2. B4t phuong trinh va hé bit phuong trinh bac nhit hai an

stt dung may t6i da 12000 gio va c6 200 kilogam nguyén lieu. Héi phan xudng d6 nén san xuat
mdi loai san pham bao nhiéu kilogam dé thu lai cao nhat?
(&) @%zfzzz

Goi z,y(z,y > 0) lan lugt 1a s6 kilogam nhién ligu I va IT = L = 40z + 30y (nghin dong).

Ta c6 hé bat phuong trinh ¢ 30z + 15y < 1200. << 2x4+y <80 (1).
2x + 4y < 200. r+y <100 (2).

Vé duong thang d; : 2z +y = 80, dy : x + 2y = 100.
Thay (0;0) vao (1), (2) ta thay thod man.
Y

Ol 10 20 30 4@\ 50 60 70 80 90100

Mién nghiém ctia hé bat phuong trinh 1a ti giac OABC véi

0(0;0), A(0; 50), B(20; 40), C(40; 0).

L(0) = 0, L(A) = 1500, L(B) = 2000, L(C)) = 1600.

Vay lai cao nhat thu duge 1a 2 trieu khi san xuat 20 san pham loai I v 40 sdn pham loai II.

Thoi gian (tinh bang gid) can thiét dé lip rap va déng goi hai loai san pham A va B dugc the

hién trong bang duéi day:

Quy trinh |San pham A |San pham B

Lap rap 4 4

Dong gop 1 2

Tong s6 thoi gian dé lap rap khong qué 400 gis. Tong s6 thoi gian dé déng géi san pham khong
qué 160 gio. Loi nhuan thu dugce khi ban san pham A la 3 trieu dong, san pham B la 5 trieu
dong. Héi can san xuit bao nhiéu san pham mbi loai dé lgi nhuan thu duge 1a 16n nhat.

o 1@1('71'(2’1?,

Goi z,y(z,y > 0) lan lugt 14 sdn pham A, B = L = 3z + 5y (triéu).
x,y > 0. x>0,y >0.

Ta ¢6 hé bat phuong trinh < 4z + 4y < 100. <<z +y <100  (1)..
x + 2y < 160. r+2y <160 (2).

Vé duong thang d; : x +y = 100, ds :  + 2y = 160.
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(& Chuyen dé 2. Bai toan thuc té vé bat phuong trinh, hé bat phuong trinh

Thay (0;0) vao (1), (2) ta thay thod man.

0 20 40 60 80 10\0\ 120 140 160

Mién nghiém ctia hé bat phuong trinh 1a t& gidc OABC véi

0(0;0), A(0;80), B(40;60), C(100;0).

L(0) =0, L(A) =400, L(B) = 420, L(C) = 300.

Vay loi nhuan nhat thu duge 1a 420 triéu khi san xuat 40 san pham A va 60 san pham B.

Mot gia dinh can it nhat 900 don vi protein va 400 don vi lipit trong thitc 4n méi ngay. Mai
kilogam thit bo chita 800 don vi protein va 200 don vi lipit. Mdi kilogam thit lgn chita 600 don
vi protein va 400 don vi lipit. Biét rang gia dinh nay chi mua t6i da 1,6 kilogam thit bo va 1,1
kilogam thit lgn; gia tién 1 kilogam thit bo 14 45 nghin dong, 1 kilogam thit lon 1a 35 nghin dong.
Héi gia dinh d6 phai mua bao nhiéu kilogam thit méi loai dé s6 tién bé ra la it nhat.

[ D@z(;/(zf(ﬁ[.

Goi z,y(x,y > 0) lan lugt 1a s6 kilogam thit bo, lon = T = 45z + 35y (nghin dong).
0<z<1,6.
0<y<1,1.

Ta ¢6 hé phuong trinh
200z + 400y > 400 (1).

800z + 600y > 900 (2).
Nguoi doc tu gidi ty luan theo giéng 3 vi du trén.
O bai nay toi sé gidi thieu thém céch gidi nhanh déi véi tric nghiem.
R . 200x 4 400y = 400.
Chi cn dua he bat trinh (1), (2) thanh he phuong trinh tic 1a 4 7 thi s ra
800z + 600y = 900.

dap an trac nghiém can tim.
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1 HAM SO VA DO THI
l. HAM SO

hac lai kien thic vé ham so6

z l\ b.,/\ ;\‘
& Ham $6 ¢6 dang y = f(z),y = h(z),y = g(z)..{
y la ham so.

& V6i mbi gia tri cia x < 1 gié tri tuong ing.
& Tap xac dinh: D 1a diéu kien ctia = dé y xéac dinh.
1
Vidu:r=2>0—-=2#0.
x

& Tap gia tri T la tap hop cac gia tri y thoa man.
Vi du: y = 2% ¢6 tap gia tri T = [0; +00).

Il. CACH CHO HAM SO

Cach 1: Ham s6 cho biang 1 céng thic

e Videl *i}ﬁi}ﬁ

y =z =D =[0;+00).
b)y:x2:>]D)=]R.
)

d)x+1=>w7é -1.=D=R\{-1}.
B sa Tare
PN ~ . . B N Z _$—2_1 2 N
$® Cau 1. Tap xac dinh ctia ham s6 y = P R +—:v(9c—2) 1a
@ R\ {-2;0;2}. [2; +00).
© (2;+00). ©®) R\ {2;0}.
O luong din Qs (&)
2 # 0.
. TH27 xr # 2.
bieu kién < z # 0. & 0 =D =R\ {£2;0}.
z(r —2) #0. i
¢S Cau 2. Tap x4ac dinh ctia ham s6 y = 22 _5_ 3 1a
- e xac G Cua Ham S0 ¥ = e 22+ 1
® D\ {1}, ® D\ {1}, © D\ {+1}. ®D-R

N lucong diin & (D)
Diéu kien 22 +1>0=D =R.
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1= Chuong 3. Ham sb va dd thi

¢S Cau 3. Tap xac dinh ciia phuong trinh Vo — 1+ vz — 2=+ -3

@) (3;400). [2; +00). ©) [1;+00). D) [3;+0).
[ Ha‘d’zzy (/(g)z,qk @
r—12>0. T > 1.
Dicukicn ¢ 2 —2>0. &< zr>2 =z>3.=D=3;+00).
z—3>0. x> 3.

¢S Cau 4. Tap xac dinh ciia phuong trinh v/3x — 2+ 4 — 3z =1 14

4 2 4
® (§’+OO)' (g,g)
2 4 9 4
R\ == ¢ . 2.2
© \{3’3} ® [373}
[ Hao‘/zﬁ diin B @
C
:1:>2
N 3r—22>0. =9
Pitukien {7 “° 0 o 3 L2 .2 po|2d
4-3z>3. 4 3 3 373

$» Cau 5. Cho ham s6 f(z) = 32® — 7\/z + g Hay tinh f(4) =7

® f(4) = 359. fay="2 © f="2. ® f) =22
e luong diin &
$> Cau 6. Cho ham s6 f(x) = V22 + 1 — 3z — 5. Ménh dé nao sau day la ding?
@ f(0) > 0. f(2) < f(3).
© f(2) > f(3). © f(0) < f(2) < £(3).
(e Haeong diin @ (C)
> Cau 7. Cho ham s6 y = ﬁ%ﬁ Hay tinh y(v/3)
® y(v3) = 2 +3v3 y(v3) = VA
@y(ﬁ)=5+23\/§' ® y(v/3) =5+ 3V/3.
(e} Hmfy din @ (C)

Céach 2: Ham s6 cho bang nhiéu céng thic

& Ham hang y = ¢ khong phu thuoc vao x.
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(& Chuyeén dé 1. Ham sb va do thi

EEED)) * v v

r—2, x2>0.
Choy=4qz, z€(-1,0).
r+1, < -1,

EVaE)) xwrnn

—1+2z x<0.
Cho ham s6 f(z) =< 22 -2, z=0.
1, =>0.
a) Tim tap xac dinh ctia ham s6.
b) Tinh gia tri ctia ham s6 khiz = —2;z = 0;x = 2023.
[ @?jm
=R.

V) kv n

-1, —-l<z<l1l. (1)
Cho ham s6 f(z) =41, z=1. (2).
2, 5>x>1 (3).

a) Tim tap xac dinh ctia ham s6.

b) Tim tap gia tri ctia ham s6 do.

(2} D@z(lfzfa’zl.
| ( : { | | | ) -
-2 -1 0 { 2 3 4 5)
a) D:D1UD2UD3 = (—1,5)
b) T ={-1;1;2}.
B sai i
1
. ;x <0 (1).
$® Cau 8. Tap hop nao sau day 1a TXD ciaham so y = ¢ v — 1
vVe+2;2>0 (2).
@ [~2;+00). R\ {-1}.
© R. © [-2;+00) \ {~1}.
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1= Chuong 3. Ham sb va dd thi

O uong diin & (©)
D= Dl @) DQ =R.

322 +1, z<2.
$> Cau 9. Chohamsby = {4z —3, 2<xz<5. .Meénh dénao sau day ding?
202 — 3, x>5.
® 1) =17 f2)=>5. ©/-3=2  © f(3)=-2
[ /L[L{()lclﬁ (/(5/2/% @

Nhic lai kién thic vé diém thudc do thi ham sb

& Ham bac nhat y = ax + b.
yl\ yl\

Y \

4

By
Q
By

Truong hgp a > 0 Truong hgp a < 0

M €y = f(x) = thay M(xy,yn) thod man hé sb.
& Ham s6 bac hai y = az?
yA

[0) T
Truong hgp a > 0 Truong hop a < 0
B A Tare
. -2 ) R .
& Cau 10. Cho ham s6 y = x , diem nao sau day thudc do thi ham so6 da cho
@—3@—1)
(A) M(2;1). M(1;1).
2
© M(4;1). O M <o; —§>.
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(& Chuyeén dé 1. Ham sb va do thi

[} Hmf% diin B @

Z - 2 2 N
¢ Cau 11. Ham s6 y = (JC—5>, diém nao thuoc do thi
x—5)x

® ME1). (13): @ ;1) © (0;-1).
(e Ha‘a‘/y a,/rf/z/qe

$> Cau 12. Diém M (2;5) thuoc do thi ham s6 nao sau day

@A) y=2x+5. B) y=3x+T. © y=a2%+3. D y=2>+1.
[} waﬂj din & D)

IV. SU BIEN THIEN CUA HAM SO

Nhac lai kien thic vé sy bién thién ctia ham so6

Ham sbé dong bién Ham s nghich bién
y A y A
U1
Y2
Y2
U
19) T 19
Néu 1 <20 = y1 < o Néu z1 < 20 = y1 > o

n {T >0 thi ham sb dong bién.

<& Phuong phap: Xét T = 270 . B}
T2 —T1 [T <0 thi ham so nghich bien.

. 1 ,
Cho ham s6 y = —. Chiing t6 ham so da cho:
x

a) Nghich bién trén khoang (0; +00).
b) Nghich bién trén khoang (—oo;0).
[} D{g\c('fidi/.

a)

B x> 0.
Xét 1,29 € (0;+00) =
To > 0.
Gia st x9 > 7.
1
— P, Ty — 1
XétT:y2 ylzxg T _ 1 2 _ ‘
To — I To — T $1$2($2 - 551) T1T2

l'1>0.
Vi = 11,1, >0=>T <0 Vze (0;+00).
To > 0.
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1= Chuong 3. Ham sb va dd thi

= Ham s6 nghich bién tren (0; +00).
b)

r1 < 0.
X6t @1, 20 € (—00;0) = {

Tq < 0.

Gia su To > T71.

1
) Yo=Y 19 X Ty — To 1
Xét T = — T2 T -
To — X1 To — X1 1'1.772(.’13'2 — 33’1) T1T2

.’131<0.
Vi = 11,50 >0. =T <0 Vze (—o0;0).
T < 0.

= Ham s6 nghich bién trén (—oo;0).

EEED)) * - v

Vé do thi clia ham s6 y = 3z + 1 vd y = —22. Hay cho biét:

a) Ham s6 y = 3z + 1 dong bién hay nghich bién trén R.

b) Ham s6 y = —22% dong bién hay nghich bién trén mdi khodng (—oo; 0) va (0; +00).
(e} (@1(2/01‘[2(2

a)

yl\

Ham s6 dong bién trén R.

By

b) Ham s6 dong bién tren (—oo;0).
Ham s6 nghich bién trén (0; +00).
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(& Chuyeén dé 1. Ham sb va do thi

EEED)) * o v

Cho ham s6 y = f(z) ¢6 d6 thi nhu hinh bén:
Y

Chi ra khoadng dong bién va khodng nghich bién ctia ham s6 y = f(x).
e i i

Ham s6 dong bién trén (—3;0).

Ham s6 nghich bién trén (0;2).

V. TAP XAC DINH CHUA THAM SO M

Dang 1: Phan thic

()
O y="+9()#0.
MORAR
Tim m gé:_ 1
a)y = xéac dinh trén (—2;3).
r+m
b)y = #7_713—1 xac dinh trén [—1;4).
r+3-m . ~ ‘
c)y= oo =1 e dinh trén (—3;400).
d)y= x—x—;zi—l xéac dinh trén (—oo; 3].
r+1 . .
e)y = T om ] Yc dinh trén [0;1).
[ @éf&z’,&
a)
. —-m < =2. m > 2.
Dieu kien z # m = —m ¢ (-2;3) = &
-m >3 m < —3
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1= Chuong 3. Ham sb va dd thi

b)

R —2m+1< —1. m > —1.
Dieukienz # —2m+1= —2m+1¢[-1;4) & & 3
c)

N -1 -1 -1
Diéukiénx;émz jmz ¢ (—3;+00) = ——~ < —3 & m < —b.

d)
Dieukitnz #m—-1=>m—-1¢ (—oc0;3|=m—-1>3 < m > 4.
)

2 1<0 <1

. m — : m< -.
Dieukienz #2m—-1=2m—-1¢[0;1) & & 2

om—1>1.  |m>1.

Dang 2: Can thic

& y=+/g(z),9(z) > 0.

NG
g(z)

&y ¢6 tap xac dinh la D, xac dinh trén K = K C D.

y =z —m + 1 xac dinh trén (3; +00).

,9(z) > 0.

a)
drv—4
b)y:x—xéc dinh trén [—4;5].
V2r+m—3
¢) y=+x+m++2x—m+1 xéc dinh trén (0; +00).
d) y = v2m — x + V& + 3m — 5 xéc dinh trén [0; 1].
e)y=+vr—m-+2— ° xac dinh trén [0;1).
vV—r+2m—1
2—-r-2 R
f) y = V22 —bm + 7+ ————— xéc dinh trén [4 + 00).
r+4—m
1
g)y:m—l—xf;—mrilXécdinhtrén(—oo;Q).
T +2m —2 1
h)y = — ac dinh trén [—2;5].
)y V2r+m—1 x—i—2m—|—1X ' [ )
f&o@%ﬁzd(}
a)
Dicukitnz—m+1>0=z>m—-1=D=[m—1;+00).
SR
m1 3 v

Dé [m — 1; +00) xé4c dinh trén (3;4+00) thi 3 >m — 1 & m < 4.
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(& Chuyeén dé 1. Ham sb va do thi

N 3 —
b) Dieu kién = > m
[ —F : -
S—m—L4 J5 &
2
L. 3= Mm - R .3—m
De ( 5 ; +00) xac dinh trén [—4; 5] thi <4 m>11.
c)
N T > —m.
Dieu kién m—1
r> —
- 2
Dé[—m,—i—oo)u{ 5 ;+oo> xéc dinh trén (0; +00) thi 0 m—1 =0<m<1.
>0 -
-2
d)
N 2m —x > 0. xr < 2m.
bieu kién & = D = [5—3m;2m)|.
r+3m—52>0. T >5—3m.
] L
5—dm 0 1 m
>
2 Lo .5 —3m <0. ng- 5
Dé [5 — 3m; 2m] xéc dinh trén [0; +o0] thi = =m> -
1< 2m. - 3
m :
-2
e)
. r>m— 2. r>m— 2.
Diéu kién =
—x > —=2m+ 1. r <2m—1.
S
m—20 1 2m-1 7
2 . TTL—QSO
Dé [m — 2;400) U (—o0;2m — 1) xac dinh trén [0; 1] thi =1<m<2.
1<2m —1.
f)
om — 7
N T > .
Diéu kién - 2
x #m — 4.
[ % : ~
5m—7m —4 4[
2
om — 17
L. | Dom =7 .. ~ N <4
be ;+00 | \ {m — 4} xac dinh trén [4+; c0) thi 2 =m < 3.
2 m—4 < 4.
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1= Chuong 3. Ham sb va dd thi

N - —1>0. <m—1.
g) Dieu kién{ vom @{x "

xr—2m+1#0. x #2m — 1.

—7 )

| | | -
2 m—1 2m —1
) ) 2<m-—1.
Dé (—oo;m — 1) \ {2m — 1} xéc dinh trén (—oo;2) thi =m > 3.
2m —1> 2.
f)
- 1—m
R x
Dieu kién 2
x # —2m — 1.
(: [ W -
1—m -2 )
2
1—
) _2>Tm'
Dé(—%ﬂx+a9\{—mn—1}mmdmhuaq—zatm o —1<—2 =m>5.
—2m —1>5.

. . 20 +1
Tim gia tri cia tham so m de y = i

22 —6x+m—2

xac dinh trén R
[ (@'1(717(&7.
Dieu kién

1?—6x+m—2+# 0z € R & 22—6xr+m—2 = 0vonghiem & A' <0& 9—-m+2 <0< m > 11.

T —2m
22— (2m+ 1)z +m? +m

Tim m dé y =

o o@z('/ﬁé(&l

Diéu kien

xac dinh tren [—2;5].

2 — (2m+ Dz +m? +m #0.
SA=2m+1)? —4(m*+m) = 1.

2m+1+1
= 2m+1—1
$2§é—2 =m.

Cach giai nhanh
Budc 1: Ta méc dinh thay o = 100 vao phuong trinh 2% — (2m + 1)z +m? +m = 0. Ta tim dugc
r =101 = m + 1 hoac x = 100 = m.
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(¢ Chuyen dé 1. Ham s6 va do thi

Buée 2: Vé truc so.

o
[ —

TH1: m > 5.
m < —2. m
: =
5<m+1. m
TH3: m+1< -2 m< 3.
Buéc 3: Két luan
Vay m > 5 hoac m < —3.

TH2

(AVARRVAN

4.

—2.

N

5

m—+1

N
[ —
4
8
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2 HAM SO BAC HAI
l. KHAO SAT VA VE DO THI HAM SO

Nhic lai kién thiic vé khao sat va vé dé thi ham sé

& y=ar?+br+c,a#0.

yA yA
N >
7 (@] T
AN >
~__ 9 X
Truong hgp a > 0 Truong hgp a < 0
& Tap xac dinh D = R.
b A
S DPinh I | ——;——|.
o ( 2a’ 4a)
;= 1. 7 61
Vidu: 2?2 —2r+4(a=1,b=—-2,c=4) c¢6 4-16 :>I(—;—>.
—4
£ b
& Truc doi xting © = ——.
2a
& Giao v6i Oz: y = 0 < ax?® + bx + ¢ = 0.
& Giao v6i Oy: x =0y = c.
& Bang bién thien
b
r | —00 2 +00
A
Yy _=
/ 4a \
—00 —00
Truong hop a < 0
b
r |—o00 2% 400
Yy | 4oo 00
4da

Truong hop a > 0

PN . b b
Ham so dong bien trén | ——; 400 | va | —oo; —— ).
2a 2a
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(¢ Chuyeén dé 2. Ham s6 bac hai

. . b b
Ham s6 nghich bién trén (—oo; ——) va (——; -|—oo>.

2a 2a
& Vé do thi
b
x —_——
2a
A
4 4a
Vé do thi ham s6 y = —a% — 22 + 3
[} plg\z(l//mfézl
Dinh I(—1;4).
Truc déi xting v = —1.
Tap xac dinh D = R.
. r=1.
Giao Oz:y=0¢& —22 - 22 +3 =0« [
T = -3
Giao Oy: =0 <&y = 3.
Bang bién thién
r | —00 -1 +00
—00 —00

Vi a < 0= beé 16m quay xudng.
Ham s6 dong bién trén (—oo; —1) va nghich bién trén (—1; +00).
Vé do thi
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1= Chuong 3. Ham sb va dd thi

D6 thi ham s6 y = —22 — 22 + 3

'y

5
41
3

9 |

Dang 1: Xac dinh parabol, tim hé sé a,b,c
& Bai 1. X4c dinh parabol y = ax? + bz + 2, biét rang parabol d6
a) Di qua hai diém M(1;5) va N(—2;8).
b) Di qua A(3; —4) va ¢6 truc ddi xing 1a z = g
c¢) C6 dinh I(2;—-2).
d) Di qua diém B(—1;6) va tung do ctia dinh 13 _411'

()} Ha‘o‘/('zp (z/(gfifzké,zﬁ.
a)
ViM(1;5)€ey=ar*+br+2=5=a+b+2&a+b=3.
ViNcy=ar?+br+2=8=4a—2b+2 < 4a —2b=6.

) a-+b=3. a=2.
Khi do6 ta c6 hé phuong trinh &

4a — 2b = 6. b=1.

Vay y = 222 + o + 2.
b)
Videy=az’>+br+2= —4=9+3b+2 < 9a+ 3b= —6.

x:—ﬁz—%@Ga:Zb@i’)a—b:O.
1
L . R 9a + 3b = —6. a=—-.
Khi do6 ta ¢6 hé phuong trinh & 3
3a—b=0. h=—1
1
Vayy:—gﬁ—x—l—z
c)
Vil(-2;2)€(P)= —2=4a+2b+2 < 4a+ 2b= —4.
b
rr=——=2<4a+b=0.
2a
) da + 2b = —4. a=1
Khi d6 ta c¢6 hé phuong trinh &
4a + b= 0. b= —4.

Vay y = 22 — 42 + 2.
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(¢ Chuyeén dé 2. Ham s6 bac hai

d)
ViB(-1;6)e (P)=6=a—-b+2<a—-b=4 (1)
1
10 4(:) asb*—9%a =0

Tu (1) =a=b+4.

b=12 = a = 16.
Thay b* — 9a =9 vao (1) ta duge b —9b— 36 =0 &

b=-3=a=1
Vay y = 1622 + 122 + 2 hoac y = 2% — 3z + 2.

& Bai 2. Xac dinh a, b, ¢ biét parabol y = ax? + bx + ¢ di qua diém A(8;0) va c¢6 dinh 1(6; —12).

[} Hu‘o‘éy a,/r?/éj[d[,
Ae (P)=0=064a+8b+c.
I €(P)= —12=36a+6b+c.

b
ry=——=06&12a+0=0.
2a
0 =64a + 8b + c. a=3.
Khi d6 ta c¢6 hé phuong trinh ¢ —12 =36a4+6b+c. < b= —36.
12a+b=0 c = 96.

Vay y = 322 — 36z + 96.

& Bai 3. Goi (P) 1a do thi ctia ham s6 y = a(z —m)%. Tim a vA m trong méi trudng hgp sau
a) (P) c6 dinh 1a (—3;0) va cat truc tung tai diém M (0; —5).
b) Duong thang y = 4 cit (P) tai hai diém A(—1;4) va B(3;4).
[ Huoézj a,/(?/z(/czfdzf.
a)
a=0.
I(-3;0)e (P)=0=a(-3-m)* &
m = —3.
M(0; —=5) € (P) = —5 = (0 —m)*.a & am? = —5.
TH1: a =0= 0= —5 (vo li).

TH2:m:—3:>a:—g.

Vay y = —g(x +3)°%
b)
A(—1;4) € (P) = 4 =a(—1—m)%
B(3;4) € (P) = 4 =a(3 —m)>
4=a(-1-m)* (1).
4=a(3—-m)* (2).
Tu (1),(2) = a(-1—-m)*=a(3-—m)? & 1+2m+m?>=9—6m+m?> < m=1.
Thay m = 1 vao (1) ta duge a = 1.
Vay y = (z — 1)

Khi d6 ta c6 hé phuong trinh

Dang 2: Tim Max-min dua vao bang bién thién
& Bai 4. Tim gia tri 16n nhat va gia tri nhé nhat (néu c6) ciia cac ham s6 sau
a) y =x?+ 2z — 3.
b) y = 22% — 4z — 5 trén [—5; —2].

» Q¢ Diin Pi - §) 0866590573



1= Chuong 3. Ham sb va dd thi

c)y=—x?+x—1trén [—3;4].
N uong din gidi,
L(()/CZ? G (2/2(1(21
a)
Dinh I(—1; —4).
Béang bién thién

r |—00 -1 +00
—4
Vay miny = —4 tai x = —1.
b)
Dinh I(1;—7). bang bién thien
r |—00 ) -2 1 +00
Yy | 400 \ +00
11
—_—

Max y = 65 tai x = —5, min y = 11 tai x = —2.

)

13
Pinh I (= -2 ).
n (2’ 4)

Bang bién thien

r |—o0 -3 1 4 400
y _3
13 —13 —_—
—00 —00
3. ) . -
Maxy:—z talx:—g,m1nyz—13ta1x:—3hoacx:4.

Dang 3: Tim nghiém dua vao bang bién thién

¢ Phuong trinh c6 nghiem f(r) = m < minf(r) < m < Mazf(z) (s6 nghiem = sb giao diém).
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(¢ Chuyeén dé 2. Ham s6 bac hai

y=m

& Bai 5. Tim m dé phuong trinh 2% + 32 — 2 +m = 0 ¢6 nghiém trén [—2;4].
[} Ha(fiy a%&y[d[.
m=—x® —3x+ 2,2 € [-2;4].

Dinh 1 —é;H .
2" 4

Béang bién thién

3
r |—o0 —2 ) 4 400
y 1
I 26—
—0o0 — 0

) 17
Dé phuong trinh ¢6 nghiém trén [—2;4] thi —26 < m < T

& Bai 6. Tim m dé phuong trinh —22 — 2z + 2m — 3 = 0 ¢6 nghiém trén [—1; 3).
[ /‘[mf/(y f/(f/i/czfa’zf.

2m = 2? + 2z + 3, € [-1;3).

Pinh I(—1;2).

Béang bién thién

T —00 —1 3 +00

\2/18

Dé phuong trinh ¢6 nghiem trén [—1;3) thi2 <2m <18 < 1< m < 9.

¢ Phuong trinh ¢6 n nghiem f(x) = m = vé cu thé.
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1= Chuong 3. Ham sb va dd thi

Néu m < a thi phuong trinh vo nghiem.
Néu m = a,b < m < ¢,m = c thi phuong trinh c6 1 nghiém.
Néu a < m < b,m = b thi phuong trinh c6 2 nghiém.
Néu m > c¢ thi phuong trinh vo nghieém.
& Bai 7. Tim m dé phuong trinh 22 — 22 + 4 — m c6 2 nghiém phan biét trén (—1;5).
[} Ha‘o‘y r/{?/éf[(ézf,
m=ux*—2x+4,z € (—1;5).
Dinh I(1;3).
Bang bién thién
T |—o00 -1 1 ) +00

3
Dé phuong trinh c6 2 nghiém phan biét trén (—1;5) thi 3 <m < 7.
& Bai 8. Tim m dé phuong trinh —2? + 42 — 5+ 3m = 0 ¢6 2 nghiém phan biét trén [—4; 3].
O luong Jf;,ifzfg(;

3m = 2% — 4z + 5.
Dinh 1(2;1).
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(¢ Chuyeén dé 2. Ham s6 bac hai

Bang bién thién
T |—o00 —4 2 3 +00

1

. 1 2
beé phuong trinh ¢6 2 nghiém phan biét trén [—4; 3] thi 3 <m < 3

& Bai 9. Tim m dé phuong trinh —22 — 2z + 2 — m ¢6 1 nghiém duy nhat tren (—2;3].
[ /{uw(z (/(5/1(,7[(}[.
m = —x%— 2w+ 2.
Dinh I(—1;3).
Bang bién thién
r |—o00 —2 -1 3 +00

\

Dé phuong trinh ¢6 1 nghiem duy nhét trén (—2;3] thi [
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1= Chuong 3. Ham sb va dd thi

DO THI HAM GIA TRI TUYET DOI

oi

tri tuyét d

lai kién thic vé do thi ham gia

ac

Nh

&y =|f(x)]

= f(z)

D5 thi y

Céc bude vé do thi y = | f(z)].

N

Buée 1:Xoa do thi dudi Ox.

Z

Buéc 2: Lay doi xting dudi len trén.

=[f(x)

Db thiy

flz)=22-22-3

(1).

a) V& do thiy = 2% — 2x — 2

(2).

b) Dua vao do thi (1) hay vé do thi y = |2? — 22 — 2|
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(¢ Chuyeén dé 2. Ham s6 bac hai

(2} @iyzfézf,.
a)
binh I(1;-3).
Vé do thi
x -1 0 1 2 3
Y 1 —2 -3 -2 1
y
1 =+
3 @
b)
Budc 1: Xoa do6 thi dudi Ozx.
Buéc 2: Lay doi xting duéi len trén.
y
12 o3 °

&y = f(|z]).
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1= Chuong 3. Ham sb va dd thi

thi y = f(z)

Dé

= f(lx)-

Cac bude vé do thi y

N

N

Budc 1: Xoa phan do thi bén trai Oy.

Z

Z

Budc 2: Lay doi xting bén phai sang trai.

= f(l=])

N

Do thi y

a) V& do thi y = |2?| — 2|z| — 2

huong trinh |2%| — 2|z| — 3 +m = 0.

ém cua p

hi

an s6 ng

¢) Dua vao do thi (1), bién lu
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(¢ Chuyeén dé 2. Ham s6 bac hai

(2} @iyzféz?.

a)

Budc 1: Xoa do thi bén trai Oy.

Budc 2: Lay doi xting bén phai sang trai.

|2?| — 2|x] —34+m = 0.
&|z?] =2z -2 —1+m =0.
st - 20z] —2=—m+ 1.

2
S6 nghiém ctia (%) = s6 nghiém ctia {y = 27 =2l =2
y=—m-+1.
Bién luan.
—m — 1 < 3 = phuong trinh vo6 nghiém.
—m + 1 = 3 = phuong trinh ¢6 2 nghiém phan biét.
—3 < —m+ 1 < —2 = phuong trinh c6 4 nghiém phan biét.
—m + 1 = —2 = phuong trinh ¢6 3 nghiém phan biét.
—m + 1. — 2 = phuong trinh c6 2 nghiém phan biét.

()
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3 XET DAU HAM BAC NHAT VA HAM BAC HAI
l. KI THUAT XET DAU PHO THONG

Nhic lai kién thiic xét ddu ham bac nhat va ham bac hai
& Ham bac nhat f(z) = az + b (phai cung trai khac dau a).
& Ham bac hai f(z) = ax® + bxr + ¢ = 0.

@ A > 0 = 2 nghiém phan biét x,, x5 (trong trai ngoai cing dau a).
@ A = 0 = nghiém kép z;.
@ A < 0 = phuong trinh vo6 nghiém.

A <0.

Viduw f(z) = 2?4+ 5z + 7 co = f(x) >0 VzeR.
a=1>0.

SV x o vt

Xét dau céac bidu thiic sau
a) f(z) =2z —1.
b) f(x) = =3z +5.
[} o@zl lal.
a)
1
flz) =0 2= 7

Bang xét dau

1
T |70 = +00
2
f(z) - 0 +
Két luan.
1
flz)<0=zx€ <—oo;§>.
1
flz)>0=x¢€ (§;+oo>.
b)
)
flz) =0 2= 3
Bang xét dau
5
r = 5 +00
3
f(z) + 0 —
Két luan.
)
flz) >0=x€ <—oo;§>.
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(& Chuyen dé 3. Xét ddu ham bac nhat va ham bac hai

flz)<0=2x¢€ (g;-l-oo).

Dua vao bang xét dau dé giai bat phuong trinh sau:
a) (1—x)(2x+7)(9—3x) <0.
b) (x4+1)(2—x)

x+3
[} 0@%7&2’&
a)

7

flz)=0&e2x¢€ {1; —5 3}.

Bang xét dau

> 0.

x —00 _Z 1 3 +00
2

l1—z + |+ 0 - | -
20 + 7 -0 + | + | +
9 — 3z + [+ | + 0 -
f(x) -0 + 0 — 0 +

. 7

Ma f(z) <0=z¢€ (—00;5} U [1;3].

b)

flz) =0<x € {-1;2}.

Dieu kién z # —3.

Bang xét dau
x —00 -3 -1 2 +00
r+1 - | - 0 + | +
2—x + |+ | + 0 -
T+ 3 -0 + [ + | +
f(x) + =0 + 0 -

Ma f(z) > 0=z € (—o0; =3 U [—-1; —2].
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1= Chuong 3. Ham sb va dd thi

Xét dau cac bicu thiic sau:
a) f(z) =22 + 5x + 3.

b) f(z) = 2% — 2z + 1.

c) f(z) = =52 + Tx — 69.

[} Lot gia.
a)
r=—1
flx)=0& | 3
/ r=—7
Bang xét dau
3
€z —00 —= -1 +00
2
f(zx) + 0 - 0 +
Két luan.
3
flz) >0=x€ <—oo; —§> U (—1; +00).

flz)<0=>zx€ (—g;—l).

b) f(z)=2*-2r+1=(zx—1)?>>0 VzeR.

A <O0.
c) Vi = f(z) <0 VzeR
a=—-5<0.

Dua vao bang xét dau dé giai cac bat phuong trinh sau:
a) 2z + 1)(2* + x + 30) > 0.
2?2 -9z +4

b) — .

) x?2 —br+4 >0

) —22% + T + 7 -
T2 310 ’
[} o@iy[(z}l
a)

1

flz)=0&ex¢€ {—6; —5;5}.

Bang xét dau

x —00 —6 - 5 +00
2
2 + 1 - | =0 + | +
z® 4+ — 30 + 0 - | - 0 +
f(x) -0 + 0 — 0 +
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(& Chuyen dé 3. Xét ddu ham bac nhat va ham bac hai

Ma f(z) > 0=z € (—o0; —6] U [—%;5].

b)
flz)=0s 2 e {7;2}.
Bang xét dau

x —00 -1 2 4 7 +00
22 —9x +4 + | + 0 - | = 0 +
2?2 —bx+4 + 0 - | - 0 + | +
f(z) + =0+ I = 0 +

Ma f(z) > 0=z € (—oo;1) U (2;4).
c)

f(z) =0« x € {1;3}.

Dieu kien = # 5,1 # —2.

Bang xét dau

x —00 —2 1 3 ) 400
—2? +4r -3 -] -0+ 0 - | -
22 — 3z — 10 + 0 - | = | = 0 +
f(z) -+ 0 -0+ [ -

Ma f(z) < 0=z € (—00;2) U (1;3) U (5;4+00).
II. KI THUAT XET DAU 1 DONG

Phuong phap: thudng st dung dé gidi nhanh nhiing bai tric nghiém vé giai bat phuong trinh.
& Xét 1 khoang bat ki (ngoai cliing).

¢ Qua nghiém boi chin thi khong d6i dau. Vi du: 22, 2%, (x — 3)2...
¢ Qua nghiém boi 1& thi doi dau. Vi du: z, 23, (z — 5)291...

B * -« -

Giai cac bat phuong trinh sau:
2 93
a)x (x+1)(z—2) > 0.
r+4
b) (3 _ l’)(]. _ l')20191'2020
(x+1)3(x—2)
0 2—2)(z+1)(3+x)!!
(3—z)(1 —a?)

> 0.

[ {g\%id,é.
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1= Chuong 3. Ham sb va dd thi

a) Bang xét dau

f(z) -/ + 0 = 0 - 0 +

Chon z =3 = f(z) >0

Ma f(z) < 0=z € (—o0; —4) U[-1;2].
b)

Bang xét dau

f(z) + -0 -0 + |l = 0 +

Chon z =4 = f(z) >0
Ma f(z) > 0=z € (—oo0; —1) U (1;2) U (3; +00).
c)

Bang bién thién

f(x) + 0 - 0 + [ + 0 — | +

Chon z =4 = f(z) >0
Ma f(z) > 0= 2 € (—o0; —3].

Il. CAC DANG BAI TAP TRAC NGHIEM THUONG GAP

Dang 1: Bai toan nghiém diang - vo nghiém

® Cho f(z) = az? + bz + ¢,a # 0. Khi d6

a > 0.

& f(x) >0 ‘v’xER@{ “0

< 0.
& f(r) <0 VeeR& ¢
A <O0.

a > 0.
v
& f(z)>0 $€R®{A<O.

$> Cau 1. Tim m dé f(x) = (m + 1)2? — 2(m — 1)z + 3m — 3 > 0 ding v6i moi x.
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(& Chuyen dé 3. Xét ddu ham bac nhat va ham bac hai

@) m > 1. ® m > 1. © m<1. D m < 1.
(e} Ha(fzy (/(5/1‘%
> Cau 2. Tim m dé biéu thic f(z) = (m —4)z% + (m + 1)z + 2m — 1 luén am.
@m>; ng. © m > 1. ®m<;
(e} Hmfy (/[E/lac@
> Cau 3. Tim m dé f(x) = (m? + 4m — 5)x? — 2(m — 1)z + 2 < 0 nghiém ding véi moi x.
@A) m=1. ® m > 0. © m=10. D) m e R.
[} /{u()ézi a,/(z?,)z,/Qg @
A . 2 r+3 IR
¢S Cau 4. Tim m de f(z) = luon ¢6 nghia véi moi .
V(m+2)2? + 51 — 4
@A) m < 0. ® m > 0. © m=10. D m<1.
(e Ha‘o‘igf a/O"M/’I,Qc @
$> Cau 5. Tim m dé bat phuong trinh (m + 2)x? — 2(m — 1)z + 4 < 0 vo nghiem?
@—1<m<7. mZ?UmS—l.
© m > —2. D) m < —2.

[} /‘[zaf//(y din Q, @

$® Cau 6. Tim m dé bat phuong trinh ma? — 2ma — 2 — 3m > 0 vo nghiém?

@—%SmSO. —%§m<0.
©m>0. ®m>%.
o Haozy diin @

Dang 2: Bai toan vé phuong trinh bac hai

B sa Tae

$> Cau 7. Tim tat ci gia tri ctia m dé phuong trinh (m — 2)2? +2(2m — 3)z +5m — 6 = 0 vo

nghiém?
@A) m < 0. ® m > 2.
©[m<1' ®{1<m<3
[} Hmfy diin & @

> Cau 8. Tim tat ci gid tri cia m dé f(z) = (m — 3)2? + (m + 3)x — (m + 1) ddi dau 2 lan trén

® (~oci=3 ) Ulti+oa)\ (31 (2
© (i +00) ® B\ (3}
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Muc luc cia chuong

Chuyén dé 1. Gi4 tri luong gidc chia mdt géc tir 0° dén 180°............ 70
Chuyén dé 2. Dinh If cosin va dinh lisin.............................. 75
Chuyén dé 3. Ung dung hé thic lugng trong tam gidc.................. 79

» 3¢ Dicn Pii - §) 0866590573



1 GIA TRI LUGNG GIAC CUA MOT GOC TU (° DEN
180°

. Ti SO LUGNG GIAC GOC NHON

Nhic lai kién thiic vé ti s lugng giac géc nhon

& Cho tam giac ABC ¢6 A = 90°(0° < a < 90°).

B
d %
] o
A k C
. d BA
@Slna—E—B—C.
k. AC
@cosa—E—B—C.
d AB
@taﬂo&—%—m.
k. AC
@COtGﬁ—E—E

& tan(90° — a) = cot(a).
& cot(90° — o) = tan(a).
& sina + cos?a = 1.
& tana.cot o = 1.
.2 .2
o 14tan’a—14+ sm2oz _ cosQa—i;sm a_ 12 '
cos? o cos? o cos? o
& 1+cot?a=——.
sin® «v
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= Chuong 4. Hé thiic lugng trong tam gidc

120°
135°

150°

180°

& Tam O(0;0), ban kinh R = 1.

& Chieu duong: nguge chiéu kim dong ho c6 goe A(1;0).

¢ Khi 0° < a < 180° thi

MH )

sina = oM yTM = yy (tung do diem M).
OH \

cosQ = 5or = xTM = 2 (hoanh do diem M).
sin av YM

tana = = —.
cosa Ty
cosa Ty

cota = = —

?/M.

1. HAl GOC PHU NHAU

sin o

Nhic lai kién thitc vé mdi quan hé giwa hai géc bit nhau

y (sin )
‘\900
120° 60°
135° & - - -5 s ® - - -~ M 45°
| YN T Ym X
| |
150° | | 30°
| |
| |
| |
| |
| |
l 1
o e ® Z
180 TN 9] T\ r 0° x (COSO[)

& Ta thay sin 120° = sin 60°, sin 30° = sin 150°, cos 60° = cos 120°.

& Két luan: Cho o va 180° — « thi
sin(180° — av) = sin av.

cos(180° — ) = — cos av.
tan(180° — o) = —tana.
cot(180° — o) = — cot av.

Il. XET DAU CAC GIA TRI

LUGNG GIAC

Nhic lai kién thiic vé xét dau cac gia tri luong giac
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(& Chuyen dé 1. Gia tri luong gide ctia mot goc tir 0° dén 180°

sina > 0.

cosa > 0.
& a nhon (0° < < 90°) =

tana > 0.

cota > 0.

sina > 0.

cosa < 0.
& atlu (0° < a<90°) =

tana < 0.

cota < 0.

IV. BANG GIA TRI LUGNG GIAC GOC DAC BIET

T 0° 30° 45° 60° 90°
i 0 L V2 V3 1
sinx 5 5 5
cos x 1 ﬁ ﬁ = 0
2 2
t 0 ! 1 V3 I
anx —
V3
cot x I V3 1 5 0
V3

V. CASIO TiNH GIA TRI LUGNG GIAC

& Bai 1. Tinh sin 80°, cos 175°, tan 70°7

& Bai 2. Tinh s6 do goc a (4t 0° dén 180° va lam tron dén hang don vi theo don vi do, biét:
a) cosa = —0,94. b) tana = 0, 8. ¢) sina = 0, 65.

vi. MOT SO BAI TAP THUGNG GAP

& Bai 3. Tinh (khong dugc stt dung méy tinh cam tay)
a) A = sin 150° 4 tan 135° + cot 45°.

b) B = 2cos30° — 3 tan 150° + cot 135°.

¢) C' = 2cos30° + sin 135° + tan 135°.

d) D = cos 15° — sin 35° + cos 55° + cos 165° — cos 180°.

[} Hwa‘/g din oide.

1 1
a)A:sin30°+(—tan45°)—|—cot45°:5—1—1—1:5.
3 1
b) B:2cos30°—3.(—ta,n30°)+(—cot45°)=2.§—3. ~7 +(=1)=2v3-1.
3 1 1
C)C:200530°+sin30°—|—(—tan45°):2.\/7——#5—1—(—1):\/_—5.
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= Chuong 4. Hé thiic lugng trong tam gidc

d) D = cos 15° — sin 35° + sin 35° 4 (— cos 15°) — (—cos0°) = cos 0° = 1.

& Bai 4. Tinh céc gia tri lugng giac con lai clia goc a(0° < o < 180°) biét:

3 2
a) sina = 3 b) cosa = —g. c) tana = —1. d) cot v = —/3.
()} Ha‘o‘égﬁ (/(5/271’(511
a)
Ta co
V3\’ ;
3 1 cosa = —.
sina +cosla=1= <—> +cosla=1<cos’a=- & 2
2 cosa = ——.
. 2
Vi o nhon = sin o, cos a, tan a, cot @ > 0 = cosa = 7
V3
sinaw 9 1 1
WE= osa 1 V3, cota tana /3
2
b)
Ta co Y
2 ) 2
sina + cos?av = 1 = sin®a + —Q —1<:>sin204—1<:> e
a 2 | T2 . V2
sina = ——.
2
Vlatu:>81na>O,tana<0,cota<0:>sma:7.
V2
sin o 9
tana = =—=—=—1,cota= =—1.
cos « V2 ’ tan o
2
c)
Ta c6
tana.cota=1= —l.cota =1 cota = —1.
Hon nita,
1
1 1 cosa = —.
1 +tan?a = =1+ (-1)2= &cosa =~ & \/51
cos? o cos? o COS O — — ——
, V2
Viatﬁ:>sina>O,tana<0,cota<0:>cosa:—2.
¢ no g ; 1
an o = sina = tana.cosa = ———.
COoS (v V2
d)
Ta co

tano.cotar =1 = tana.(—V3) =1 & tana = —

Hon nita,
) V3
9 ] 1 1 9 3 COS ¥ = 7
tana cos? o * V3 costa T Y B E
5
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(& Chuyen dé 1. Gia tri Iuong gide ctia mot goéc tir 0° dén 180°

V3

Viatu=sina>0,tana < 0,cota <0 = cosa = 5
sin o . 1 V3 1
tan o = =sina =tana.cosa=|(—7|.| — | = =.
COS (v V3 2 2

& Bai 5. Cho tam gidc ABC, chiing minh rang:
a) sin A = sin(B + C).

b) cos A = —cos(B + C).
A B+C

c) singzcos B

B+C A
= cot —.
2 2

d) tan

[ Hwa/ﬁ [/(Z?Il(il.(l)l..
a)
ViAd+B+C=180°= B+ (C =180° — A = sin(B + C) = sin(180° — A) = sin A (dpcm).
b)
ViA+ B+ C =180° = cos(B + C) = cos(180° — A) = —cos A = —cos(B + C') = cos A (dpcm).
c)
B A B A A
ViA+ B+ C=180°= C =90° — — = cos +c = cos | 90° — — ) =sin — (dpcm).
2 2 2 2 2
d)
B+C A B+C A A
Vi o 90° — ling tan ( ;— ) = tan (90O - 5) = cot — (dpcm).

2 2
& Bai 6. .
a) Cho géc a véi cos v = —5 Tinh A = 2sin® a + 5cos? a.
b) Cho tana = 2. Tinh B = sinatcosa :81?22‘*200820‘, _1-3sii’a
2sina — 3 cos 3sin”“ o — cos? « 2cos2a+5

3 t t
¢) Cho sinaw = —. Tinh E = tan o + cota a.
4 tan o — cot «

[} /‘[mf/(y 5/(512717(21,'.
a)
Ta co

sbi)r1204+005204 =1 :>sin2a+i =1=sina= —z. Khi d6 A = 2.2%—5& = %
Chia ca tit va mau cho cosa = B = 2t?;1noza—i-_11 = 2?2+_13 = 3.

Chia ca t vd mau cho cos’a = C' = 3?;1;0;—’__21 = ;;2—1__21 = %

Chia ca tit vd mAu cho cos’a = D = (1 ;_T_a;flaz t_aiszr;z e 21:522(1__52222) = —%.

c)

g (sin a N cos oz) <sina cos a) sin?a + cos? a0 sin?a — cos?

cosasina  cosasina

cosa  sina cosa  sina
1 COS v Sin & 1 1
cosasina sina —cos?2a  sin’a — (1 —sina).  2sina —1
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2 DINH Li COSIN VA DINH Li SIN

I. LY THUYET

Cac cong thitc can nhé

D242 2
® Dinh i cos: a®? = b> + ¢ — 2bccos A = cos A = u.

2bc
b c
<& Dinh Ii sin: = = =2R.
PRSI SN A T snB T sinC R
BRETSR 1 1 : abc
& (Cong thic dién tich: S = §.a.ha = i.b.c. sin A = 1R b= Vp(p—a)(p—b)(p—c).
. a+b+c
véip=——F0—.

>+ a?
2 4

< Cong thiic trung tuyén: m?2 =

Il. BAlI TAP

& Bai 7. Cho tam gidc ABC thod man: sin A = 2sin B. cos C'(*). Chiing minh AABC' can.

Ta co
a a
=2 inA=—.
sin A [t = sin 2R
b
=2 inB=—.
sin B [t = sin 2R
a®+b> — 2
C=———.
cos 50
Thay vao (*) ta duge
a b a2+b2—02(:) a? + b? — 2
—_—=2—— &=
2R 2R 2ab a
s =d+r-Ctoebtr-*t=0cbt=3*<b=c
A
¢ =2
B a C

= AABC can tai A (dpcm).
& Bai 8. Cho tam giac c6 S = 2R?.sin A.sin B. Chiing minh AABC' 1 1 tam gidc vuong.

[ /—"&w% a/dngzaz
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3 Chuyeén dé 2. Dinh Ii cosin va dinh Ii sin

Ta cb
nA=—.
a _ b, )R
sinA  sinB sinB—i
2R’
b ab

Thay vao () ta duge S = 2R* —.— = —.

| 2R 2R 2
Ma S = - ab. sin C.
ab ab
:>?:5 sinC < sinC =1 < C = 90°.

= AABC vuodng tai C' (dpcm).

& Bai 9. Cho tam gidc ABC, cac duong cao hg, hy, h. thod man 3h, = 2hy + h.. Chiing minh
3 2 1

a b ¢

[} /‘[mféy f/a?/yzf(ézf.

Ta co
( 2
he =22
a
1 1 1 28
Széa.ha:—bhb—ac.hc: hb:T
2
2
\ c
Thay vao (x) ta dugc
1
32—5:2.§+§<:>25.§:25. g+1 @§:g+—.
a b c a b ¢ a b ¢
& Bai 10. Cho tam giac ABC'. Chiing minh:
2124 2
a) cot A+ cot B+ cot C' = %.

3
b) m? +mi +m? = Z(a2+b2+62).

[ Hzm‘ﬁ dbn oidi.

a)
Ta cb
6 A cosA b+ —ad? b? + 2 — a? b? + % — a?
CO = = = =
in A 2bcsin A 1 4
sin be sin N (—bcsin A) S
tB_corsB_cz24—CQ—l)2_ a’+c? a0
oL = sinB  2acsin B ( ) 48
.| =acsin B
L cosC  a?+b —¢ a® + b — a®> +b* —
cot C' = — = . = =
sin C' 2absin C .(—absm C) 48
b2 2 2 _b2 b2_ 2 b2 P
:>cotA+cotB—|—cotC’:( re-ad)+ (@ +405 (@ + C):a +4S+C (dpem).
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78

= Chuong 4. Hé thiic lugng trong tam gidc

b) Ta ¢6
, WP+ a® 202427 —d?
m, = —— =
“ 2 4 4
m2_a2—|—02 b 2a*+2¢* - b?
2 4 4 '
m2_a2—|—b2 ¢ 207420 — ¢
<2 4 4
(20% + 2¢® — a?) + (2a® + 2¢ — V*) + (2a% + 20> — ¢*) 3
= mg+mp+m. = 1 = Z(a2+62+c2) (dpcm).
(a+b—c)la—b+c)

& Bai 11. Cho tam giac ABC ¢6 S =

1 (). Ching minh tam giac ABC

vuong.

[ Ha‘()/'lld@ (/(5)2(71221)

a’—ab+ac+ab—b>+bc—ca+bc—c  a?—b>—c2+2bc
(x) & S = 1 = 1 :

1
=4 (ﬁbcsinA) =a®—b> -+ 2be.

& 2besin A = a® — b — 2 + 2bc.

&b+ —a® = 2be(1 —sin A).

b2+ c? —a?
2bc

& cosA+sinA=1< cos? A+ 2sin Acos A +sin? A = 1.

& 14+ 2sinAcos A =1.

=]1—sinAd < cosAd=1-—sinA.

sinA=0= A=0° (loai).

& 2sinAcosA=0< ~
cosA=0=A=90° (tm).

= ABC 1 A.

& Bai 12. Chitng minh AABC déu khi thod man
asin A+ bsin B+ csinC = h, + hy + he  (%).

[ Ha‘()/'lld@ (/(5)2(71221)

Ta c6
S = 1bcsinA = sin A = §
2 be
Szlahajhazﬁ.
2 a

Thay vao (x) ta duge

2S5 25 28 258 25 28
a.—+b—+c— = —
be ac ab a b c

a b c 1 1
=

1
bc  ac  ab a b
a2+ b+ be+ac+ ab

abe abe
s+ 02+ —be—ac—ab=0.
=2a% 4 2% + 262 — 2ab — 2ac — 2be = 0.
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& Chuyén dé 2. Dinh Ii cosin va dinh Ii sin

&(a® +b* — 2ab) + (a® + ¢* — 2ac) + (b* + ¢ — 2be) = 0.
Sla—b2+(a—c)*+(b—c)?=0.
—_——— N N —

>0 >0 >0
a—b=0.
Dau” =" xayrakhi{a—c=0. & a=b=cs AABC déu (dpcm).
b—c=0.

& Bai 13. Cho tam gidc ABC. Chiing minh diéu kién can va di dé 2 dudng trung tuyén ké tit B
va C vuong goc v6i nhau 1 b? + c? = 5a?.

[} /‘[mféy f/(?/éjzf(é Z.

B a C

Goi BM NCN = G la trong tam AABC.
Vi ABCG vuong tai G(CN L BM) nén

BC? = BG* + CG*.

2 2 72 2 2 2

@9@2:4‘% +2c¢"—0b _|_4.2a +2b ¢
4 4

©9a? = 4a® + 2 + b

=502 = b2 + A
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3 UNG DUNG HE THUC LUGNG TRONG TAM
GIAC
I. MOT SO BAI TOAN THUC TE

& Bai 14. Dé lap duong day dién cao thé tir vi tri A dén vi trf B, do phai tranh mot ngon nii
nén ngudi ta phai ndi duong day tir vi tri A dén vi trf C' dai 10 km, sau dé néi duong day tir vi tri
C dén vi trf B dai 8 km. Go6c tao bdi hai doan day AC va CB 1a 70°. Tinh chiéu dai tang them
vi khong thé ndi true tiép tit A dén B.

B

81%

70°

[ ]

C 10 km A

[} /‘[a’o/’nﬁ Q/a}?/jl/(il/

Ap dung dinh i cosin trong AABC, ta c6

AB? = AC?* 4+ CB? — 2AC.CB.cos ACB = 10? + 8% — 2.10.8. cos 70° ~ 109.28.

— AB = /109,28 = 10, 45,

Vay chiéu dai tang them:AC + CB — AB =~ 7,55 km.

& Bai 15. Mot ngudi ding cach than mot cai quat gié 16 m va nhin thay tam ciia canh quat véi
géc nang 56,5°. Tinh khodng cach tit tam ctia canh quat dén mat dat. Cho biét khodng cach tit
mit clia nguoi dé dén mat dat 1a 1,5 m.

16m

1,5m
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« Chuyén dé 3. Ung dung hé thiic lugng trong tam giac

[} Hwé/y Jé‘fnyz’a’z;
Xét tam giac ABC vuong tai C, ta c6, ta co
—_— A —_—
tan ABC = 4C = AC = BC.tan ABC = 16.tan 56, 5° ~ 24,17 m.

BC
Vay khoang cach tit tam ctia canh quat dén mit dat 1a AD = AC+CD ~ 24,17+1,5 ~ 25,67 m.

& Bai 16. Tinh chiéu cao AB ctia mot ngon nui. Biét tai hai diém C, D cach nhau 1 km trén mét
dat (B, C, D thang hang), ngusi ta nhin thay diém A ctia ndi véi géc nang lan Iugt 1a 32° va 40°.

1 km

Ta co
ADB = DAC + ACD = DAC = 40° — 32° = 8°.
Ap dung dinh 11 sin cho AACD

AD B CD L AD — CD.sinC ~ 1.sin32°  sin32°
sinC sinCAD " sinCAD  sing  sin8

Xét AABD vuong tai B co
—— AB ——  sin32°
inADB = — = AB = AD.sin ADB = .
sin 1D = sin 08

sin40° ~ 2,45.
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VECTO

Muc luc ctia chuong
Chuyén d& 1. Khai ni@m vecto .. ...........oooieiii i, 82
Chuyén dé 2. Téng va hidu clia hai Vecto . .............cooviiiioin... 86
Chuyén dé 3. Tich clia vecto v8i 186 . ... 94
Chuyén dé 4. Tich v6 hudng clia hai vecto. ........................... 104
Chuyén dé 5. Vecto trong m3t phdngtoa db.......................... 110
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1 KHAI NIEM VECTO
l. LY THUYET VECTG VA CAC KHAI NIEM

Nhic lai kién thiic vé 1y thuyét vecto va cac khai niém
& Duong thang khong c6 diéem dau va khong c6 diém két thic.
& Tia ¢6 diém dau va kéo dai chi c6 mot dau.

& Doan thang c6 diém dau va diém cubi.

& Vecto 1a mot doan thing c6 huéng.
Vi du: AB c¢6 diém dau la A, diém cubi la B.

A B

¢ Gia cla vecto 1a duong thang di qua A, B.

A B

& Néu khong can chi 15 diém dau, diém cudi thi ta c6 thé ki hisu @, b ,....

& Vecto khong 0 c6 diém dau trimg véi didm cudi.
Vidw AA=BB=CC=DD=0.

BV xwrn

Cac ménh dé sau dung hay sai?

a) Lap dugc 2 vecto (khéc vecto 6)) tit hai diem A, B.

b) Lap dugc 5 vecto (khac vecto 0) tit ba diém A, B, C.

c¢) Lap duge 12 vecto (khac vecto 6)) tit bon diém A, B, C, D.

d) Lap dugc 380 vecto (khac vecto 0) tir 20 diém bét ki phan bigt.
e Lo i

a) AB,BA (ding).

b) AB, AC, BA, BC,CA,CB (sai).

¢) A, B,C, D déu ¢6 3 vecto (dung).

d) 20 =1+ 19 ¢6 19.20 = 380 vecto (dung).

n diém c6 (n — 1).n vecto khac 0.

Sy xew

Cho hinh chit nhat ABCD, biét AB = 6, BC' = 10. Tinh
a) |CD|, |AD].

b) |AC.

c) |A_C$| v6i G la trong tam AABC.
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T Chuong 5. Vecto

& Joi gidi
A D
B C
a) |CD|=CD = AB =6, |AD| = AD = BC = 10.
b)

Xét AABC, B = 90°.

Pytago: |AC| = AC = VAB? + BC? = /62 + 102 = 21/34.
c)

AC| = AG = gAM.

AABM c¢6 AM = /AB% + BM2 = /61 = AG = gm

Il. HAl VECTG CUNG PHUGONG - CUNG HUGONG

Nhic lai khai niém vé hai vectd cing phuong - cing huéng
& Gia clia 2 vecto ma song song hodc trung nhau thi hai vecto dé cuing phuong.
<& Hai vecto cing phuong thi cing huéng hoac nguge huéng.

—

d

Sy
ol

N
Vidu: @, d cing huéng, @, ¢ ngudc huéng.

0 cung phuong, cung huéng v6i moi vecto khéc.

SV wrnnn

G01 C la trung dlém cia doan thang AB. Xét tinh ding sai ctia cAc ménh dé sau:
a) AC cung huéng BC’

b) AC ciing huéng AB

c) AB LB nguoc huéng BC.

d) |[AB| = |BC|.
e) |AC| = |BC|.
f) |[AB| = 2|BC.
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(¢ Chuyen dé 1. Khéi niem vecto

() D{g\z(ljzfcézl.

. : . : >
A C B
a) sal. b) ding. ¢) dang. d) sai. e) ding. f) duang.

I1. HAl VECTG BANG NHAU - D6I NHAU

Cho hinh binh hanh ABCD. Cac ménh dé sau dang hay sai:

a) AB = CD. b) BA =?CD.
¢) AC = BD. d) AD = BC.
e) |[AB| = |CD). f) |AC| = |BD.

[} Huo/ﬁ a}(z“/%ma

B C
a) sal. b) ding. c) sal. d) ding. e) ding. f) sai.

Cho luc giac déeu ABCDEF tam O. Xét tinh ding sai clia cac ménh dé sau:
a) C6 3 vecto bing vec AB ma c6 diém dau va diém cudi 1a dinh hodc tam ctia luc giac déu.
b) C6 5 vecto (khac vecto 0) ciing phuong véi vectd ED ma c6 diém dau va diém cudi la dinh

cliia luc gidc deu.

¢ = 2 X N - 2 FEEETN 2
c) C6 4 vecto (khac vecto 0) cung huéng véi vects F'C' ma c¢6 diem dau va diem cudi 1a dinh
hoac tam ctia luc giac deéu.

4 B

d) C6 5 vecto (khac vecto 6) D
[ D{g\z(l/fzfcézl.
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T Chuong 5. Vecto

86

a) FO,0C,ED (dang).

b) ﬁ F—C) CTF) A_é BA (dung).
c) FO OC AB ED (dang).

d) CB,DA,EF (sai).

Trén mat phang toa do Oxy, hay vé cac vecto 51_4), MN vé6i A(1;2), M(0; —1), N(3;5).

a) Chi ra mdi quan heé gitta hai vecto tren.

b) 1 vat thé khéi hanh tit M, chuyén dong thang déu v6i van toc (tinh theo gid) duge biéu dién

véi vects T = OA. Héi vat thé d6 c6 di qua N hay khong? Néu c6

[} 4@‘1(717(2’[,

o
&V

)
M(0; -1
(051

a)

HA 1

YA HAH— ° = tan H A— —.

O 90° = tan HO OH 5
KN 3 1
AKMNK— ° KMN— — = _.
90° = tan M 6 5

thi sau bao lau vat sé t61 N7

— HOA = KMN ma chiing dong vi = OA cung phuong v6i M N.

= O—A), MN cung huéng (vi O—A), MN cing chiéu mii tén ).
b)
A=V22+12 =5 MN =32 +62=3/5= MN = 30A.

Vay sau 3h sé t6i.
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(D

2 TONG VA HIEU CUA HAI VECTO
I. TONG CUA HAI VECTG

Quy tic chén diém

D
C
B
A

© AB=AC + CB.
©® AB=AC +CD + DB.
Quy tic hinh binh hanh

A B

D C

® AB + AD = AC.
Tinh chéat
® Giaohosn: @+ b =1b +a ‘V’E’,T)),E’.
® Kéthop: (@+b)+C=(T+)+b=(C+b)+a Va,0b,¢
® Congvectd 0: @+ 0=0+a=2a Va,b,¢

B sai Tare

& Bai 1. Cho hinh vuong ABCD véi canh c¢6 do dai bang 1. Tinh do dai clia cic vecto.
a) AB+ CB. b) AB+ DC + BD.
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T Chuong 5. Vecto

a) |AL + CB| = |DC + CB| = |DB| = DB = VBC?+ CD? = V2.
b) |AB + DC + BD| = |AB + BD + DC| = |AD + DC| = |AC| = AC = BD = /2.

& Bai 2. Cho hinh thoi ABCD v6i do dai canh biing 1 va BAD = 120°. Tinh do dai vecto.
a) CB + CD. b)DB + CD + BA.

(&) /‘L’Lfo‘% fl/é/ld()iﬁ)l.

A D

a) |CB + CD| = |CA| = CA = 1(AABC déu).
b) |DB + CD + BA| = |DB + BA+CD| = |CD + DA| = |CA| = CA =1.

& Bai 3. Cho hinh binh hanh ABC'D. Tim diém M dé BM = AB + AD. Tim méi quan hé gitta
hai vecto C'D va C'M.

(&) Hmfg f/(f/ifzf(ézl

A B
D C M
BM = AB + AD < BM = AC (quy téc hinh binh hanh).
BM 11 AC.
\BM| = |AC.

Khi d6 ABMC 1a hinh binh hanh.
CM//AB,CD = AB.

CD//AB,CD = AB.
= vectd CTi CM c6 cung do dai nhung ngudc hudng.
= CD,CM la 2 vects d6i nhau.

= (' la trung diém ctia DM.

Téng 2 vecto dbi nhau thi bang 0.

& Bai 4. Cho tam gidc ABC c6 trong tam G. Goi M la trung diém ctia BC va D la diém déi
xing cua G qua M. Chitng minh:
a) GB+ GC =GD. b) GA+ GB+GC = 0.
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(& Chuyen dé 2. Tong va hieu ctia hai vecto

[ /‘[mf/g J[Z/z(fzfa)zl

D

a
)
Xét tit giac GBDC' ¢6 M la trung diém ctia BC va GD = GBDC la hinh binh hanh.
= GB + GC = GD.

b)

GA+GB+GC =0« GA+GD=10.

i {GA = GD(=2GM).

. :>CTA),G_D)la2vectddéinhau:>CTA)+G—D)=6.
GA1lGD.

G la trong tam cua AABC thi Cﬂ + G_é + G_C’> - 0.

II. HIEU CUA HAI VECTO

Nhic lai kién thiic vé hiéu ctia hai vecto

S T—b=a+(-b).
Vidu: OA— OB =0A+ (-0OB) =0A+ BO = BO + OA = BA.

& MA— MK = KA. OB - OC = CB(chung déu, lon nguoc).

B sai i

& Bai 5. Cho hinh binh hanh ABCD va O 1a giao cia 2 duong chéo. Cac ménh dé sau day ding
hay sai?

a) |AB + AD| = |AC].

b) AB— DB = CB.

¢) AB + CO + AD = AO.

d) OB — 04 =0C - OD.
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T Chuong 5. Vecto

[ /‘/m)y f/(z‘\/ijz'(z’z'.

D C
a) dung. b) sai. c¢) dang. d) dung.

& Bai 6. Cho tam giac déu ABC c6 canh bang a. Tinh do dai clia céc canh.
a) AB — AC b) AC — BC c) AB+ AC

[ Ha’o‘éy f/{fﬂ(f&'{z’zf.

V7i
4

D

a) |AB — AC| = |CB| = CB =a.
b) |AC — BC| = |AC + (~BC)| = |AC + CB| = |AB| = AB = a.

— — — —_ 3 . .
c) |AB+ AC| = |AD = |2AM| = 2.%_ = a/3 (quy téc trung tuyén).

& Bai 7. Cho tit gidc ABCD c6 M, N la trung diém ciia AB va CD. Goi O la trung diém ctia
MN. Ching minh riing OA + OB + OC + 0D = 0.
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(& Chuyen dé 2. Tong va hieu ctia hai vecto

[} Ha’éy dén oidi.

C

D N C

Ta cb

OA+ OB +0C + 0D =20M + 20N =2(0M + ON) =2.0 = 0.

Dang 1: Chitng minh biéu thiic A=B
& 3 cach: chuyén vé sau d6 bién doi, bién doi VT thanh VP, bién d6i VP thanh VT.

& Bai 8. Chitng minh céc biéu thiic sau bang nhau:
a) AB+CD+ FA=CB+ ED.
b) AC + CD — EC = AE — DB + CB.
[} Hu‘o/‘/zy din gial.
C C
a)

AB+CD+ EA=CB+ED.
©AB+CD+EA-CB—ED=0.
©AB+(CD—CB)+(EA-ED)=0.
©AB+BD+DA=70.
SAD+DA=0 < AA=10.

AC+CD - EC = AE — DB+ CB.
©AD - EC—AE+DB-CB=0.
<(AD — AE)+ DB — (EC+CB)=0.
sED+DB—-EB=0.
SEB-EB& 0=0.
& Bai 9. Cho ABCD la hinh binh hanh. Chitng minh céc biéu thiic sau bang nhau:

a) BA+ DA+ AC = 0.
b) OA+OB+0C+0D=T0.
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T Chuong 5. Vecto

[ Ha’o/‘éy f/(z‘\/ijz'(z’z'.

D C
a)

BA+DA+AC=0«BA+AD=0<BB=0.
b)
OA+0OB+0C+0D =0« (0OA+0C)+(0OB+0D)=0<0+0=0.
& Bai 10. Cho tam giac ABC. Goi M, N, P lan luct 1 trung diém ctia BC, CA, AB. Chting minh
a) BM+CN + AP = 0.
b) AP+ AN — AC +BM = 0.
c) OA+ OB+ 0OC =0OM + ON + OP.

[ Hazf‘fy r/mz(/(m Z.

B
BM+CN+AP=0<PN+NA+AP=0 < PA+AP=0«< PP=0.
AP+ AN+ —-AC+BM =0« AP+CN+BM=0.

OA+0B+0C—-0M—-ON-0OP=0.
&(0OA - ON) + (OB — OM) + (0C — OP) = 0.

SNA+MB+PC=0<CN+MP+PC =
SPN+MP=0<BM+MB=0 <

S

Dang 2: Tinh do dai vecto
& |AB| = AB,|G| =0.
& |AB + AC| = AB + AC(sai).

92 » 3¢ Dicn Pii - §) 0866590573



(& Chuyen dé 2. Tong va hieu ctia hai vecto

& |@+ b + | bién ddi vé 1 vecto.

& Bai 11. Cho tam giac ABC vudng tai A co ABC = 30° va BC = a/5. Tinh do dai clia cac
vecta:

a) AB + BC. b) AC — BC. ¢) AB + AC.

[ Hmfﬁ a/(fiz(fz'd,zf,

B D
30
(=
A C
a)
AB 1 BO| = |AC = AC — f
AC 1 aVh
in30° = — = AC = - —
S1n a\/g a 2 2
b)
|AC — BC| = |AC + CB| = |AB| = AB.
5a? av/15

Pytago: BC? = AB? + AC? & 5a® — = AB? = AB =
c)

|AB + AC| = |AD| = AD = BC = av/5 (vi ABCD la hinh chit nhat).

& Bai 12. Cho hinh vuong ABCD c6 tam O va canh a. M 1a mot diém bat ki.

a) Tinh |AB + AD|, |OA — CB|, |CD — DA

b) Chiing minh @ = MA + MB — MC — M D khong phu thuoc vi tri M. Tinh do dai vecto .

2

[ Ha‘o‘gy a,/rz‘”/’éj[d[,

a)
|AB + AD| = |AC| = AC.
Pytago: AC? = AB? + BC? = a® + a® = 24> = AC = aV/2.

T T BD A 2
04~ CB| = |04+ BC| = |04+ AD| = |0D| = 0D = =~ = 202“2[
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T Chuong 5. Vecto

|CD — DA| = |CD + AD| = |BA+ AD| = |BD| = BD = AC = aV/2.

o
S~—

@ = (MA—MC)+ (MB — MD) = CA + DB (khong phu thuoc M).
| = |CA+ DB| = 204 + 20B| = 2|04 + OB| = 2.201| = 401 = 4. = 2a.

& Bai 13. Cho hinh vuong ABCD c6 tam O va canh a. M 13 mot diém bat ki.
a) Tinh |[AB + OD|, |AB — OC + OD.
b) Tinh do dai vecto MA— MB — MC + MD.

(&) Hazf‘ézy f/fc/z(/mm

a)
—_ — A
|AB+OD|:|OD+DC|:|OC|:O(J:—C:a

—> — —> —> —> —> 2 —

|AB — OC + OD| = |AB+CO + OD| = |AB + CD| = |DC + CD| = |0| = 0.

b)

T =(MA—-MB)+ (MD—-MC)=BA+CD=CD+CD=2CD = |¥| = |2CD| = 2a.
& Bai 14. Cho hinh thoi ABC'D canh a v BCD = 60°. Goi O 1a tam hinh thoi. Tinh

a) |AB + AD|. b) |OB — DC|.

IS

[ /’[av‘% din cidi,

C

B C
A D
a)
|AB + AD| = |AC| = |240| = 240.
AABC déu = AO = “\2/5.
— |AB + AD| = 2.a23 — a3
b)
|OB — DC| = |OB + CD| = |OB + BA| = |04 :OA:%?
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3 TicH cUA VECTO V41 1 SO

I. LY THUYET

Nhic lai kién thiic vé tich ctia vecto véi 1 sb

N

& Cho @, vé 2a va —a. Khi d6 k. @ thi
k > 0 = vecto méi cling chiéu véi @.
k < 0 = vecto mdi nguge chieu véi @.

& |ka| = |k|.|7).

7
y AN 3 )

Cho tam giac ABC, N € AC, 1C -1 M la trung diem AB. Tinh

a) AM =7AB. b) MB =?BA.

) MA =?MB. d) AB =?MB.

e) AN =7AC. f) AC =?NC.

g) CN =?AN. h) NA =?4AC.

N ol gidi.

A
M
N
B é °» (
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T Chuong 5. Vecto

—_— 1— —_— —
a) AM = S AB. b) MB = —%BA.
¢) MA = —MB. d) AB = —2MB.
@A‘ﬁ:%]ﬁ f) AC — ANC.

EEED)) * - -

Cho tam gidc ABC, M bat ki, G 1a trong tam. Chiing minh MA + MB + MC = 3MG.
:&@gﬁm’@

Ta co

MA = MG + GA.

MB = MG + GB.

MC = MG + GC.

= MA+MB+ MC =3MG + (GTA)%-@)—{—G—C’)) = 3MG (vi G la trong tam tam gidc ABC).

Cho hinh binh hanh ABCD c6 O la giao diém 2 duong chéo, M bat ki. Chitng minh
MA+MB+ MC+ MD =4MO.

(2} ,@‘yzz&;
VT = 4MO + (OA + OC) + (OB + OD) = 4MO + (OA

Cho tit gidc ABCD, goi M, N lan lugt la trung diém ctia hai doan thing AB va CD. Chiing
minh 2M N = AC' + BD.

_ > >

oC)+ (OB

J

+
=0

(2} Hwo/'/zdf a/[Z/z(/ lat.

D N C

VP:A_C’+BD:(AM+MN+NC)+(BM+MN+ND):2MN+(AM+BM)+(NC+ND).
— 2MN + (AM + MA) + (NC +CN) =2MN + 0 + 0 = 2MN.
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(& Chuyen dé 3. Tich ctia vecto véi 1 s6

Cho tit giac ABCD, goi I va J lan lugt 1a trung diém clia hai doan thang AC va BD. Chiing
minh AB+CD =21J.

[ Ha(fézi (/(231(7[&@

A
) B
I
J
D C
VT = (Al +TJ+JB)+ (CI+1J+JD) =210+ (Al + CI)+ (JB+JD)=2CT+ 0 + 0 =2

—>

ClI.

Ching minh néu G va G’ lan lugt 1a trong tam ctia hai tam gidc ABC va A’B'C’ thi
3GG"' = AA'+ BB + CC".

(ﬁo@‘zéiéézf;

Ta co

AN = AC + GG + G'A'.

BB =BG+ GG +G'B.

CC' =00+ G0 +aG'C.

— AA' + BB'+ CC' = —(GA+ GB + GC) + 3GG' + (G'A' + G'B' + G'C") = 3GG".

Cho hai tam giac ABC va A’B'C’. Chiing minh néu AA’ + BB’ + CC' = 0 thi hai tam giac do
cung trong tam.
[} 0@‘1(71.7(213
Goi G, G’ lan lugt 1a trong tam AABC va AA'B'C’, ta can chiing minh G = G’ & GG =T.
VT = (AG + GG +G'A' + (BG + GG + G'B) + (CG + GG + G'CY).
—3GG +(ACG +BG+CG)+ (GA +GB +G'C)=3GG + T + 0 = 3GG.
Theo gia thiét, ta c6 GG =0=G= G'(dpcm).

EEED)) * ¢« v 0

Cho tam giac ABC'. Dung AB = B—C’),C’_A7 = fTé, BC' = CA.
a) Chitng minh A 1a trung diém ctia BC.
b) Chiing minh cic dudng thang AA’, BB, CC' dong quy.
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T Chuong 5. Vecto

N Joi gid.

C/

a) Ta can chiing minh AB +AC = 0.

Ta c6

AB = BC.

BC' = CA = ACBC’ 1a hinh binh hanh = AC" = CB.

=~ BC+CB=0 (ludén dung).

b)

Chimg minh tuong tu ta duge C la trung diém ctia A’B’, B la trung diém ctia A'C".
= AA', BB, CC' 1a 3 duong trung tuyén ctia AA’B'C’ dong quy tai G.

1. CAC DANG BAI TAP THUONG GAP

Dang 1: Cho dw kién do dai = vé hinh
& Biéu dién @ = xzm + yn.
Vidu: AB=AM + MB hoac AB=MB — MA.

A
G
B : : ; C
M
& m:w,ngmm+@’+a—c’:a
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(&' Chuyeén dé 3. Tich ctia vecto véi 1 s6

& Bai 15. Cho tam giac ABC. Goi M la diém trén canh BC sao cho M B = 3MC. Khi dé diém
biéu dién AM theo AB va AC la

o u0/(17 (/(5/127[(5 Z.

L 4 \ 4

B M C
Ta c6 AM = AB + BM = AB + BC AB + = (AC AB)_ZE’Jrzﬁ.

& Bai 16. Cho tam giac ABC véi M 1a trung diém cia AB, N € AC sao cho NC = 2N A. Goi
K la trung diém ctia M N, D la trung diém ctia BC.

a) Tinh AK theo A_B), AC,

b) Tinh KD theo AL, AC.

[} /‘[mf//(y f/(?/i/rzfdzl

B D C

AK = -(AM + AN) = -. | ZAB+ -AC | = -AB + - AC.
a) 2( + AN) 5 (2 +3 C) AP TG C

b) KD = AD — 4K = L (4B + 40) - (1ﬁ+1@) — 1AB+1AC

& Bai 17. Cho tam giac ABC trong tam G. Dat CA= a,CB=b0.
a) Biéu dién AG theo @,

b) Biéu dién CG theo @,

c) Biéu dién AT theo @, b vei I 1a trung diém AG.

d) Biéu dién CT theo @, b

b.
b
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T Chuong 5. Vecto

() /‘[a’()y f/(z‘\/ifz'(z’z'.

A
I
G
B ¢ . . O
M
a)
AG = gAM = §.§(AB+AC) = 5(AB+AC) = g((JB —CA—-CA) = g(CB —2CA) = g(b — 2a).
b)CG:OA+AG:?z’+§(b—25’):3a+§ &:a—gb‘
— 1-— 1b-20¢ b-20
¢ Al =340 =573 6
d)(ﬁ:@»+ﬁ:3+b;2a_4a;b

Dang 2: Cho dit kién vecto = chén diém
& Bai 18. Cho tam gidgc ABC,TA = 21B. Biéu dién C1 theo CA, CB.
o Heong (/(z,zéaf(zzi.
Chen C: CA— CT =2(CB — CI) < CA—CI =2CB — 201 < C1 = 20B — CA.
& Bai 19. Cho tam giac ABC, I € BC' sao cho BI + 9IC = 0. Tih Al theo 2 vecto A—é, AC.
o Hmmj g/fzf/ijgfzg.
Chén A: A — AB+2(AC — Al) = 0 < Al — AB+2AC —2A] = 0 < —AB + 2AC = Al

& Bai 20. Cho tam gidc ABC, I thod man 5MA = 2MB. Néu IA = mIM +nIB thi cap (m,n)
bang bao nhiéu?

N oono din olal.
(/ C

Chen [
5(IA—IM) =2(IB — IM) < 5IA — 5IM = 215 — 2IM.
3
<:>5[A:2IB+3H\/[<:>IA:gIM+gIB<:> 9
n=—.
5

& Bai 21. Cho hinh binh ABCD. Dt AB = @, AD = 1.
a) Biéu dién DI theo 2 vecto @, b véi I 1a trung diem BC.
b) Biéu dién AG theo 2 vecto @, b véi G 1a trong tam ACDI.
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(&' Chuyeén dé 3. Tich ctia vecto véi 1 s6

[} Ha’éy dén oidi.

C

A B
I
O¢q’
D C
a)
b)
Lay O la trung diém cta DI.
AG:AC+C’G:(AB+AD)+§CO:6’+b+§.§(CI+CD)
> 1 /(1 - 1> 1 2 5—
:—> - - B_—» :—> - ———):——) <
a+b~|—3<20 a) a+ b 6b 30 3a+66
Dang 3: Chitng minh ba diém thang hang
A B c

& A, B,C thang hang < AB = kAC hoac AB = kBC.

& Bai 22. Cho tam giac ABC,I € AC sao cho CI = ZCA’ J thoa BJ = §AC — gAB. Ching
minh B, I, J thing hang.

[} /‘[u‘o‘y a,/(‘z‘xn( 71'(51',,

A
I
B¢ . C
Ta co
BI = kBJ.
BJ=-AC--AB (1).
Bl =BA+ Al = -AB+AC (2)
_AB+ 2AC s . 3.
Tit (1),(2) = k = 4 == Bl = JBJ = B,1,J thing hang.

2— 1—
——AB+ -A
3 +2 C

& Bai 23. Cho tam giac ABC véi trong tam G. Goi I 1a trung diém ctia doan AG va K la diém
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T Chuong 5. Vecto

1 g
trén canh AB sao cho AK = gAB. Ching minh C| I, K thang hang.

() Haozy f/f[/ljm L.

IZCAHUZ_m+§m:_m+éé<@+m:é@’_gfé ().
ﬁ:ﬁ+ﬁ:_@+%2§:§,@_z@ 2).

1—
Lyy: B Ts: s,

Tit (1),(2) = k = 61_)—6_) = k== 0l= 6CK’ = C, I, K thing hang.
“AB - AC

& Bai 24. Cho tam giac ABO, cac diem C, D, E lan lugt ndm tréen AB, BO, OA sao cho
1 1
AC =2AB,0D = SOB,0F = 504
Chitng minh C, D, F thang hang.

[ Ha‘o‘zy [/mz(jm Z.

Ta co
CD=kCE.
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(&' Chuyeén dé 3. Tich ctia vecto véi 1 s6

@:@’+@:_zﬁ+g<,@+@>:_gﬁ+;@ ().
@’:@’+E:_2E’+§E (2).

3
1

33— 1—
——AB+ -A
2 +2 O_

Tir (1),(2) = k = CE = C, D, E théng hang.

— 2_}-§:>C—D):
—2AB+§AC'

& Bai 25. Cho tam giac ABC véi trong tam G va hai diém M, N thod man AM = 2AB,
— 2—> "
AN = EAC'. Chtng minh M, G, N thang hang.

[ /‘[Mo‘ézﬁ f/(z?z(/fzfd,z',

Ta cb
MG =EkEMN.
MG =MA+ AG = —-2AB + §A[ = —2AB + §.§(AB+AC) = —2AB + gAB—i— §AC’.

5> 1 —
=——AB+-A 1).
gAB +3AC (1)

MN = MA + AN = —2AB + §A—O’ (2).

Tit (1),(2) = k = g = MG = gMN = M, G, N thing hang.

& Bai 26. Cho tam giac ABC ¢6 E la trung diém AB. Diém F thuoc AC sao cho AF = 2FC.
Goi M la trung diém BC, I € EF sao cho 4EI = 3FI. Chiing minh A, M, I thang hang.
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[ Ha’o/‘éy f/(z‘\/ijz'(z’z'.
A
E
F
B M C
Ta co
AM = EAI.
Al =AF +FEl = -AB+ -FF =-AB+ —-(FA+ AF)=-AB+ - —=AB+ -A .
i 2477 2+7<+)2+7<2 +3C>
2— 2—
=-AB+ -AC (2
7

& Bai 27. Cho tam gidc ABC vé6i I, J, K lan luot duge xéc dinh béi
— — > 1— —> —
IB=2IC,JC = _§JA’ KA=-KB
Chimng minh I, J, K thing hang.

() Ha‘o‘g (/(’Z/z( 71,'(21,'.

Ta c6
1J=FEkJK. . . . A

JK = JA+AK = —ZAC + 5AB (2.

Tit (1),(2) = k=2 = 1J = —2JK = I, J, K thing hang.

104
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4 TicH vO HUGNG CUA HAI VECTO
I. GOC GIUA HAI VECTO

Nhic lai kién thic vé géc gitta hai vecta

S TMb= (T, b)=0
© T D= (T, b)= 180"
®0°< (@, b) < 180°

Meo xic dinh géc c6 1 diém chung

¢ Chung diém = goéc doé.
& Cung vi tri = goc do.

& Khac vi tri = 180°— goc do.
V1 du

AC, B) ACB.
AB,CA) = 180° — BAC.

->> 7 7Y 7

(
( —
(AB BC) = 180° — ABC.
(
(

C (AB,AC) = BAC.

Cho tam giac ABC' vuong tai A, B = 60°. X4c dinh va tinh goc gitta hai vecta.

a) (AB, AC).

¢) (AB, BC).
e Loi i
B

60°

] 30°

b) (AC,CB).

d) (BA,CB).

a) (AB, AC) = 90° (vi AB L AC).

b) (AC,CB) = 180°— ACB = 180°—30° = 150°.
¢) (AB, BC) = 180°—~ ABC' = 180°—60° = 120°.
d) (BA,CB) = 180°—ABC = 180°—60° = 120°
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T Chuong 5. Vecto

Cho tam giac ABC déu, M la trung diém BC, G la trong tam. Xac dinh va tinh goc gitta cac

Vectd._’ N N
a) (BA, BO). b) (BG, BC).
¢) (AC, BO). d) (BM,CB).
e) (CM,MB). f) (AM, BC).
g) (CG, AB). h) (GA,GB).
[ o@z('/ﬁédzl
A a) (BA, BC) = ABC = 60°.
b) (BG, BC) = GBC = 30°.
¢) (AC, BC) = ACB = 60°.
d) (BM,CB) = 180°
G e) (CM,MB) = 0°
f) (AM, BC) = 90°
CG,AB) = 90°.
M h) (GA,GB) = AGB = 120°.

Cho hinh vuong ABC'D tam O, xac dinh va tinh géc gitta hai vecto.

a) (AB,CD). b) (AC, BD).
¢) (DA, DB). d) (AC,DC).
e) (C4,00). f) (0D, DC).
¢) (BD,BO). h) (DA, DC).
o 0@’1(?71'&,12
A B a) (AB,CD) = 180°.
b) (AC,BD) = 90°
¢) (DA,DB) = 45°
d) (AC,DC)=ACD = 45°.
0 ) (CA,0C) =180°
f) (OD,DC) = 180° — ODC = 135°.
g) (BD,BO) = (r.
D ¢ h) (DA,DC) = 90°.
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(&' Chuyeén dé 4. Tich vo hudng ciia hai vecto

Il. TICH VO HUGNG

hic lai kién thic vé tich vé huéng

© 3.0 =|2||b|.cos(T, b) = cos(T, b) = a)'l?_,
. - - |Z|.| b

& (d, b) nhon = cos(d, b)) >0=(d.b) >0

& (2, 5) ti = cos(T, b) <0= 3.5 <0.

® (2,5)=90°= 3.5 =0

©ab=0.3 (tinh chat giao hoan).

© @.(b+C)=2.b + @2 (tinh chat két hop)

® (k@).b =(kb)d=ka.b

Cho tam gidc ABC vuong tai A, AB = a, BC' = 2a. Tinh céc tich vo huéng.

a) AB.AC. b) AC.CB. ¢) AB.BC.
(2} @zj»zdz.
B
B
A C

AC = |AB| |AC| COS(AB AC’) = a.aV/3.cos90° = 0.
CB = —CA.CB = —|CA|.|CB|.cos(CA,CB) = —ay/3.2a. 2= \/_
¢) AB.BC = —BA.BC = —|BA|.|BC|.cos(BA, BC) = —a.2a.% - —a2.

= —3a>.

Cho tam gidc ABC deéu canh a. Tinh cac tich vo huéng.
a) AB.AC. b) AC.CB. c) AB.BC.
[} (,@‘Iéf&z’é;

— — —— > 2
a) AB.AC = |AB|.|AC|. cos(AB, AC) = a.a. cos 60° = %

CL2

b) AC.CB = —CA.CB = —|CA|.|CB|.cos(CA,CB) = -7
—_— —— —_—s — —_—> — 2
¢) AB.BC = ~BA.BC = —|BA|.|BC|. cos(BA, BC) = —a.a. cos 60° = —%.
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Ch?_l_l}il_lil_) vuong ABCD canh a. Tinh cac gia tri biéu thitc sau:
a) AB.AC.

b) (AB + AD)(BD + BC).

¢) (AC — CB)(2AB — AD).

d) AB.AD.
¢) (AB + AC + AD)(DA + DB + DC).
[} o@z([fz'(z’z'
A B
@)
D C

a) AB.AC = |AB|.|AC). cos(AB, AC) = a.av/2. cos 45° = a2
b) (AB + AD)(BD + BC) = AC.(BD + BC) = CA.CB = |CA|.|CB|. cos ACB = a.
¢) (AC — CB)(2AB — AD) = BC.(2AD — AB) = BC.2AD — BC.AB = 2.BC.AD. cos 0° = 2a2.

d) AB.BD = —BA.BD = —BA.BD.cos45° = —a.a\/2. cos 45° == —a?.
e) (AB + AC + AD)(DA + DB + DC) = 2AC.2AD = 4. ACDB = 4.0 = 0 (vi AC L BD).

Tinh géc khé thong qua tich vé huéng

Cho hinh vuong ABCD c6 I 1a trung diém ctia AD. Tinh COS(A—CY), B?)

o o@z(;fz'(zzz
A B
K
D C
COS(R), Z?I)) = % (1).
[AC.| BI]

it canh = 1. Ta ¢6
|AC| = AC =V2 (2).

BI — AP T AR = (—)2+12:\/75 ).
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(&' Chuyeén dé 4. Tich vo hudng ciia hai vecto

AC.BI = A—C’)(ﬁ - E) — AC.AT — AC.AB = AC.AI.cos45° — AC.AB. cos 45° = —% (4).
T (1),(2),(3),4) = cos(;l—é, E}) = _J%'

Dang 1: Ching minh ding thiic vecto
& Bai 28. Tam gidc ABC c¢6 trong tam G. Chiing minh ring v6i moi diém M thi
MA*+ MB* + MC? =3MG? + GB® + GC* + GA”.
O luong a/awzfgl;
Vi G la trong tam AABC nén GA+ GB + GC = 0.
VT = MA* + MB2 + MC? = MA? + MB* + MC? = (MG + GA)? + (MG + GB)* + (MG + GC)>.
= (MG?* + 2. MG.GA + GA?) + (MG? + 2.MG.GB + GB?) + (MG? + 2.MG.GC + GC?).
= 3MG?+ GA® + GB® + GC? + 2MG.(GA + GB + GC) = 3MG? + GA? + GB? + GC?

. 1 — —— — ——>
& Bai 29. Chitng minh rang v6i moi tam giac ABC thi Sypc = 5\/ABQ.AC’2 — (AB.AC)2(%).

[} /‘[mfy a/(?/é/czfa’[.

(%) & Supc = %\/ AB2.AC? — (AB.AC. cos BAC) = %\/ AB2.AC? — AB2.AC2. cos? BAC.
= %.\/ABQ.ACQ.(I — cos? B/A\C) = %.AB.AC’. \/ sin? BAC.

— %.AB.AC. sin BAC'.

Dang 2: Tich vd huéng trong tam giac két hop véi dinh 1i cos

e . 2 2 2 2 2 2
& AB.AC — ABAC. cos BAC — AB.AC AB_+HACT - BC™  AB”+ AC” - BC™

2.AB.AC B 2
_ —> 2 2 _ 2 —_> —> 2 2 2
& Tuong tu ta c6 BC.CA = BC™+ B;l AC ,CA.CB = At O2B AP -

& Bai 30. Cho tam giac ABC ¢6 AB=5,BC =7,AC =8.
a) Tinh E, A—C), roi suy ra gia tri clia goc A.

b) Tinh CA.CB.

¢) Goi D la diem trén CA sao cho CD = 3. Tinh CD.CB.

o uozzy a.,/(zf/zndc[(fzﬁ.

a)

N 2 2 _ 2 2 2 2
AB.AC':AB +A§ BC :5 —|—82 7

—— —» —»  ABAC 2
cos BAC = cos(AB, AC) = _,—E, _ 201
|AB|.|JAC| 58 2

N A2 B2 _ AR2 2 2 _ 2
b)C’A.CB:C ~|—C’2 :8 —|—72 5}

=20
1

=44.
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T Chuong 5. Vecto

c) CD.CB = (gCA) .CB = 2.44 = %

& Bai 31. Cho hinh chit nhat ABCD ¢6 AB = /2, AD = 1. Tinh goc giita hai vecto AC va BD.
e /g a,/@*,ifzdi) -

COS(A_C), B—D)) = %

AC = BD =/ (V2)2+ 12 = /3.

AC.BD = (AB+ AD).(BA+ BC) = AB.BA+ AB.BC + AD.BA + AD.BC = —1.

4 AC,BD)= ———+ = — AC, BD) ~ 109°.
Vay cos(AC, BD) 33 3=>( C,BD) ~ 109
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5 VECTG TRONG MAT PHANG TOA DO
l. TOA DO DIEM

Nhic lai kién thitc toa do diém
& Cho M(Z‘M, yM), A(.I‘A, yA), B(I‘B, yB), C(lec, yc). Khi do

Ta+ TR
Ty — B
M 1a trung diém ctia AB =
_Yatys
Ym 5
A+ 2T+ xC
-:L.G - f.

G la trong tam AABC =
o oS T _Yatystiyo

3

Y

Cho ba diém A(—1;2), B(—3;0),C(5;1).

a) Tim toa do vecto A—B), A—C’), BC.

b) Tim toa do trung diém AB, toa do trung diém AC, toa do trung diém BC.
¢) Tim toa do trong tam tam giac ABC.

(e o@%m@
a) AB = (-2;-2), AC = (6;—1), BC = (8;1).
b)

Gia st M 1a trung diém AB = M(—2;1).

. 3
Gia st N 1a trung diem AC' = N (2, 5)
.2 2 < - 2 1
Gia sta P la trung diem BC = P (1, 5)

c) Gia st G la trong tam AABC = G (

1)

oalr—l

Il. TOA DO VECTO

Nhic lai kién thic vé toa do vecto
i =(1;0). N >
& Vecto don vi < _, =>a=c —l—yj = a(x,y).
j = (0;1).
x,Y). x=1a.
@y
(@,

"y). y=1y"

® Cho 2 vecto bang nhau {

<l =l
I

(x,y). oy
(', y). oy

S
I

& Cho 2 vecto cung phuong {

& Nhan vecto v6i 1 s6: ku = (kx, ky).
O Congtrt @ £ 0 = (x+a/,y+y).
& A, B,C thing hang = AB = kAC = 1@, AC cung phuong.
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T Chuong 5. Vecto

& |f@| = /(x5 —24)*>+ (yp — ya)®> = AB,

O U= (z,y) = |d| = V22 + 12

& M € Ox = M(x;0), M € Oy = M(0;y).

Tim toa do céac vecto sau trong mat phéng toa do.

Q) aT =—1. b) b =37 —47
1 - - - -

C)i(]—z). d) 0,157 +1,37.

e) T - (cos 24°)3>. f) —127 437.

g) 20187 — 20107 . h) —7.

[} 9@1(71(11

a) @ = (—1;0). b) b =37 —47 = (3;—4)
1 - - 11 > 5

&) =G - =(-2:2). d) 0,157 +1,37 = (0,15;1,3).
2 2°2

e) T - (cos 240)7 = (m; — cos 24°). f) —127 437 = (3; —12).

g) 20187 — 20107 = (2018; —2010). h) — 7 = (0;—1).

> rd 2 . - i d N . . .. 2 . — — <
Cho u zéz —5j va v =kt —47. Tim cac gia tri cia k dée hai vecto u, v cuing phuong.

X Joi gid.

1
Ta co U = <§, —5) , U = (k;—4).

— — 2
u cung phuong v & —2 =5k < k= £

Cho @(2;1), b(3;4), 2(7:2).
a) Tim toa do clia vecto ¥ = 2@ —3b + €.
b) Tim toa do ciia vecto 7 sao cho 7+ d = b —

—

c¢) Tim céc s6 k,l sao cho @ =kd +1b.

>
Cc

c)
Ta 6 k@ = (2k; k), 10 = (31;41).
= kT +1b = (2k + 31k +41), T = (7;:2).
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(& Chuyeén dé 5. Vecto trong mat phing toa do

2% +31="1. k=—.

Vi@ =kad+1b nén =
k+4l=2. o3

Cho tam giac ABC c¢6 A(—1;3), B(2;1),C(4; —-3).

a) Tim toa do diém D sao cho ABCD 1a hinh binh hanh.

b) Tim toa do giao diém hai duong chéo ctia hinh binh hanh ABCD.
¢) Tim toa do trong tam G cia tam giac ABC.

d) Cho diém M (5; —1). Chitng minh 3 diém A, B, M thing hang.

[} @éj’i{ézf,

D

B
a)
Ta c6 AD = (x + 1;y — 3), BC = (2; —4).
r+1=2

AD = BC = = D(1;-1).
y—3=—4.

b) Goi O = AC'N BD = O la trung diém AC = O <g;0>.

0) G <§%> B
AB = (3:-2).

d /Té cung phuon W vol {
) & PRHE {AM:(6;—4).

Trong mit phang Ozy, cho A(—3;2), B(1;4). Tim toa do diém M thoa man AM = —2AB.

[ o@'z(lfz'ézk
Goi M(z,y). Ta c6
AB = (4;2) = —2AB = (—-8;—4),AM = (z + 3;y — 2).

AM = —24B = {x +2 - L = M),

Trong mat phang Oxy, cho 3 diém A(m — 1;1), B(2;6 — 2m),C(m + 1;3). Tim gia tri m dé

A, B, C thing hang.

» Q¢ Dien Phii - §) 0866590573

113



T Chuong 5. Vecto

N Joi gid.
Ta c6 AB = (3 —m;5 — 2m), AC = (2;2).
Dé A, B, C thing hang thi 5 —2m = > —22m &S m = 2.

Trong mat phang Oxy, cho cac diém M (2; —2), N(3;1), P(4; —1) lan lugt la trung diém ciia cac

canh BC,C'A, AB cta tam giac ABC. Toa do dinh A 1a?7
[} Lot giad.

A
AD = (4—x4;—1—ya) va NM = (—1;-3).
p N APMN la hinh binh hanh suy ra AP =NM.
4—ZL‘A=—1 (L’A:E)
= =
loya=-3  |pa=2
Vay toa do diém A la A(5;2).
B¢ - »
M

Trong mit phang toa do Oxy, cho ba diém A(—3;4), B(1;1),C(9; —5).
a) Chitng minh ba diém A, B, C' thang hang.
b) Tim toa do diém D sao cho A la trung diém BD.
c¢) Tim toa do diém F tren truc Oz sao cho A, B, E théng hang.
[} o@zjmc
2 2 —d —> 4 —_
a) be A, B, C thang hang thi AB cung phuong AC = = 9 (luon ding).
b)
. rp+Ip
. A= : 2.(=3)=1+zp.
A 1a trung diem BD = 2 & (=3) e D(=7;7).
y _ Y8ty 2.4=1+yp.
A 5
c)
Ta c6
E € Ox = E(x,0).
AB = (4;-3), AE = (z + 3; —4).
. . 4 -3 7 7
De A, B, F thang hang thi prarr S == 3 =F (g;O).

1l. BIEU THUC TOA DO

Nhic lai kién thic vé biéu thiic toa do
& Cho U(z,y), v(2,y) = 4.V =z2' +yy.

CULT S UT=022+yy =0.
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(& Chuyeén dé 5. Vecto trong mat phing toa do

O U =22+ 2 & (W) =2+
rYeys / /
& W.T =|U|.|V|. cos(W, V) = cos(W, V) = ﬁ'v_): T+ yy
|||V \/$2+y2 72 + 2
’
© AB = (xvy)aAC - (ZL’/,y/) = SABC == |xy 5 xy|

Cho @ = (1;-3), b = (2;5). Tinh cdc tich v6 hudng sau: R

a) Tinh tich vo huéng @.b,d.(d +2b),(d + b).(@ — b),(2d + b).(d —20b).
b) Timm dé € =m@ +30 L @

c¢) Tim n dé d=—-2C+nb c6 do dai bing /17,

lﬁp@idmm

a)_)

TH =12+ (-3)5=-13.

T(T+20)=(T)?2+23b =10+ 2.(—13) = —16.

(T+0).(T—0)= (D)2 —(b)2=10— (22 +5%) = —19.

T+ )T —2b) =27 —33b —2(D)2=2.10—3.(—13) — 2.29 = 1.

b)

C=ma+3b LT = (ma+30).@ =0 m.(3)2+38b =0 < 10m+3.(—13) =0 = m = ?3

c)

N n = —1.

d| = V1T | =23 +nb| = VIT < 2002 + 520+ 23 = 0 = 23
n=—gg

D)+ ¢ o ¢

Tinh goc gitta hai vecto sau:

a) @ = (1;-2) va b = (-2 —6).

b) @ = (—3;4) va b = (4;3).

cis\p@%m?z.

a)_)

H.b:—2+12i10,|3|:¢5,| | = V/40.

L > a.b 10 V2 - .

cos(a, b) = |E’||T;| = NV 7#( , b) =45°.

o > ?L).Z) —12 412 S .
b)cos(a,b)=|a>|'|z,|: T =0=(a, b)=90°.
T -

Choa_(23)va_b’_(41) R R R

a) Tim k, m sao cho ¢ = kad +mb vuong goc vii @+ b, d=a+mb vuong goc véi Ox.
b)Tlmvectddbletad—4va bd=2. N

c¢) Tim k dé vecto U = k@ + b tao v6i W = i + j mot goc 45°.
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lf&o@z(?ﬁz'ézl
a)
(k@ +mb)(@+b)=0. o JR@P+ k@b +mab +m(b)2=0
(@+mb).7 =0. 7T +mbi =0.
1
13k + k(=5 -5 17 = m=z-
. (=5)+ (=5)m 4 m =3
4
~ 1 3
b)
Goi d(m y), @(—2;3), b(4;1)
5)
9y 4 3y — r=—c. N
Theo dé bai Ty = 6 T =d (—§,§)
4o +y= -2 y=- 75
5)
c)
T=k@T+b=(2k+43k+1),B=1+j =(1;1).
Theo dé bai
1 DR 1
T, W) =45° & cos(TV, W) = cos45° = — - = —.
( V2 < T Ve

kE+5

RV 2k+4)2+(3k¢+1)2\/§©k+5:\/4k2—16k+16+9k2+6k+1.

k>—

kE>5 k> =5
& EN k
k? 4+ 10k 4+ 25 = 13k% — 10k + 17. 12k% — 20k — 8 = 0. [kz

1
Vayk:2vék:—§.

Cho ba diém A(4;6), B(5;1),C(1; —3).

a) Chitng minh ba diém d6 tao thanh tam gisc.

b) Tinh chu vi va dién tich cta tam giac ABC.

c¢) Tinh cac goc clia tam gidc va cho biét ABC 1a tam gidc gi?

d) Xéc dinh truc tam H cua tam giac ABC.

[} o@’z(ﬂﬁz’dzﬁ.

a)

Ta ¢6 AB = (1; —5),A—C') = (—3;-9).

Vi _Lg #* :—g — AB khong cting phuong AC = A, B, C khong thang hang .

= A, B, C khong tao tam giac.

b)

AB = /(4 —5)2 + (6 — 1)2 = /26.

AC = /(4 —1)2+ (6 + 3)2 = 3V/10.
C =42 +42 =42
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Chu vi: C = AB + AC + BC = /26 + 3v/10 + 4/2.
~1.(=9) = (=3).(—5)

Sapc = 5 =12
—  AB,AC  -3+45
c) cos BAC = _,’_C,: 5+ :
|AB.AC /26.3V/10
d)
Goi H(z,y) la truc tam cia AABC.
Ta co
AH = (x — 4,y —6),BC = (—4;—-4),BH =
AH.BC = 0. —4(z —4) —4(y — 6) = 0.
L AHBC <0 [-a-9-1-0
BH.AC = 0. ~3(z—5)—9(y —1) =0.
Vay H(11;-1).

(x — 5y — 1), AC = (~3;-9).
{—495 — 4y = —40.
=

—3x — 9y = —24.
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