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HAI PUONG THANG VUONG GOC

.q Ly thuyét
)

1. Géc giUa 2 dudng thdng

:gi)inh nghia:
Goéc gitta hai duong thang a,b trong khong gian, ki hiéu (a, b), la goc gitra hai duong
thang 4’ va b’ cung di qua mot diém va [an luot song song hodc tring véi a va b.

(1)  Xac dinh goc gitta dwong thang a va b ta c6 thé 1dy diém O thudc mot trong hai duong

thang d6 r6i vé mot duong thang qua O va song song véi dueong thang con lai.
(2)  V6i hai dudng thang a va b bat ki: 0°<(a,b)<90°.

\ 7

$8 D@ tinh s6 do cua goc gifta hai duong thang (d1) va (dz) ta c6 thé thuec hién tinh thong qua

goc gitta hai duong thang cat nhau lan luot song song véi hai duwong thang da cho.

) 7 o (dd,)=a
« Buéc 1. St dung tinh chat sau: = (dl,dz) - (dl,ds) —a
,//d,
e Buéc 2. Ap dung dinh li cosin trong tam giac d& xac dinh géc.
2. Hai dudng thdng vuéng gdéc trong khéng gian

-g{)inh nghia:

Hai duong thang a va b duoc goi la vudng géc véi nhau néu goc gitta chting bang 90°.
Kihiéu alb.

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

.‘:; Bai tap
)

Bai1.  Cho hinh chép S.ABCD cé day la hinh thoi, SA=AB va SA L BC. Tinh géc gitta hai
duong thang SD va BC.

B&i 2.  Cho hinh lap phuong ABCD.A'BC'D'. Tinh géc giita 2 duong thang.
(1) ABva BC' (2) ACva BC' (3) AC' va BC

Bdi3. Chohinh chép S.ABCD cé day la hinh vuéng ABCD canh bang a va cac canh bén déu
bang a.Goi M va N lan luot 1a trung diém cia AD va SD. S6 do cta goc (MN, sC)
bang bao nhiéu?

Bdi 4. Cho hinh chép S.ABCD, c6 ddy ABCD la hinh vudng tam O, canh bang a; SA vudng goc
v6i ddy va SA=a/3 . Khi d6, cosin goc gifta SB va AC bang

Bai5. Cho hinh lang tru ding tam gidc ABC.A'B'C' c6 day ABC la tam giac can,
AB=AC =a,BAC=120° va canh bén AA’=a+/2. Tinh gbc gitta hai duong thang AB'
va BC

Bai 6. Cho tt dién déu ABCD c6 canh béng a, M la trung diém ctia canh BC. Goi « la goc
gitta hai duong thang AB va DM, khi d6 cosa bang

Bdi 7. Cho hinh hop ABCD.ABCD' c6 dd dai tdt cad cic canh bang a va cic goc
BAD,DAA’, A’/AB déu béng 60°. Goi M, N lan luot 1a trung diém caa AA’,CD. Goi «
1a gbc tao boi hai dwong thang MN va B'C, tinh gid tri ctia cosa.

Bai 8. Cho t dién ABCD c6 CD :%AB. Goi G,E,F Tan lwot la trung diém cta BC, AC,DB,

biét EF :gAB. Tinh goc gitta CD va AB.

B&i 9. Cho hinh chép S.ABCcé BC =a+/2, cac canh con lai déu bang a. Géc gitta hai duong
thang SBva AC bang bao nhiéu?

Bai 10. Cho hinh chép t& giac déu S.ABCDcé day la hinh vuong ABCD canh a, d6 dai canh
bén cling bang a. Goi M, NTan luot 1a trung diém ctia cac canh SAva BC. Goc gifta
MNva SCbang

Bai 1.  Cho hinh lap phwong ABCD.A'B'C'D’, goi I la trung di€m ctia canh AB. Tinh c6sin ctia
gdc gitta hai duong thang A'Dva B'I dugc két qua 1a

Bai12. Cho t dién ABCDc6 AB=CD=a. Goi M, Nlan luot la trung diém ADva BC. Xac
dinh d6 dai doan thang MN dé géc giita hai duong thang ABva MNbang 30°.

Bai13. Cho t¢ dién ABCD c6 AB=AD=a va BAC =BAD =60°,CAD =90°. Goi M la trung
diém ctia canh CD. Tinh d6 dai canh AC d& c6sin goc gitta hai duong thang AC va BM

: 1
bang —=.
3

Bdai14. Cho ti dién déu ABCD canh a. Goi M la trung diém ctia CD. Tinh goc tao béi hai
duong thang AC va BM.
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Cho tit dien ABCD c6 AB=AC=AD=a, BAC=BAD=60° va CAD=90°. Goi M la
trung diém ctia BC . Tinh géc tao boi hai duong thang AB va DM .
Cho hinh chop S.ABCD c6 day la hinh thang vuong tai A va D, canh AB=2a,

AD=DC=a, SA1 AB, SA1 AD,SA = Zaf'

(1) Tinh gdc gitta hai duwong thang SB va DC.

(2) Tinh géc gitta hai dwong thang SD va BC.

Cho tt dién déu ABCD canh a. Goi M, N, P la trung diém cac canh AC,BC va BD.
(1) X4c dinh giao tuyén ctia hai mat phang (MNP) va (ACD).

(2) Tinh gdc gitta hai dwong thang AB va CD.
Hét
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QUAN HE VUONG GOC TRONG KHONG GIAN

PUONG THANG VUONG GOC VOI MAT PHANG

.q Ly thuyét
)

1. Budng thang vudng géc véi mat phang

-@;Dinh nghia:

Puong thang d dwoc goi la vudng goc véi mit phang (a) néu d d

vuong goc véi moi duong thang a nam trong mat phang (a) .

Kyj higu: d L (o)< d La,Vac(a) A /a/
a) ¢
.y {M(P) i
Nhan xét: =dla
aC(P)

]
l@% Dinh 1y 1:
Néu duong thang d vudéng géc véi hai duong thang cit nhau
cting thudc mdt mit phang thi vuong géc véi mat phang Ay.
dlac (P)
dlbc(P)=dL(P) f
anb=M |

]
i@)‘ Dinh 1y 2:
C6 duy nhat:
* MOt mat ph:?mg:
+ di qua mot diém cho trudce, va
+ vudng gbc véi duong thang cho trude.
* Mot duong thang:
+ di qua mot di€m cho trudce, va
+ vudng goc voi mot mat phang cho trude.
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$ Mt phing trung truc cia mot doan thing
g

ngnh nghia:

Mit phing di qua trung diém I ctia doan thang AB va vudng
g6c véi duong thang AB 1a mat phang trung truc cia doan
thang AB.

Nhan xét: (P) la mat phang trung triec ctia doan thang AB

< VMe(P),MA=MB.

¥ Truc cia da gidc
g
-g',i)inh nghia:
Truc ciia da gidc 1a duong thang qua tam ctia duwdng tron ngoai tiép da gidc va vudng
gbc voi mit phang chira da giac d6. Néu mot diém nam trén truc ctia da giac thi né
cach déu cac dinh cua da giac.

Tam gidc thuong Tam giac déu Tam gidc vudng

Chiing minh:
Cho da giacc6 n dinh AA,...A,.
Goi O la tam duong tron ngoai ti€p da gidc va d 1a truc cua da giac.
Lay diém [ ed.
Khi d6: AIOA, = AIOA, =...=AIOA, (Avudng c6 2 canh bang nhau) = IA =IA, =...=IA
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2. Lién hé gita tinh song song - vudng gdéc cba dudng thdng & mat phdng

i@‘ Dinh Iy 3:

Cho hai duong thang song song, néu mat phang nao

vuong goc véi duong thang nay thi ciing vudng goc véi
duong thang kia. a

b
Tém tdt: {a” =b J_(P)

aL(P) h
. [
(2)  Hai duong thang phan biét cuing vudng géc véi mét / p

mét phang thi chiing song song véi nhau.
azb

al(P);bL(P)

l@‘ Dinh Iy 4: ﬁ

Mot duong thang vudng goc véi mdt mat phang thi né

Tém tit: { = a/lb

a

cling vudng goc véi bat ki mit phang nao song song véi

mat phang &y.

. le) /(B
Tém tdt: ( ) ( ):ai(ﬁ) ¢
al (a) & ]

(2) Hai mat phang phan biét ciing vudng gdc véi mot

duong thang thi song song véi nhau. 6] . /

(a)#(5) i
Tom tit: (o) La = (a)//(B)
(ﬁ)ia
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@ Dinh Iy 5:

Mot duong thang vuong géc véi mot mat phang thi
né vuodng goc véi bat ki duong thiang nao song song

véi mat phang Ay.

aJ_(ac)

Tém tit:
b

=alb

(«)
(2) Néumot duong thang va mot mat phang (khong chiea /o

dwong thang dé) cung vudng géc véi mot duong

AN

thang khdc thi chting song song véi nhau.

bcz(af)

Tém tit: b La :>b//(a)
(O.’) La
3. Phép chi€u vuéng géc
:gi)inh nghia:
e Cho duong thang A vuodng goc véi (a) . Phép chiéu

song song theo phuong ctia A 1én («) dugc goi la

phép chiéu vudng goclén (). .
. H 1a hinh chiéu vudng gdc (goi tit la hinh chiéu) caa / .

A lén (P) néu AH L(P)va He(P).

— T

4. Pinh Iy ba dudng vudéng géc
1

l@bj Dinh 1y 6 (dinh Iy ba dudng vuéng goéc):

* Cho a ndm trong () va b khong thudc (o) dong thoi \ '
khong vudng goc voi(a). A,/

* Goi V' lahinh chiéu vudng gécctia b trén (). -
* Khidéalbeall. -y
o A n/” B
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5. Goc gita dudng thang & mat phang

@ \hanxét | )

V) daL(P)=(d(P))=%r

2 a£(P)=(di(P))=(did") = AOH vsi @' 1a hinh chicu

ctia dwong thang d 1én (P)
Chil j: 0<(d;(P))=<90°.
6. Kién thuc bé trg
6.1. Mot s6 ' moé hinh thuong gap
(1). Hinh chép S.ABC c6 SA vuodng goc véi déy.

e SA1BC
e ASAB, ASAC vudng tai A

¢ A la hinh chiéu vudéng goc cua S 1én (ABC ) A C

(2). Hinh chép tam gidc déu.

e bDay AABCla tam giac déu.

e Maitbén la cc tam gidc can tai S. (hodc la tam
giac déu néu hinh choép la t dién déu).

e O latrong tam AABC.

e SO _L(ABC), SO latruc AABC.

e SA=SB=SC

(3). Hinh chép t gidc déu.

e Day ABCD la hinh vudng, cac mat bén la cac
tam gidccan tai S.

e Cdactam giac SAC,SBD cantai S.

¢ O lahinh chiéu ctaa S 1én ABCD.

e SO L1 (ABC), SO latruc hinh vuong ABCD.

e SA=S5B=SC=SD.

(4). Hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh, hinh chit nhat, hinh vudng, hinh thoi.
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e A lahinh chiéu ctia S 1én ABCD.

e (C4ctam gidc SAB,SAC,SAD vudng tai A.

e Dc biét: Néu ABCD la hinh vudng hoac hinh
thoi thi AC vudng goc BD.

¢ A lahinh chiéu cua S 1én ABCD.

e (C4ctam gidc SAB,SAC,SAD vudng tai A.

e Dic biét: Neu AD=2BC:

+Goi I la trung diém AD thi CI L AD.

+ Trong treong hop théem AB=BC thi AC LCD.

6.2. Cdc hé thiic lvgng trong tam gidc
(1). Tam giac ABC vudng tai A:

1 1

'SAABCZE‘Z'hZEb'C
e a° =b* +¢” (dinh Iy Pitago) !
eb’=b"-a /

2 ' :
ec=cC"-a M ¢

2 _
c o =b-c osir1B=cosC=A—C
ea-h=bc B

1 1 1
.F:b—z-|-c—2 ocosstir1C=ﬁ

’ 2
.b_lzb_z otanB:co’cCZ£

¢ ¢ A

1 A s AB

.AM:EBC véi M 1a trung diém BC. . COtB=COtC=A—C

(2). Tam giac thuong:

e Dinh li cosin:

a’ =b*+c*—2bc-cos A
b®> =c*+a°—2ca-cosB
c*=a® +b*—2ab-cosC

e Tinh cosin 1 géc:

B H M C

- a -

e Dién tich tam gidc
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2 2 2
cos A te A
2bc
2 2 2
cosp S ta b
2ca
2 2 2
cosC oAt =
2ab

e D¢ dai trung tuyén:
Z(b2 +c? ) —a’

mZ
! 4
, 2(a2 +c2)—b2
m, =
4
2(a® +b%)-c°
2
‘ 4
s b c
e Dinh li sin: — =——=——-=2R
sinA sinB sinC
(3). Tam giac deu:
Xét tam giac déu canh x.
Dién tich tam gidc déu: S = xz.ﬁ
\ e V3
Duong cao tam giac déu: h= x.T
Véi G la trong tam AABC: AG= %.AH =Xx.

6.3. Cdc chii yj khac

| &

— Do dai dudng chéo hinh vudng canh bng a 1a av/2.
- Do dai duong chéo hinh chit nhat c6 dg dai 2 canhla a va b la Na? +b%.
— Trong hinh vudng va hinh thoi, cdc dwong chéo cit nhau tai trung diém mdi dwong va vuong

gbéc nhau.

& Bién soan: LE MINH TAM - 093.337.6281
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ngoai ti€p, noi

ti€p tam giac ABC.




Chuong VIII.
QUAN HE VUONG GOC

.‘:; Bai tap
)

R Dang 1. Ching minh dudng thdng vuéng géc mét phéng

PR

Phuwong phap )

=
M
Chitng minh d vudng gdc véi hai duong thang cat nhau ciing chita trong (P)
M Cdch 2.
Chttng minh d song song véi a ma a L (P)

M Cdch 3.
Chung minh d 1 (Q) va (Q)//(P).

E@\Vi du 1.1.

Cho hinh chép S.ABC c6 day la tam gidc ABC vuong tai B va c6 canh SA vudng

gbc v6i mat phang (ABC ) :
(1) Chitng minh BC L (SAB).
(2) Goi AH 1a dwong cao ctia ASAB. Chirmg minh AH L SC.
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EB.io
Cho t& dién OABC ¢6 OA,OB,0OC d6i mot vudng goc vdinhau. Goi H 1a hinh chiéu
vuong goc ctia O trén mit phang (AB C). Chttng minh:

(1) BC L(0OAH).
(2) H 1a truc tam ctia AABC.
= Loi giai
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R Dang 2. ChUng minh hai dudng thdng vuéng géc

M Chting minh hai duong thang a va b vudng gdc véi nhau, ta lam nhw sau:
* Buoc 1. Chon (P ) chtta duong thang b

*  Budc 2. Ching minh a L (P)—>a Lb

E@\Vi dy 2.1.

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng, canh bén SA vuong goc voi
day. Goi H,K Tan luot la hinh chiéu caa A 1én SC, SD. Chting minh HK L SC.

= Loi giai

BB 22

Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vudng tai A va B,
SA L(ACBD), AD =2a, AB = BC =a. Ching minh rdng CD 1 SC.
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.q Luyén tap
[

Dang: Chung minh vudéng gdc
Bai18. Cho hinh chép S.ABC ¢ déy ABC la hinh tam gidc vudng tai A va c6 SA L(ABC).
Chting minh rang AC L SB.

BGi 19. Cho hinh chép S.ABCD c6 day la hinh vudng tam O va SA vudng goc véi ddy. Goi H, I, K
lan vt la hinh chiéu vudng géc caa A 1én SB, SC, SD.

(1) Chting minh rang CD L (SAD), BD L(SAC).
(2) Chting minh SC 1 HK .
(3) Chttng minh rang HK L Al.
Bai 20. Cho t dién S.ABC c6 ddy ABC la tam gidc vuong tai B va SA L (ABC )

(1) Ching minh BC L (SAB).
(2) Goi AHva AK la duwong cao cua ASAB,ASAC. Chting minh SC L (AHK).
(3) HK cat tia CB tai I. Chting minh: AAIC vudng.

Bai 21.  Cho hinh chép tam gidc S.ABC c6 ddy la tam gidc vuong tai A, SB L (ABC ) .
(1) Chting minh rang ASAC vudng.
(2) Goi BH va BK lan lugt 1a dudng cao ctia ASAB, ASBC . Chitng minh rang ABHK
vuong.

Bai 22. Cho ti dién S.ABC c6 SA L (ABC) va AABC vudng tai B. Trong mit phang (SAB) ké
AM 1 SBtai M, trén SC1ay N sao cho MN//BC . Chting minh rang:
(1) AM L(SBC) (2) SB L AN

Bai 23. Cho tt dién ABCD c6 hai mat ABC va BCD la hai tam giac can c¢6 chung day. Goi I
la trung diém ctia canh BC.
(1) Chting minh: BC L (ADI).
(2) Goi AH 1a dwong cao trong AADI . Chitng minh AH L (BCD) .

Bai 24. Cho hinh chép S.ABC ¢6 day ABC la tam gidc vudng tai A, SA_L(ABC).Ldy D doi
xtng voi B qua trung diém O ctia AC. Chting minh CD L (SAC )

Bai 25. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat c6 AD=2AB, SA L (ABCD).
(1) Goi AH, AK lan luot Ia cic duong cao cia ASAB, ASAD. Chiing minh SC | HK.

(2) Goi M, N Tan lwot 1a trung diém AD,BC.Ké Al 1. SM tai I . Chtrng minh SN 1 HI
Bai 26. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng tam O. Cac canh bén cua hinh
chép bang nhau.
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Bai 27.

Bai 28.

Bai 29.

Bai 30.

Bai 31.

Bai 32.

Bai 33.
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1) Chting minh: SO 1 (ABCD).

2) Goi M la trung diém BC . Chtng minh: BC L (SOM).

3) Goi H la hinh chiéu ctia O trén SM . Chting minh: OH L (SBC).

4) Chttng minh: SC L BD.

5) Goi I,K Ian lwot 1a trung di€ém ctia SB,SD . Chtiing minh: SC 1 IK .

Cho hinh chép S.ABCD c6 dédy hinh vudng tam O va SO J_(ABCD). Goi M,N va P
lan luot la trung diém cac canh SA, SB, CD.

(1) Chttng minh SA=SB=SC =SD

(2) Chteng minh MN L SP

Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang vuong tai A va D. Cho
AB=2a; AD=DC=a va SA L(ABCD).

(
(
(
(
(

(1) Chting minh: SCD va SBC 1a cac tam giac vuong.

(2) Goi M, N Tan lwot 1a trung di€ém SA va SB. Chtimg minh DCMN 1a hinh chit nhét.
Cho hinh chép S.ABCD ¢6 dédy ABCD la hinh vuéng SM L(ABCD) véi M la trung
diém ctia AD.

(1) Chting minh: cic tam gidc SAB va SCD vudng

(2) Goi N la trung diém cua CD. Chtrmg minh AN 1| (SMB) .

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a4, SA=a. Hinh chiéu cta

S trén (ABCD) 14 H ndm trén canh AC va AH = ATC Goi CM la duong cao ctia tam

giac SAC. Chiing minh M la trung diém ctia SA.

Cho hinh chop S.ABCD, c6 day ABCD la hinh vuong canh a4, mat bén SAD la tam giac
déu, SB = a\/z . Goi H,K lan lwot 1a trung diém cua AD,CD.

(1) Chmg minh SH L (ABCD)

(2) Chtting minh BD L SK
Cho t&¢ dién OABC, c6 ba canh OA,OB,OC d6i mét vuong goc. Goi H 1a hinh chiéu
ctia O 1én mit phang (ABC ) Chttng minh:
(1) OA L BC,0B L AC,0OC L AB. (2) BC L(OAH)

1 1 1 1

= + +

OH? O0OA?> OB* 0OC?
Cho hinh chép S.ABCD, c6 day la hinh vuong ABCD canh a.Mat bén SAB la tam giac
déu, tam giac SDC vuong can dinh S. Goi I, ] lan luot la trung diém AB va CD
(1) Tinh cdc canh ctia tam gidc SIf, chting minh SI 1(SCD),S] L(SAB).

(3) H 1a trgc tam tam gidc ABC. 4)
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Bai 35.

Bai 36.

Bai 37.

Bai 38.

Bai 39.
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(2) Goi H 1a hinh chiéu cua Strén I]. Chtéing minh SH 1 AC.

(3) Goi M 1a diém thudc duong théng DC, sao cho BM L SA. Tinh AM?

Cho hinh chop S.ABCD, ddy ABCD la hinh chit nhat c6 AB=a,BC = u\/g , matbén SBC
vuong tai B, SCD vuong tai D c6 SD = a\/g .

(1) Chting minh SA 1 (ABCD) va tinh SA.

(2) Duong thang qua A vudng goc véi AC, cat CB,CD tai I,]. Goi H la hinh chiéu
cua A trén SC, K va L 1a giao diém cua SB,SD vdi (HI]). Chiing minh AK L (SBC)
va AL 1(SCD).

(3) Tinh dién tich t& gidc AKHL.

Cho lang tru ABC.A'B'C' ¢6 AA' vudng gbc vé6i day, tam giac ABC déu canh a va
CC'=a.

(1) Goi I la trung diém cua BC. Chting minh AI 1 BC'.

(2) Goi M la trung di€m cta BB'. Chiimg minh AM 1 BC'.

(3) Ldy diém N thudc A'B' sao cho NB' :% va goi | la trung diém cua B'C'. Chuing

minh AM 1 (MNJ).

Dang: Géc gitra dudng mat

Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh vudng tam O, SA vuoéng géc véi mit phang
(ABCD). Tim hinh chiéu ctia:

(1) SC,SB,SO 1én mit phang (ABCD).
(2) AC,SC,SD 1én mat phang (SAB).
(3) SB, DC 1én mit phang (SAC)

(4) SA, AC 1én mt phang (SCD).

Cho hinh chép S.ABC ¢6 SA vudng goc voi day, ABC la tam gidc vudng can tai B. Cho do
dai cic canh SA = AB=a. Xac dinh va tinh:

(1) Goc gitta SB va (ABC)

(2) Géc gitta SC va (SAB).

Cho hinh chép S.ABC c6 SA L (ABC ), SA=2a.AABC déu canh a. Tinh

(1) G6c gitta dwong thing SB va (ABC)

(2) Géc gitta duwong thing SC va (SAB)

Cho hinh chép S.ABC c6 ABC la tam gidc vudng can tai B, SAL(ABC),
AB=a,5A =a\3.
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Bai 41.

Bai 42.

Bai 43.

Bai 44.

Bai 45.
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(1) Tinh goc gitta dudng thang SC va (ABC).

(2) Goi H,K Tan luot 1a duong cao ctia ASAB,ASAC . Tinh géc gitta duong thang AK
va (SBC).

Cho hinh chép SABCD o day ABCD 1la hinh ch®® nhat,
AB=a,AD=u3,SA L (ABCD)Vé SA =a.Tinh géc gitta duwong thang va, duwong thang
va.

(1) Géc gitta dwong thing SD va (SAB)

(2) Géc gitta dwong thang SC va (SAB)

Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang vudng tai A va D. AB=2a,,
AD=CD=a,5A=a\2,5A L( ABCD)

(1) Tinh géc gitta duong thang SB va (ABCD), duong thang SC va (ABCD)

(2)Ké AH LSC tai H, AKLSD tai K. Tinh géc giita duong thang AH va (SAD),
dudng thang AC va (SCD).

(3) Tinh goc gitta dudng thang SB va (SAC) .

Cho t¢ dién déu ABCD canh a. Goi H 1a hinh chiéu ctia A 1én mét phang (BCD).
Tinh

(1) Goc gitta AB va (BCD)

(2) Goc gitta AH va (ACD)

Cho tir dién ABCD c6 ABC la tam giac vudng can tai B,BA=BC =a. Goi E, F lan luot
la trung diém ctia cac canh AC va BC,DE L (ABC ) . Biét g6c hop boi duwong thang DA
va (DEF) bang 30°. Tinh DE .

Cho hinh chop SABC <6 day ABC la tam giac vubng can tai
A, AB=AC=4,5A=SB=5C. Goi I la trung diém ctia BC,H la hinh chiéu cta I 1én
mp (SAB) .

(1) Chitng minh SA 1. BC

(2) Chting minh H 1a tryc tim cua tam gidc SAB .

(3) Gia str goc gitra SI va (SAB) bang 45°. Tinh d6 dai canh SA .

(4) V6i do dai vira im dugc ctia SA , hay tinh goc gifta dudng thang SA va (ABC),
duong thang SA va (SBC).

Cho hinh lap phuong ABCD.A'B'C'D'

(1) Tinh géc gifta hai dwong thang AB’ va BC'; AC' va CD'.
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(2) Tinh géc gitta IK va (A'B'C’'D’) trong d6 I,K Tan luot la trung diém ctia BC, A'D'.
Bdi 46. Cho hinh lap phuong ABCD.A’B'C'D' canh a. Tinh géc gitta duwong thang va mat phang
(1) BD' va (AA'D'D) (2) BD va (B'AC).
Bai 47. Cho lang tru ABC.A'B'C' c6 AA’ vudng gbc voi ddy, tam gidc ABC vuong tai B,
AB=4,BC=2a.Géc gitta A'C va mat day bang 30°.
(1) Tinh géc gitta A'C va (ABB'A’).
(2) Tinh géc gitta AA" va (A'BC).
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QUAN HE VUONG GOC TRONG KHONG GIAN

HAI MAT PHANG VUONG GOC

.q Ly thuyét
)

1. Géc gitra hai méat phdng
'-g',{)inh nghia:
Goc gitta hai mit phang 1a goc gitta hai duwong thang
Tan lwot vudng goéc véi hai mat phang dé.

o ) -(e)
Chii j:

=l ) -

+0°g(m)s90°.

+ Néu

2. Hai mat phdng vuéng géc

'-g',’ainh nghia:
Hai m4t phang vudng gdc véi nhau néu géc gitra chting bang 90°.

(P)L(Q)=((P).(Q)) =90

(-]
\ /- Goc gitfa hai mgt phdng cét nhau:

Cho 2 mat phang (a) va (3) cit nhau theo giao tuyén ¢

e = (b))
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Cich xdc dinh goc dung cho hai mat phang cit nhau:
¥ Buocl.  Tim giao tuyén d cta (P) va (Q)
3 Buoc 2. Chon diém O trén d, tir do:
* Trong (P) dung Ox Ld.

* Trong (Q) dung Oy Ld.
Khi d6: ((P),(Q))=(Ox,0y).

NI ~
Viéc xac dinh diém O cé thé dwoc thuc hién theo cach sau:

(1) Chon diém M trén (Q) sao cho dé dang xac dinh hinh chi€u H ctané trén (P).
(2) Dung MO Ld thi khi dé ((a),(5)) = MOH.

L

» Diéu kién hai mat phdng vudng géc:

l@)jmnh g 1:

Hai m4t phang vudng gdc véi nhau <> trong mat phang nay
c6 mot duong thang vudng géc véi mit phang kia. P

ac(P) !
{M—(Q)D(P)J_(Q).

3. Tinh chdt co ban vé hai m&t phdng vuéng géc
1

l@% Dinh 1y 2:
Néu hai mit phing (P) va (Q) vudng goc v6i nhau thi bat et
duong thang ndo nam trong (Q) ma vudng goc vdi giao tuyén [p
cua (P) va (Q) déu vudng géc véi mit phang (P). @

(P)L(Q)

(P)n(Q)=d=>a L(P) ; /CD/

(Q)Dtﬁl_l_d
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& o e \
Néu hai mat phang (P) va (Q) vuong goc voinhau va thi A

la mot diém trong (P) thi duong thang di qua A va vudng .

goc voi (Q) sé nam trong mat phang ( P) . A

(P)L(Q)
Kihigu: {Ae(P)  =ac(P). d ﬂD/

Aeal(Q)

\_
1
l@B‘ Dinh Iy 3:

Néu hai mat phang cat nhau va cung vudng goc véi mot mat

phang thit ba thi giao tuyén ctia chling sé vudng goc véi mat

phang thit ba dé.
(P)n(Q)=a
(P)L(R) =al(P)
(Q)L(R)
4. Hinh lang try dung, hinh hép chir nhat, hinh 1Gp phuong
Tén Hinh vé Tinh chat
M B c Hinh lang tru ding la hinh lang tru c6 cac canh
LD bén vudng gdc voi hai mat ddy.
o ) | * Céc mit bén la cac hinh chit nhat.
Hinh lang try dimg * C4c mit bén vudng goc voi hai day.
) RS
E b
‘ . Hinh ling tru déu 1 hinh ling tru ding c6 ddy la
Al L NG P da giac déu.
NG L ORE
Hinh ling try déu
bl
II’O, )
F E
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Hinh hop dtng la hinh lang tru ding co day la
hinh binh hanh.

Hinh hop diing
. Hinh hop chit nhat 1a hinh hop ding c6 day la

B E o)) hinh chi* nhét

Hinh hév chif nhit ! T&t ca cac mat déu la hinh chir nhat.

inh hop chit nhd :
i ' f;j _____________ ~|p | Duong chéo d=+a’+b*+c® véi a,b,c 1a3kich
e thudc.
B C
A D

Hinh l1ap phuong la hinh hop chit nhat c6 tat ca
g/ o cac canh bang nhau.

Hinh lap phuong

‘f;—'l ________ ____\B

D C

5. Hinh chép déu va hinh chép cut déu

(-]

-@Dinh nghia hinh chép déu:
Mot hinh chép dugc goi la hinh chép déu néu né c6 day la
mot da gidc déu va c6 chan dwong cao trung voi tam cua

da giac day.

Tinh chdt:

* Céc canh bén ctia hinh chép déu tao vdi day cac goc
bang nhau.

¢ Cac mdt bén cua hinh chép déu la cac tam giac can
bang nhau.

* Cac mat bén ctia hinh chép déu tao vdi day cac goc
bang nhau.
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-@;Dinh nghia hinh chép cyt déu:

Phan ctia hinh chép d,eu nam gitta ddy va mot mat phang = o
song song voi ddy cat cac canh bén ctaa hinh chop déu A a o
Y L '

duoc goi 1a hinh chép cut déu.

P Trong hinh chép cut déu ABCDE.A'B'C'D'E’, ta goi:
+ Cacdiém A',B',C',D',E' la cdc dinh.
+ Dagiac ABCDE la ddy 16n, da giac A',B',C’,D',E’ la
day nhé. D4y 16n va day nho nam trén hai mit phang TR
song song. ’

P Nhén xét:
* Canh cua hai da gidc la canh ddy. Cac canh day tuong ting song song titng d6i mot
* Cac hinh thang can AA'EE’, AA'B'B,BB'C'C,C'CDD’, DD'E'E 1a cac mat bén.
* Canh bén ctia mat bén goi 1a canh bén ctia hinh chép cut déu. Hinh chép cut déu ¢ cac
canh bén bang nhau, cac mat bén 1a nhitng hinh thang can.
* Poan thang ndi tam hai day la dwong cao. Do dai duong cao la chiéu cao.
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.‘:; Bai tap
)

R Dang 1. Xdc dinh géc gitra hai mat phdng béng cdch dung dinh nghia

— ;,\? Phuwong phap )

Géc gitra hai mat phang 1a géc gitra hai duong thang lan lugt vudng goc véi hai mat phang do.

al(a — . b
bigﬁ;}:((a),(g)%(a,b). L%

@)
w
=
=\
G

+Néu {(G)”(ﬁ ; =((a).(8))=0°.

+ 0°s((a),(6))s90° . ¢ M y
E@\VI’ du 1.1.

Cho hinh chép S.ABCD c6 day la hinh vuong canh bang a, SA vudng géc véi mat
phang (ABCD) va SA =a, géc giita hai mat phang (SAD) va (SBC) bang

= Loi giai
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B2
Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong canh a, tam giac SAB déu va
nam trong mat phang vudéng géc véi ddy. Cosin ctia goc hop boi hai mit phing

= Loi gidi
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R Dang 2. Xdac dinh géc gitra hai mat phdng dya trén giao tuyén

'_g\é Phuong phap )
Goc gitra hai mat phang 1a goc gitra hai dwong thang cing vudng géc véi giao tuyén tai mot diém
Cich xdc dinh goc dimg cho hai mét phing cdt nhau:

% Buécl.  Tim giao tuyén d cua (P) va (Q).
3 Buoc 2. Chon diém O trén d, tir d0:

* Trong (P) dung Ox Ld.

e Trong (Q) dung Oy Ld.

e —

Khi dé: ((P),(Q)) =(Ox,0).

BB

Cho hinh chép 5.ABCD c6 day ABCD la hinh chit nhat AB=a, canh bén SA vudng
gbc voi day va SA = a. Goc gitta hai mit phang (SBC) va (SAD) bang

= Loi giai
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EE‘@\W dy 2.2.

Cho hinh chép S.ABCD c6é day ABCD 1a hinh vudng tdam O, canh a. Duong thang

a3

SO vuodng gbc voi mit phang day (ABCD) va 50 = = Goc gitta hai mat phing
(SBC) va (ABCD) bang bao nhiéu?

= Loi gidi

Cho hinh chép S.ABC c6 day la tam gidc vuong tai B, SAL (AB C),
SA =~[3cm, AB=1cm . Mit bén (SBC ) hop véi mat day géc bang bao nhiéu?
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EB.vicy 2+

Cho hinh lang tru ditng ABC.A'B'C' c6 ddy ABC la tam gidc vudng, BA=BC =g,
canh bén AA'=ay2. Goi ¢ 1a goc hop boi (A'BC);(ABC). Khi 6, tinh tan .

= Loi gidi
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R Dang 3. Xdac dinh géc gitra hai mat phdng dya vao dinh 1y hinh chiéu

— g\? Phwong phap )
Goi S la dién tich cua da gidc H trong mat ph:fmg (a) va

S' 1a dién tich hinh chiéu ctia H' ctia H trén méat phang ([5)

thi §'=S.cos trong d6 = (a);(7) |

E‘E_‘Q\Vi dy 3.1.

Cho hinh chép S.ABC ¢6 SA vudng goc voi ddy. Tam gidc SBC vudng can tai S, ¢
SB =a.Mat phang (SB C ) hop voi ddy mot goc 30°. Tinh dién tich tam gidc ABC.
= Loi giai
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EB.vics2

Cho t&t diéen OABCc6d OA,OB,0C d6i mot vudng goc va OB=0C :a\/g,OA:a.
Tinh géc gitta hai mat phang (ABC ) va (OBC ) .
= Loi gidi
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R Dang 4. ChUng minh hai mat phdng vuéng géc

— g\? Phwong phap )

Dé chitng minh hai mit phang (a) va ( [J’) vuong goc voi nhau ta dung mot trong cac cach sau:

P Cach 1. Xac dinh géc gitta hai mit phang, roi tinh truc tiép géc d6 bang 90°.
((2).(8)) =90 = (a) L (8).

P Cach 2. Chting minh trong mat nay c6 mot duong thang vudng géc véi mit kia.

ARASORE)

1(5)

E‘E_‘Q\Vi dy 4.1.

Cho hinh chép S.ABCD c¢6 day la hinh vuong, SA vudng goc véi day. Goi H, K Tan
lwot 1a hinh chiéu ctia A trén SB, SD. Chting minh rang (SAC ) 1 (AHK) .

= Loi gidi

E@\Vi du 4.2.

Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai C, SAC la tam giac déu va
nam trong mit phang vudng gbc véi (ABC ) . Chting minh rang (SBC ) 1 ( SAC ) .
= Loi gidi
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R Dang 5. Thiét dién

— g\? Phwong phap )

Mit phang (P) di qua mot diém va vudng géc duong thang a cat hinh chdp theo thiét dién.

P Xacdinh mit phang (P) c6 tinh chét gi?
Tim duong thang song song voi (P ) .

Tim céc doan giao tuyén cta (P) va cac mat ctia hinh chop:
0=(0)
al/(P)

P K&t luan hinh dang ctia thiét dién va tinh cdc yéu cau lién quan.

E@\w dy 5.1.

Cho hinh chép tam gidc déu S.ABC c¢6 AB=4a,5A= 73 Goi I 1a trung diém cta

canh BC, mit phang (P) qua A vavudng géc véi SI cat hinh chép da cho theo mot
thiét dién. Tinh dién tich thiét dién do.

>
» St dung tinh chat vé giao tuyén song song;: { = (P)n(Q)=m//a.
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EB.vicvs2

Cho hinh chép S.ABCD c6 day la hinh thang vuong tai A,D; AB=2a;
SA=AD=DC=g; SA1l (ABCD). Tinh dién tich thiét dién tao boi mat phéng (a)

qua SD va (a)J_(SAC).

= Loi gidi

EB.viayss

Cho hinh chop S.ABCD c6 ddy la hinh vuong canh 4, canh bén SA vudng goc voi
mét phang ddy va SA = 2a. Mt phang (P) qua A vavuong goc voi SC. Tinh dién
tich ctia thiét dién cat boi (P) va hinh chop S.ABCD.
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.q Luyén tap
[

Dang: Tinh géc gitra hai mat phdng

Bai 48. Cho hinh chép SABCD c6 day ABCD la hinh ch nhat tam O, A87= 2a, AD=a,
SA=3a va SA vudng gbc voi ddy. Xac dinh va tinh gdc gitra hai mat phang:

(1) (SBC) va (ABCD)
(2) (SBD) va (ABCD)
(3) (SBC) va (SAC)

Bai 49. Cho hinh chép S.ABCDc6 day ABCDIa hinh vuong canh a4, va SA J_(ABCD). Tinh
cosin goc gitta mat (SBD) va (ABCD).

Bai 50. Cho hinh chép S.ABC c6 day ABC la tam gidc vudng cantai B, SA=a va SA L (ABC ),
AB=BC =a. Tinh gdc gitta hai mit phang (SAC); (SBC) :

Bd&i 51. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong cé d6 dai duong chéo bang a2
va SA vudng goc véi mat phang (ABCD). Goi « la goc gifta hai mat phang
(SBD);(ABCD). Biét tana =+/2, tinh géc gita (SAC);(SBC).

Bai 52. Cho hinh chop S.ABCD c6 day la hinh vuong ABCD canh a, SA J_(ABCD), SA=a.
Tinh gdc gifta cdc mt phang:

(1) (SBC) va (ABCD) (2) (SBC) va (SAD)
(3) (SAB) va (SBD) (8) (SBC) va (SAC)

Bai 53. Cho hinh chép S.ABCD c6 day la hinh thang vuong tai A va D c6 AB=24,

AD=DC=a, 6 SAL(ABCD) va SA=a.
(1) Chting minh (SAB) L (SAD) va (SAC) L(SCB)
(2) Goi ¢ 1a géc gifta hai mat phang (SBC) va (ABCD). Tinh tan ¢

:>tang0=tanSCA=& 4 !

AC o2 2

Bdi 54. Cho hinh chép ti giac déu S.ABCD c6 canh day bang a, mit bén hop véi mat day goc
60°. Tinh géc gifta cAc mat phang:

(1) (SAB) va (SCD) (2) (SAB) va (SBC)

Bai 55. Cho hinh chép S.ABCDday la hinh vudng canh g,SABla tam gidc déu va
(SAB) L(ABCD).
(1) (scD) va (ABCD) (2) (sCD) va (SAD)
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Bai 56.

Bai 57.

Bai 58.

Bai 59.

Bai 60.

Bai 61.

Bai 62.

Bai 63.

Bai 64.

Bai 65.

Chuong VIII.
QUAN HE VUONG GOC

a3

Cho hinh chép S.ABCD c6 SA=SB=SD = — day la hinh thoi canh 2, A =60°.

(1) Chting minh (SAC) L (ABCD) va SB_LBC.

(2) Tinh géc gitta (SBD) va (ABCD).

Cho hinh chép S.ABCD c¢6 dady hinh chit nhat véi AB=a,AD=3a,5A=2a va
SA 1 (ABCD). Tinh g6c hop boi SC va (SBD).

Lang tru ding ABC.A'B'C' c6 day la tam giac déu canh a; AA'=a. Tinh gbc gitra hai
mit phang (ABC') va (BCA').

Cho lang tru tam gidc déu ABC.A'B'C' c6 cac canh bang 2a. M 1a trung diém ctia CC'
(1) Tinh géc gitta hai dwong thang BMva A'B'.

(2) Tinh goc gitra hai mit phang (MAB)va(ABC).

CCho lang tru ABCD.A'B'C'D' ¢6 day ABCD la hinh vuong tam O , canh a, A’/A=a
va AOL (ABCD) . Tinh goc hop boi:

(1) Canh bén va mat ddy.

(2) Canh bén va canh day.

(3) (BDB'D') va (ABCD), (ACC'A') va (ABCD)

Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a, ASAB la tam giac déu va
(SAB) vuong goc voi (ABCD). Goi ¢ la goc tao boi (SAC);(SCD). Gia tri ctia cosyp
bang

Cho hinh chép S.ABCc6 day ABCla tam gidc vudng can tai B, BC =a, canh SA vudng
gbc voi day, SA=a\3.Goi M 1a trung diém cua AC. Tinh cdsin gbc gitta hai mat
phéng (SBM)va (SAB)

Cho hinh lang tru tam giac déu ABC.A'B'C'c6 AB= 2\/3va AA'=2.Goi M,N,Plan
luot 14 trung diém cac canh A'B’, A'C'va BC. Cosin ctia goc tao boi hai mat phéng
(AB'C')va (MNP)bang bao nhiéu?

[

Cho hinh chép S.ABCDc6 SA vudng géc véi mat phang (ABCD) SA=——, day
ABCD1a hinh thang vudng tai Ava Dcd AB=2AD =2DC =a. Godc gitta hai mat phang
(SBC)va (ABCD)bang

Cho hinh chép S.ABCDc6 ddy ABCDIa hinh vudng c6 canh bang a, canh bén SA
vudng goc véi mat phang day va SA = a2 (hinh bén). Goi H,KTan luot 1a hinh chiéu
vudng goéc ctia Atrén SB,SD . S8 do ctia goc tao boi mit phang (AHK) va (ABCD)bf?mg
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Bdi 66. Cho hinh chop S.ABCDc6 day ABCDIa hinh thang vuong tai Ava B, biét AD=2a,

a\/6

AB=BC=a, canh SAvudng goc vdi ddy va SA = — Goi Ela trung diém ctia AD,

tinh goc gitta hai mat phang (SBE)va (ABCD).

Bai 67. Cho hinh hop chit nhat ABCD.A'B'C'D'c6 AB=AD=a, AA'=b. Goi M1la trung diém
cua CC'. Tisd %dé’ hai mat phang (A'BD)va (MBD) vudng goc voi nhau la

Bdi 68. Cho hinh 1ap phuong ABCD.A'B'C'D' c6 canh bang a. Tinh s§ do géc gitra hai mét
phang (BA'C)Vé (DA'C).

Bdi 69. Cho hinh chdp tam gidc déu S.ABC c6 canh bén bang 2a, canh ddy bang a. Goi ala gdc
gitra hai mdt bén cta hinh chép d6. Hay tinh cosa.

Bai 70. Cho hinh chép S.ABCDc6 day ABCDIa hinh thoi tam O, canh AB=a, goc BAD = 60°,
SAvudng goéc véi mit phang (ABCD),SA =x.Tim x d€ gbc gitra (SBC ) va (SCD) bang
90°.

Bdi 71. Cho hinh chép S.ABCc6 ddy ABCla tam giac vudng tai A, géc ABCbéang 60°, tam giac
SBC déu canh a, hinh chiéu vudng gbc cta S1én (ABC ) la trung diém H ctia canh BC
.Goi ¢la gbc gitta hai mat phang (SAB) va (ABC ) Khi dé

Bd&i 72. Cho hinh chép tit gidc déu, c6 canh ddy bang ava chiéu cao bang % . S& do cua goc
gitta mat bén va mat ddy bang

Bai 73. Cho hinh lap phwong ABCD.A'B'C'D'. Tinh cosin goc gitta hai mat phéng (CB’D’)Vé
(ABCD).

Bai 74. Cho hinh chép S.ABCDc6é ddy ABCD]Ia hinh binh hanh, BC = J2ava AACD vuong
can tai C. Canh bén SAvudng goc voi ddy va SA=a. Goi H la hinh chiéu vudng goc
cia Alén SDva Ila trung diém SC. Tinh tan cta géc gitta hai mat phang (AHI ) va
(ABCD).

Bai 75. Cho h‘1n7h chop S.ABCD c¢6 day la hinh vuong canh 4, canh bén SA =ava vudng gbc voi
mat phang day. Goi M, N lan luot la trung diém SBva SD. Sincua goc gitta hai mat
phang (AMN) va (SBD) bang

Bai 76. Cho hinh lang tru diing ABC.A'B'C'c6 day ABCla tam giac can, véi AB= AC =a va goc
BAC =120°, canh bén AA'=a. Goi Ila trung diém cua CC'. Cosin ctia goc tao boi hai
mgt phang (ABC ) va (AB’I )bf?mg

Bdi 77. Cho hinh lang tru ding ABCD.A'BC'D'c6 day ABCDIla hinh thoi. Biét AC=2,
AA'=4/3. Tinh géc gitta hai mét phing (AB'D')va (CB'D').

Dang: Ching minh hai méat phdng vuéng géc
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Bai 78.

Bai 79.

Bai 80.

Bai 81.

Bai 82.

Bai 83.

Bai 84.

Bai 85.

Bai 86.

Bai 87.

Chuong VIII.
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Cho hinh chép S.ABCD c6 canh SA=a, cac canh con lai bf?mg b. Chttng minh
(SAC) L(ABCD) va (SAC) L(SBD).

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong va SA vudng goc voi ddy . Ching
minh (SAB) L(SAD) va (SAC) L(SBD).

(1) Chiing minh: (SAB) L (SAD) (2) Chitng minh: (SAC) L(SBD)

Cho tir dién S.ABC c6 day ABC la tam gidc vudng tai B va SA L (ABC )

(1) Chting minh: (SBC) L (SAB).

(2) Goi AH va AK lan lugt 1a duong cao ctia hai tam gidc SAB, SAC. Chting minh

(SBC) L(AHK).
Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng c6 SA=SB=SC=SD.
(1) Chiing minh: (SBD) L ( ABCD) (2) Chting minh: (SAC) L(SBD)

Cho hinh chép S.ABCD c6 day la hinh vudng, SAB la tam gidc déu va nam trong mét
phang vuong goc véi mat phang (ABCD) .Goi M la trung diém AB.

(1) Chting minh SM vuéng goc (ABCD).

(2) Chttng minh tam gidc SBC vudng va (SAD) vudng goc (SAB).

Cho tit dién ABCD c¢6 ABC la tam gidc vuong tai B va AD L (ABC )

(1) Chiing minh (ABD) L(BCD).

(2) Vé dwong cao AH ctia AABD . Chimg minh: AH L (BCD).

Cho t& dién SABC c6 ba dinh A,B,C tao thanh A vudng can dinh B va AC=2a, c6
SA 1(ABC) va SA=a.

1) Chiing minh (SAB) L (SBC)

2) Goi AH la dudng cao cia ASAB. Chiing minh AH L (SBC ) :

3) Tinh d6 dai doan AH.

4) Tk trung diém O ctia doan AC vé OK L (SBC). Tinh d6 dai OK.

Cho hinh chép S.ABC c6 day la tam giac déu, SA J_(ABC ) Goi H,K Tan luot la truc
tam caa AABC va ASBC.

(1) Chiing minh (SAH) L (SBC) (2) Chung minh (CHK) L (SBC)

Cho hinh chép S.ABCD ¢6 ddy la hinh vuéng canh a, SA L(ABCD). Goi M,N la cac

diém thudc BC va CD sao cho BM = %,DN = %l. Ching minh: (SAM) L (SMN).

(
(
(
(

Cho hinh chép S.ABCD c6 day 1a hinh ch@ nhat, ASAB déu va vudng goc voi day. Goi
H la trung diém cta AB. Chting minh: (SAD) 1 (SAB) .
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Bai 88.

Bai 89.

Bai 90.

Bai 91.

Bai 92.

Bai 93.

Bai 94.

Chuong VIII.
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Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai C, SAC la tam giac déu va
nam trong mat phang vudng goc véi (ABC ) . Goi I la trung diém caa SC.

(1) Chiing minh (SAC) L (SBC) (2) Chiing minh ( ABI) L (SBC)
Cho hinh chép S.ABCD c6 day la hinh thoi canh 4 va SA=SB=SC=a.
(1) Chitng minh AC’ L ( A'BD) (2) Chitng minh (AB'C'D) L (BCD'A’)

Cho hinh hop chtt nhat ABCD.A'BC'D'. Goi O la giao diém cua AC va BD. Ké
CK L BD.
(1) Chting minh C'’K L DB.

(2) Chting minh (C'BD) L (C'CK)
(3) Ké CH LCK. Ching minh CH L (C'BD).

Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat véi AB=a, AD = a\/i, SA=a
va SA L(ABCD). Goi M la trung diém cua AD. Chting minh (SAC) L (SMB).

Cho hinh chép déu S.ABC, c¢6 do dai canh day bf?mg a.Goi M,N Tan luot 1a trung diém
ctia cac canh SB,SC . Tinh dién tich AAMN biét rf?mg (AMN) 1 (SBC).

Cho it dién ABCD ¢6 AB_L(BCD). Trong ABCD vé céc duong cao BE va DF cat
nhau tai O. Trong (ACD) vé DK 1 AC. Goi H la trectam caa A ACD.

(1) Chitng minh ( ACD) L (ABE).

(2) Ching minh ( ACD) L ( DFK)

(3) Chting minh OH L (ACD)

Cho hinh chop S.ABCD c6 day ABCD la hinh thoi canh 2a; BAD =60°, SA L (ABCD)
va SA= a\/g .

(1) Chting minh (SAC) L(ABCD) va (SAC) L(SBD).

(2) Chting minh (SBC) L (SDC)
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Dang: Thiét dién

Bai 95.

Bai 96.

Bai 97.

Bai 98.

Bai 99.

Bdi 100.

Bai 101.

Bai 102.

Cho hinh chép S.ABCD cé day ABCD la hinh chit nhat, SA vuong géc véi mat phang
day. Goi (a) 1a mt phang di qua A va vudng goéc véi SB. Khi d6, mit phang (a) cat
hinh chép S.ABCD theo thiét dién 1a hinh gi?

Cho hinh chép S.ABCc6 ddy ABCla tam gidc vudng can tai A, AB= AC =a; canh bén
SAvuodng goc voi mat day, SA=a. Goi Mla trung diém cua SC. Tinh dién tich thiét
dién ctia hinh chép cat boi mat phang (P) di qua Mva vuong goc voi AC.

Cho hinh chop S.ABCcé day ABCla tam giac vudng tai Bvdi AB=a, BC =a+/3, canh
bén SA= a\/g va vudng gbc véi mit phang (ABC ) Mit phang (P) di qua trung diém
Mctaa ABvavudng géc voi SB cdt AC,SC,SBlan luot tai N, P,Q. Dién tich ctia t& giac
MNPQ bang

Cho t& dién ABCD c6 ABvudng goc véi CD, AB=CD =8, M1la diém thudc canh BC
sao cho MC =x.BC (0< x <1). Mt phdng qua M, song song v6i AB,CD va lan luot cat
DB, AD, ACtai N,P,Q. Dién tich 16n nhéat caa t& giac MNPQ bé“mg bao nhiéu?

Cho hinh chép S.ABCDc6 SAvudng goc véi ddy, ABCD la hinh vudng canh w2,
SA=2a. Goi MIla trung diém SC, (a) la mat phang di qua A, Mva song song véi
duong thang BD . Tinh dién tich thiét dién cta hinh chép S.ABCDbi cat boi (a) .

Cho hinh chép S.ABCcé day ABCla tam gidc déu canh 4, SA=ava vudng goc véi day.
Mit phang (a) qua Ava vudng goc voi trung tuyén SI ctia tam gidc SBC. Tinh dién
tich S ctia thiét dién tao boi (a) voi hinh chop da cho.

Cho hinh chép S.ABCDvdi ddy ABCD la hinh thang vuong tai A, day lon AD =8, day
nho BC=6, SAvuodng goc voi day, SA=6. Goi Mla trung diém AB, (P) la mat phang
qua M va vudng géc voi AB. Thiét dién ctia hinh chép S.ABCD cét boi mat phang (P)
c6 dién tich bang bao nhiéu?

Cho hinh chop S.ABCD c6 ddy la hinh vudng tam O, AB=SA =a, SA vudng goc vdi
day (ABCD). Goi (P) 1a mat phang qua A va vudng gdc véi SC, (P) cat SB, SC, SD
tai H,I, K.

(1) Chiing minh HK// BD.

(2) Chting minh AH | SB, AK 1.SD.

(3) Chting minh t gidc AHIK c6 hai duong chéo vudng goc. Tinh dién tich AHIK

theo a.
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Bai 103.

Bai 104.

Bai 105.

Bai 106.

Bai 107.

Bdi 108.

Bdi 109.
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Cho hinh chop S.ABC c6 day ABC la tam giac déu canh a, SA=2a, SA vudng goc v6i
mat phang day. Goi (a) la mat phang qua diém B va vudng goc véi canh SC . Tim thiét
dién ctia t& dién bi cit boi (a) va tinh dién tich caa thiét dién do.

Cho hinh chép S.ABC c¢6 day ABC la tam giac déu canh a . Goi H 1a trung diém BC ,
O la trung diéfm AH va G la trong tam cua tam giac ABC . Biét SO vudng gdc mat
phang (ABC ) va SO=2a . Tinh dién tich thiét dién véi hinh chép S.ABC khi cat boi
mat phang (P) di qua G va vudng goc voi AH .

Cho hinh lang tru diing ABC.A'B'C’ c6 day la tam giac vudng can, AB= AC = a2 . Ba
diém I,K, M Tan luot la trung diém cua BC,CC’ va BI ; BB'=2a .

(1) Chting minh B'C L (AKI)

(2) X4c dinh thiét dién do mét phing (P) qua M va vudng goc v6i B'C cit hinh tru.
Cho lang tru t gidc déu ABCD.A'B'C'D’, canh day ctia lang tru bang a. Mot mat phang
(a) hop véi mat phang day (ABCD) mot goc 45° va cat cac canh bén ctia lang tru tai
M, N, P,Q. Tinh dién tich thiét dién.

Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh A. Goi H la trung diém cta
BC, O la trung diém cua AH va G la trong tam ctia AABC. Biét SO vudng gdc mat
phing (ABC) va SO =2a. Tinh dién tich thiét dién v6i hinh chop S.ABC khi cat boi mat
phang (P) di qua G va vudng gbc voi AH .

Cho hinh lap phuwong ABCD.A'BC'D' c6 canh bang a. Cat hinh lap phuong boi mat
phang trung truc ctia doan thang BD'. Tinh dién tich thiét dién.

Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a, canh bén SA=b va vuong
gbc voi mit phang déay (ABCD). Goi M la diém trén canh AB sau cho
AM = x(O <x< a). Goi (a) la mat phang qua M vuodng goc véi duong thang AC .

(1) Xac dinh thiét dién ctia hinh chép da cho véi mat phéng (a)

(2) Tinh dién tich S cta thiét dién theo a,b,x.

(3) Tim x d€ dién tich cua thiét dién 16n nhat.

Heét
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QUAN HE VUONG GOC TRONG KHONG GIAN

KHOANG CACH

.q Ly thuyét
)

1. Khodng cdch tu 1 diém tdi 1 dudng thdng, dén 1 mat phdng

1.1. Khodng cdch tir mot diém dén mot duong thing

-g,i)inh nghia:

Cho diém O va duong thang a.

Trong mat phéng (O , a),
* Goi H la hinh chiéu vuéng goc ctia O trén a.
* Khi d6 khoang cach gitta hai diém O va H duoc
goi 1a khoang cach tir diém O dén duong thang a.
Ki hi¢u : d(O,a)=OH..
Nhin xét

* VNea:ON=>d(O,a)=0H

o d(O,a)=O<:>O<—:a

1.2. Khodng cich tir mot diem dén mot mdt phing

-@;Dinh nghia:

Cho diém O va mét phang (o).

* Goi H lahcvg ctia O trén mit phang (a)
 Khi d6 khoang cach gitta hai diém O va H dugc

goi 1a khoang céch tir diém O dén mit phang ().
Kihi¢u: d(O,(a))=OH
Nhan xét
* VN e(P):ON2d(O,(P))=0H
«d(0,(P))=0< O€(P)

LegT—0O

S
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2. Khodng cdach gitra dudng va mdat song song, hai mat song song
2.1. Khodng cdch giita dwong thang va mét phding song song

.g',f)inh nghia:

Cho duong thang a song song véi mit phang ( ) A

» Khoang céch giita duong thang a va mit phang a) la

khoang cach tir mot diém bat ki ctia @ dén mit phang (a:) ,
A

B/

Ki higu: d(a,(o))=d(A,())

2.2. Khodng cich giita hai mét phing song song

g Dinh nghia:

Khoang cach gitta hai mat phang song song A
khoang cach tir mot diém bat ki thudc mat phang nay dén / :

mgt phang kia

Kihigu : d((a),(8))=d(M,(8)) véi diém M e () /{ .

3. budng vudng géc chung va khodng cdch hai dudng chéo nhau
3.1. Dinh nghia

-g',’ainh nghia:

¢ Duong thang A cat hai deong thang chéo nhau a va b
va cing vudng gdc véi mdi duong dy duoc goi 1a duong
vuong goc chung ctia a va b

e Néuduong vudng goc chung A cit hai duwong thang chéo
nhau a va b tai A,B thi d0 dai doan thf;ing AB goi la b
khoang cach gitta hai duong thang chéo nhau a va b

Ki hi¢u: d(a,b)= AB

3.2. Cdch dung doan vudng goc chung ctia hai duong thing chéo nhau
P Cdch 1: Khi 2 vubng b

* Dung mot mat phéng (a):a,(a)J_b tai N

* Trong (o) dung NM La tai M M/
* Doan MN la doan vudng géc chung ctia a va b o M E
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P Céch 2: Khi a chéo b
* Dung mot mat phéng (P) - b,(P)//a . K M a

e Dung a' 1a hinh chiéu ctia a 1én mat phang (P),
béng cach 18y M ea dung doan MN L (P) , Iac do

a' 1a duong thang di qua N va song song voi a b j_._ﬁ’
* Goi H=a'nb, dung HK//MN =HK la doan| £ SO——"%

vuong goc chung ctia a va b

f—w A

Khoang cach gitta hai duong thang chéo nhau bang khoang cach gitta mot trong hai

duong thang d6 véi mit phang song song véi né va chira thang con lai.

(2)  Khoang cach gitta hai duwong thang chéo nhau bang khoang cach gitta hai mat phang

song song an luot chita hai duong thang dé.
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.‘:; Bai tap
)

R Dang 1. Khodng cdch tUr chén dudng cao dén mét mat bén

~ a\? Phuwong phap )
» Budc1: Xac dinh giao tuyén A.
» Budc 2:  Tw hinh chiéu vudng goc ctia dinh, dung AH L A (véi HeA).
» Budc 3: Dung Al L SH (véi I € SH ). Khoang cach can tim 1a AT .
Véi S 1a dinh, A la hinh chiéu vuong goc cuia dinh trén mat day.
Ba budc dung 6 trén la si dung tinh chdt:
“Hai m4t phang vudng gdc véi nhau, néu mot duong thang nam trén mat nay vudng
gbc voi giao tuyén thi sé vudng goc véi mat phang kia.”
Nhan xét:
Day la bai todn co ban nhwng v6 cung quan trong trong viéc tinh khoang cich tie mot diém
dén mot mat phang. Hiu nhw tinh khoang cich tie mot diém bt ky dén mdt phang bén déu
thong qua diém nay.

EE‘@\W dy 1.1.

Cho hinh chép S.ABC cé SA vuong goc véi day (ABC ) . Hay xac dinh khoang cach
tir dim A dén matbén (SBC).
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BBz

Cho hinh chép S.ABCc6 day ABC 1a tam gidc déu canh a, canh bén SA vuodng gbc
a6
2

v6i ddy. Tinh khoang céch tir diém A dén mat phang (SBC) theo a, biét SA=——
= Loi gidi

EEJ Vidy 1.3.

Cho hinh chdép S.ABCD c6 day ABCD 1la hinh vuong tam O, canh a, SA L (ABCD)
va SA=ay/3. Tinh khoang cach tir A dén mit phing (SBC).
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R Dang 2. Khodng cdch tU diém bdt ky dén mét mat phang

~ ’:‘? Phuong phap ) \

Tt cac di€m yéu cauy, ta quy vé chan duong cao:
Gia st AMnN (P) = {O} nhu hinh vé.

d
A
M
A L
/{ Ko/ g
Py H
/{o __________
Y H K
7 M
d(M,(P \
Khi dé: (M.(P) ~OM (w1, (P)) =22 d(a,(P)) voi 2 13 hing s6.
d(A,(P)) OA OA 0OA

Dé tinh duoc d(M,(P)) ta chi can tinh d(A,(P)) bé“mg cac budc sau:
» Budc 1:  Xéc dinh giao tuyén A.
» Budc 2: T hinh chiéu vudng goc cua dinh, dung AH L A (v6i HeA).
» Budc 3: Dung Al LSH (véi I € SH). Khoang cach can tim la Al .
Vé6i S la dinh, A 1a hinh chiéu vudng gbc ctua dinh trén mat day.

BB oo

Cho hinh chép S.ABC co6 day la tam giac vuong tai A véi BC =2a, ABC = 60°. Goi
M la trung diém BC. Biét SA=SB=5C =a/5.

(1) Tinh chiéu cao ctia hinh chdp.

(2) Tinh khoang cach tir M dén (SAB).

> Loi gidi
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BB 22

Cho hinh chép 5.ABC c6 day ABC la tam giac vudng tai B, BA=3a, BC =4a; mat
phang (SBC) vudng goc voi mit phang (ABC). Biét SB= 2ay/3 va SBC =30". Tinh
khoang cach tit di€ém B dén mit phang (SAC) theo a.

= Loi giai
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R~ Dang 3. Khodng cdch hai dudng chéo nhau

- 2\? Phwong phap ) N
Phwong phap chung: Ta phai chuyén khoang cach giita hai duong thang chéo nhau vé
khoang cach tlr mot diém dén mot dueong thang hodc khoang cach
ttr mot diém dén mot mat phéng.
38 Truwong hop 1:
, ac|P
&  Néu duong thing () d(a,b)=d(b,(P)).
b// (P)
Khi d6 chon M €b sao cho c6 thé tinh d(M,(P)) la d(a,b).
, (P)>a (Q)>a
&  Néu khong tim duoc thi ta phai dung
(P)//b (Q)//b
8 Truong hop 2: a va b Tan luot thudc hai mat phang song song nhau.
ae (P)
&  Néuduongthing 1be(Q) =d(a,b)=d((P),(Q))
(P)1(Q)
38 Truong hop 3: a la canh bén con b la mot canh day caa hinh chép
<¢ Talam nhw sau:
(+) Goi [ = am(P) (mat day).
(+) Tt I dung duong thang A song song véi b.
(+) Khi d6 b song song vdi (P) chtta a va A.
(+) Chon M trén b sao cho c6 thé tinh d(M,(P)) 1a d(a,b).
Pé tinh duoc d(M ,(P)) ta chi can tinh d(A,(P)) bf?mg cac budce sau:
» Budc 1:  Xac dinh giao tuyén A.
» Budc 2: T hinh chiéu vuong goc cua dinh, dung AH L A (v6i HeA).
» Budc 3: Dung Al LSH (véi I € SH ). Khoang cach can tim la AT .
Vi S 1a dinh, A la hinh chiéu vuong goc cuia dinh trén mat day.
\. J
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BB,

Cho hinh chép S.ABCD c6 ddy la hinh vuong canh a, SA=SB=S5SC =S5D = a2 . Goi
I,K lan luot 1a trung diém ctia AD,BC . Tinh khoang céch gitta hai duong thang SB
va AD theo a.

= Loi gidi

EB.cs2

Cho hinh chép S.ABC c6 day la tam giac déu canha . Hinh chiéu vudng goc cta S
trén (ABC ) la diém H thudc canh ABsao cho HA = 2HB. Géc giita duong thang SC

va (ABC)bing 60’ . Tinh khoang cach gitta SAva BC theo a.
= Loi gidi
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.q Luyén tap
[

Dang: Tinh khodng cdch tU diém dén mat phang

Bai 110.

Bai 1M.

Bai 112.

Bai 113.

Bai 114.

Bai 115.

Bai 116.

Cho hinh chép S.ABC c6 day ABC la tam gidc vuong can tai B, AB=2a,5SA vudng goc
vOi day va SB tao vdi ddy mot goc 60°. Tinh khoang cach ttr:

(1) Diém S dén mit phing (ABC). (2) Diém C dén mit phang (SAB).

(3) Biém B dén mat phang (SAC). (4) Diém A dén mat phang (SBC).

Cho hinh chop t&¢ giac déu S.ABCD c¢6 day ABCD la hinh vuong tam O, AB=24,
SA=4a.

(1) Tinh khoang céch tir O dén (SAB).

(2) Tinh khoang cach tir A dén (SCD).

Cho hinh chép S.ABCD c6 day ABCD 1la hinh vuéng tdim O, canh bang 4, SA vudng
gbc véi ddy. Goc tao boi SC va mit phang (SAB) bang 30°

(1) Tinh khoang cach tir di€m A dén mit phang (SBD).

(2) Tinh khoang céch tir diém C dén mat phang (SBD).

(3) Tinh khoang cach tir trung diém I ctia SC, trong tam G cua ASCD dén (SBD).

(4) Tinh khoang cach tit O, I va G dén mit phang (SAB).

Cho hinh chép S.ABCD day la hinh vuéng tam O canh a,5A 1 (ABCD), SA=2a

(1) Tinh theo a khoang céch tir A dén (SBC).

(2) Tinh theo a khoang céch tir A dén (SBD).

(3) Tinh theo # khoang céch tir O dén (SBC).

Cho hinh chép S.ABCD c6 day la hinh vuong tam O canh a4, SO vuong goc véi mat
phang day va SO = 2a.

(1) Tinh theo @ khoang cach tir O dén (SBC).

(2) Tinh theo a khoang cach tir A dén (SBC).

Cho hinh chép tit gidc déu S.ABCD c6 AB=SA=2a.

(1) Tinh khoang céch tir duong thang AB dén (SCD).

(2) Tinh khoang cach tir D dén mit phing (SAB).

Cho t& dién ABCD ¢6 AD vudng goc véi (ABC); AB=AC=4cm ; AD=3cm;
BC =5cm.

(1) Tinh khoang cach tir A dén (BCD).
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Bai 118.

Bai 119.

Bdi 120.

Bai 121.

Bai 122.

Chuong VIII.
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(2) Goi M la trung diém AB, tinh khoang cach tir M dén (BCD).

Cho hinh chép S.ABCD c6 day ABCD 1a hinh thoi canh a. Tam gidc ABC déu, hinh
chiéu vudng géc H cua dinh S trén (ABCD) trung voi trong tam caa AABC . Duong

thdng SD hop véi (ABCD) géc 30°. Tinh khoang céch d tir B dén (SCD) theo a.
Cho hinh chop S.ABCD c6 day la hinh vuon canh a, méat bén (SAD) vuong goc voi day
(ABCD) va SAD la tam gidc déu. Goi M la trung diém caa AD.

(1) Tinh theo @ khoang céch tir S dén (ABCD).

(2) Tinh theo a khoang cach gitta SM va BD.

(3) Tinh theo a khoang cach tir M dén (SBC).

Cho hinh chép tam giac déu S.ABC canh ddy bang a, canh bén bang #, I la trung
diém ctia BC, O la trong tam ctia AABC.

(1) Tinh d(S,(ABC)),d(0,SA).

(2) Chiing minh (SBC) L (SAI). Tinh d(O,(SBC)).

Cho hinh ch6p S.ABCD c¢6 ddy ABCD la hinh vudng tam O canh 4, mitbén (SAB) la
tam giac déu va nam trong mat phang vudng géc véi mat phang (ABCD). Goi I la
trung diém AB. Tinh

(1) d(A,(SBC)) (2) d(1,(scD))

Cho hinh lang tru ABC.A'B'C’', AABC déu c6 canh b?mg a, AA'=a va dinh A’ cach
déu A,B,C .Goi M, N Ian luot la trung diém ctia canh BC va A'B. Tinh

(1) Khoang cach tir A" dén (ABC).

(2) Khoang cach tir C dén mat phang (AMN).

Cho hinh lang tru ABC.A'B'C' ,dday ABC la AC = a\/g, ACB=30°. Canh bén hop vdi
mit phing day mot géc 60° va mat phang (A'BC) vudng goc véi mit phing (ABC).
Diém H trén canh BC sao cho HC =3HB va mit phang (A’AH ) vuong goc voi mat
phang (ABC).

(1) Tinh khoang cach tir A’ d&&n mat phang (ABC )

(2) Tinh khoang cach tir B dén mit phang (A'AC).

Dang: Tinh khodng cdch 2 dudng chéo nhau

Bai 123.

Cho hinh chép S.ABCD c6 déy la hinh vuéng tam O canh 2a, SA L(ABCD), goc gitta
SBva mit phang day bang 60°. Tinh
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Bai 124.

Bai 125.

Bai 126.

Bai 127.

Bai 128.
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(1) d(AC,SB).

(2) Sin cuia goc gitra SB va mét phing (SAC).

Cho hinh chép S.ABCD c6 ddy ABCD 1la hinh thang vuong tai A va B, AD=2a,
BC=AB=a,5SA=2a va SAJ_(ABCD) . Tinh khoang céch gitta 2 duong théng chéo

nhau:

(1) d(s4; BC). (2) d(sA;CD).
(3) d(sD; BC). (4) d(SD; AB).
(5) d(SB; AD).

Cho hinh chép S.ABCD day la hinh vudng canh 24,SA L (ABCD) , SB tao v6i ddy mot
gbc 45°. Tinh khoang céach gitta hai dwong thang :

(1) SA va BC (2) AB va SD

(3) BD va SC (4) AC va SD

Cho hinh 1ap phuong ABCD.A'BC'D’ c6 canh bang a. Tinh khoang cach gitta hai
dwong chéo nhau BC' va CD'.

Cho hinh hop diing ABCD.A'B'C'D’ c¢6 day la hinh thoi canh a2, A=60". Géc gitta A'C
va day bang 60°.

(1) Tinh d0 dai duong cao cta hinh hop.

(2) Tinh khoang cach gitta hai duong thang A'C va BB'.

Cho hinh lang tru démg ABC.ABC' ¢6 AB=BC=a, AC=av2.

(1) Chting minh BC | AB'.

(2) Goi M 1a trung diém AC . Chting minh (BC'M) L (ACC’A') .

(3) Tinh khoang cach gitta BB’ va AC'.

Dang: Tinh khodng cdch lién quan nhé nhat

Bai 129.

Bai 130.

Bai 131.

Cho t dién ABCD c6 cac canh AB,AC,AD vudng goc voi nhau déi mot va
AD=2AC=3AB=a. Goi A la dwong thang chita trong mat (BCD) sao cho c6 khoang
cach tir diém A dén A la nhé nhat bang

Cho hinh chép S.ABCD c6 day 1a hinh vudng canh a, tam gidc SAB déu va nam trong
mgt phang vuong goéc véi ddy. Goi A 1a duong thang thay d6i nam trong mit phang
phing (SAD). Khoang cch ngdn nhét giita hai dudng thing SA va A bang

Cho tt dién S.ABC trong d6 SA=SB=SC =4, cic goc £BSC =4BSA=60°. Tim gi4 tri
16n nhat khoang cach tir diém A t6i mat phang (SBC)?
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Bai 132.

Bai 133.

Bai 134.

Bai 135.

Bai 136.
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ON TAP CHUONG

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, SA vudng goc voi day,
SA = a\/E .

1) Chting minh rang cac mat bén ctia hinh chép la nhitng tam giac vuong.
2) Ching minh rang (SAC) L (SBD).

3
4
5) Tinh d(A,(SCD)).

Cho hinh chép S.ABC c6 ddy ABC la tam gidc vuong tai C va SB L (ABC ) , biét
AC=ml2,BC=4,5B=3a

(1) Chting minh AC L (SBC).

(2) Goi BH la duong cao cia ASBC. Chirng minh SA | BH .

(3) Tinh goc gitta duwong thang SA va mat phang (ABC ) :

Cho hinh chép S.ABCD c¢é day ABCD la hinh ch nhat tam O canh AB=2BC=2a,
hai mat phang (SAB) va (SAD) cung vuong goc voi day (ABCD). Goc gitta SO va mat

Tinh géc gitta SC va (SAB).

(
(
(
(4) Tinh goc gitra hai mit phang (SBD) va (ABCD).
(

)
)
)
)

phang ddy bang 45°. M la trung diém AB, H la hinh chiéu vuéng géc ctia A trén SB
(1) Chting minh AACH vudng. (2) Tinh d(H ,(SCD)).

(3) Tinh d(M,(ACH)). (4) Tinh d(SO, MC).

Cho hinh lang tru ABC.A'B'C’ c6 day ABC la tam giac déu tam O canh a. Hinh chi€u
vudng goc ctia A’ 1én (ABC) latrung diém H ctia OB. Biét goc gitra (A'BC) va (ABC)
bang 60°.

(1) Tinh géc gifta hai dwong thang AA’ va BC.

(2) Tinh khoang cach gitra hai duong thang AA’ va BC.

(3) Tinh khoang cach tir G dén (AA'C), v6i G la trong tam ctia AB'C'C.

Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh ¢6 AB=a, BC=2a,
ABC =60°, SA vudng goc véi déy (ABCD), goc gitta (SCD) va (ABCD) bang 60°.
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Bai 138.

Bai 139.

Bai 140.

Bai 141.
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(1) Tinh khoang céch tir A dén (SCD).

(2) Tinh khoang c4ch gifta hai duong thang AB va SC, AC va SD.

Cho hinh chép S.ABCD, c6 day ABCD la hinh cht nhat va AB=2a,BC =a,cac canh
bén ctia hinh chép bang nhau va bang a2 .

(1) Tinh khoang cach tir S dén mit phang ( ABCD)

(2) Goi Eva Flan luot 1a trung diém cac canh AB va CD, goi K 1a diém bat ky thudc
doan AD. Chttng minh khoang cach giita hai duong thang EF va SK khong phu thuoc
vao vi tri cia K. Hay tinh khoang cach nay theo a?

Cho hinh lang tru tam giac ABC.A'B'C’ c6 tat ca cac canh day déu bang a, goc giita
canh bén va mat day bang 60°. Hinh chiéu vuong goc ciia A trén mit phang (A’B'C ’)
la trung diém H cua canh B'C'.

(1) Tinh khoang cach hai ddy.

(2) Tinh goc gitta BC va AC'.

(3) Tinh goc gitta (ABB'A’) va mat day.

Cho hinh 1ap phuong ABCD.A'B'C'D’ c6 canh bang a.

(1) Chttng minh r?mg khoang cach tir cac diém B,C,D, A’,B',D' dén duong chéo AC’
bang nhau. Tinh khoang cach do.

(2) Chting minh réng B'D L (BA'C').

(3) Chitng minh B'C L(A'BCD).

(4) Tinh khoang c4ch gitta hai mat phang (BA’C ') va ( ACD').
(5) Tinh khoang cach gitta hai dwong thang BC'va CD'.

(6) X4c dinh va tinh d6 dai doan vudng géc chung ctia AB'va BC'.

Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, mat bén (SAD) la tam
gidc déu va vudng geos v6i mét phing day (ABCD). Goi I, M, F Ian luot 14 trung diém
cua AD, AB,SB va K 1a giao diém cua BI va CM.

(1) Chiting minh (CMF) L (SIB) .

(2) Tinh BK va KF.

(3) Dung va tinh do dai doan vudéng gbc chung ctia AB va SD.

(4) Tinh khoang c4ch gitta hai duong thang CM va SA.

Cho hinh chép S.ABCD c6 ddy 1a hinh thoi tdam O canh a, BAD =60 . Duong thang

SO vudng goc voi day va SO = 3711. Goi E, F Tan luot la trung diém cua BC va BE.

(1) Chtmg minh (SOF) L (SBC).
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Bai 143.

Bai144.

Bdi 145.

Bai 146.
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(2) Tinh khoang céch tir O va A dén (SBC).

(3) Goi () 1a mat phang di qua AD va vudng géc véi (SBC). Xéc dinh thiét dién ctia
hinh chop voi (a) . Tinh dién tich cta thiét dién nay.

(4) Tinh géc gitta () va (ABCD).

Cho tam giac déu SAB va hinh vudéng ABCD canh a ndm trong hai mit phang vudng
goc voinhau. Goi H, Klan luot la trung diém ctia AB,CD va E, F Tan luot la trung diém
cua SA,SB.

(1) Tinh khoang cach tir A dén (SCD). Tinh tan goc gitra (SAB) va (SCD).

(2) Goi G=CENDF. Chtng minh CE 1 SA,DF 1SB. Tinh tan goéc gitta (GEF) va
(SAB).

(3) Chiing minh G 1la trong tam cua ASHK . Tinh khoang cach tir G dén (SCD).

(4) Goi M la diém di dong trén doan SA . Tim tap hop nhitng diém la hinh chiéu vudng
gocctia S trén (CDM).

Hinh chép S.ABCD c6 day la hinh vuéng ABCD canh a, cic canh bén déu bang a3
(1) Tinh khoang cach tit S dén mit phang (ABCD) .

(2) Goi () 1a mit phang qua A va vudng goc voi SC . Hay xéc dinh thiét dién cua hinh
chép véi mat phang (a) . Tinh dién tich cua thiét dién nay.

(3) Goi ¢ 1a goc gifta AB va mit phang (a) . Tinh sine.

Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, mat bén (SAB) la tam
giac déu. Goi E, F lan lwot 1a trung diém ctia AB,CD.

(1) Cho biét ASCD vudng can tai S. Chting minh: SE L (SCD) va SF L (SAB).

(2) Goi H 1a hinh chiéu vudng géc cta S trén EF . Chiing minh: SH 1 AC.

(3) Tinh géc gifta dwong thang BD va mét phang (SAD).

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a, SA L (ABCD) va SA=2a
(1) Ching minh (SAC) L(SBD);(SCD) L (SAD).

(2) Tinh géc gitta SD va (ABCD), SB va (SAD), SB va (SAC).

(3) Tinh d(A,(SCD)),d(B,(SAC)).

Cho hinh chép A.ABC c6 tam gidc ABCvudng tai A, goc B=60°, AB=a, hai mat bén
(SAB) va (SBC) vudng goc v6i ddy, SB=2a. Ha BH L SA(H eSA); BK LSA(KeSC).

(1) Chting minh SB 1 (ABC).
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(2) Chting minh SB L ( ABC).
(3) Chitng minh SC L (BHK).
(4) Tinh cdsin cua goc tao boi SA va (BHK).

Cho hinh chép t& gidc déuS.ABCD c6 canh day bang a, canh bén bang # .Goi O la
tam cua hinh vuéng ABCD va M la trung diém cuaSC.

(1) Chting minh (MBD) L (SAC).

(2) Tinh géc gitta SA va mat phang (ABCD).

(3) Tinh goc gitra hai mit phang (MBD) va (ABCD).

(4) Tinh goc gita hai mit phang (SAB) va (ABCD).

Cho hinh lang tru ABC.A'B'C' c6 AA’ L (ABC ) va AA'=a,dady ABC latam gidc vuong
tai Aco BC=2a, AB =a\/§.

(1) Tinh khoang cach tir AA’ dén mat phang (BCC'B').

(2) Tinh khoang céch tir A dén (A'BC).

(3) Chttng minh rang AB L (ACC'A') va tinh khoang cach tit A" dén (ABC') .

Cho hinh thang ABCD vudng tai A va B, c6 AD=2a, AB=BC =a.Trén duong thang Ax
vudng goc v6i mat phang (ABCD) 18y di€ém S . Goi C' va D' lan lugt 1a hinh chiéu vudng géc
cuadinh A trén SC va SD.

(1) Chting minh SBC =SCD =90°.

(2) Chting minh ba duong thang AD', AC', AB ciing ndm trén mat phang. Tit d6 ching
minh C'D' ludn di qua mot diém c6 dinh khi S chay trén Ax.

(3) X4c dinh va tinh d6 dai doan vudng géc chung cia AB va SC khi SA = a2 .

1a hinh chiéu vudng goc ctia dinh A trén SC vaSD.
Hét
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Muc luc

38 Bai 01. HAI PUONG THANG VUONG GOC
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HAI PUONG THANG VUONG GOC

.q Ly thuyét
)

1. Géc giUa 2 dudng thdng

:gi)inh nghia:
Goéc gitta hai duong thang a,b trong khong gian, ki hiéu (a, b), la goc gitra hai duong
thang 4’ va b’ cung di qua mot diém va [an luot song song hodc tring véi a va b.

(1)  Xac dinh goc gitta dwong thang a va b ta c6 thé 1dy diém O thudc mot trong hai duong

thang d6 r6i vé mot duong thang qua O va song song véi dueong thang con lai.
(2)  V6i hai dudng thang a va b bat ki: 0°<(a,b)<90°.

\ 7

$8 D@ tinh s6 do cua goc gifta hai duong thang (d1) va (dz) ta c6 thé thuec hién tinh thong qua

goc gitta hai duong thang cat nhau lan luot song song véi hai duwong thang da cho.

) 7 o (dd,)=a
« Buéc 1. St dung tinh chat sau: = (dl,dz) - (dl,ds) —a
,//d,
e Buéc 2. Ap dung dinh li cosin trong tam giac d& xac dinh géc.
2. Hai dudng thdng vuéng gdéc trong khéng gian

-g{)inh nghia:

Hai duong thang a va b duoc goi la vudng géc véi nhau néu goc gitta chting bang 90°.
Kihiéu alb.
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.‘:; Bai tap
)

Bai1.  Cho hinh chép S.ABCD cé day la hinh thoi, SA=AB va SA L BC. Tinh géc gitta hai
duong thang SD va BC.
Loi giai
BC//AD

¢+ Ta co: = SAD =90
SA 1 BC

> (SD, Bc) - (SD, AD) —SDA
¢+ ASADvubng tai A co:

tanSDA = % —1— SDA = 45° = (SD, Bc) _ 450

Bdi 2. Cho hinh lap phuong ABCD.A'B'C'D'. Tinh géc gitta 2 duong thang.
(1) ABva BC (2) ACva BC (3) A'C' va BC
Loi giai
(1) ABva BC o
+Tacd ABJ/A'B' ma (A'B,B'C)=90° nén (AB,BC')=90° |~ (

DI

(2) ACva B'C N

* Vi tit gidc ABCD la hinh vudng nén (AC, BC)=45°.

*Taco BC//B'C' nén (AC,B'C')=45°

(3) A'C’' va BC
¢+ Taco AC//A'C' va AACB' 1a A déu
* Do d6 (A'C',B'C)=(AC,BC)=60°.

Bdi3.  Cho hinh chép S.ABCD c6 day la hinh vuéng ABCD canh bang 4 va cic canh bén déu
bang a.Goi M va N Ian luot 1a trung diém ctia AD va SD. S8 do cua géc (MN, SC)

bang bao nhiéu?
Loi giai
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* Ta c6: MN//SA=>(MN,SC)=(SA,SC).
¢ Laicd: AC=av2.
¢+ Xét ASAC, nhan thdy: AC? =SA®+SC?.
¢+ Theo dinh li Pitago dao, ASAC vudng tai S.
5 ASC =90° hay (MN,SC) - (SA,SC) ~90°.
Bai 4. Chohinh chép S.ABCD, c6 day ABCD la hinh vuéng tam

O, canh béng a; SA vuong goéc voi day va SA = a\/§ . Khi
do, cosin goc gifta SB va AC bang

Loi giai
¢+ Goi I la trung diém cua SD
= Ol la duong trung binh cia ASBD
Ol//SB
=1 . SB SA+AB® 3d*+d’

Ol =q
2 2 2

* Vi OI//SB=>(SB, AC)=(OI, AC)= AOI

2 2 2 2
R AI:%:JSA +AD® 3 +d’

2 2
= Al =0l = AAOI can tai I.

+ Goi H Ia trung diém ctia OA=>IH 1 OA. Va OH =24~ “ZC _ “f
+ Xét AOHI, ta c6: cos HOI = OH _ ﬁ >cos(SB,AC) = ﬁ
o 4 4

Bai5. Cho hinh ling tru ding tam gidc ABC.A'B'C' c¢6 ddy ABC la tam giac can,

AB=AC=a,BAC =120° va canh bén AA’'=a+/2. Tinh gbc gitta hai duong thang AB'
va BC

Loi giai
* Ta c6 BC//B'C'=(AB',BC)=(AB,B'C’)
* Xét AABC' c6 AB' = AC' = AB? +BB? =u\3 A
+ Ap dung dinh ly cosin cho AABC, ta c6
BC? = AB* + AC* —2.AB.AC.cos BAC
=a? +4% —2.0.0.c08120° =34> = BC=B'C = a+/3 B At C

—>AAB'C’ déu, do d6 (AB’, Bc) = (AB’, B'C’) = AB'C' =60°

Bai 6. Cho t dién déu ABCD cé canh béng a, M la trung diém ctia canh BC. Goi « la goc
gitta hai dwong thang AB va DM, khi d6 cosa bang
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Loi giai
¢+ Goi N la trung diém ctia AC A
= MN la duong trung binh cia AABC
MN /] AB

MN=1 4B 5 b
¢+ Vi ABCD va AACD la cac tam giac déu canh a A
C
— MD=ND = %

*Vi MN//AB= a=(AB,DM)=(MN,DM)

2 2 2
v Xét AMND: cos NMD = MIN"+MD"=ND" _ 1 =£>o
2MN.MD 23 6

J3

= NMD <90° = (MN, DM) = NMD = cosa = cos NMD =?

Cho hinh hop ABCD.A'BCD' 6 d6 dai tdt cad cac canh bang a va cac goc
BAD,DAA’, A’/AB déu bz‘?mg 60°. Goi M, N lan luot 1a trung diém cua AA’,CD. Goi «
1a géc tao boi hai duong thang MN va B'C, tinh gid tri ciia cosa .
Loi giai
. JAD//BC . . :
* Ta co voi P la trung diem DC'.
MN //A'P

—(MN,B'C)=(A'P,A'D)=DA'P

* Vi BAD=DAA'= A’/AB=60° va cac canh hinh hop
bang a.
+Dodé AD=a,C'D=CA =a3.
AIDZ + Arch DC'Z
= — =
2 4

—> AP A'P:@.

A'D*+ AP*-DP* 35
2A'D.A'P 10

¢ Ap dung dinh 1y cos AA'DP: cosa =
Cho tit dién ABCD c6 CD =%AB. Goi G,E,F Tan luwot la trung diém cta BC, AC,DB,

biét EF ngB. Tinh goc gitta CD va AB.

Loi giai
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+ Goi G la trung diém ctia BC

+Dit AB=a.Tacoé GE=2B_4
2 2
cr=SP _2 4g_2% pp_S pp_>"
2 3 3 6 6

2 2 2
v T dé GE2+GF2 =% 447 250" _ppo
49 36

= AGEF vuong tai G.
* Vi GE//AB,GF [ /CD nén (AB,CD)=(GE,GF)=EGF =90°.

Bai 9. Cho hinh chép S.ABCcd BC =a+2, cac canh con lai déu béng a. Goc gitta hai duong
thang SBva AC bang bao nhiéu?

Loi giai
¢+ Ta c6 AB?+ AC? =2a* = BC* - AABCvudng tai A. S
* Goi H, M, N lan luot la trung diém BC, AB, SA.
MN //SB
/IS8 en (SB;AC):(MN;MH).
MH /] AC
MN_SB_ 2 Ny AC_a . BC a2
2 2 2 2 2 2
¢ Xét ASBC c6 SB=SC nén SH 1 BC
2
— SH =+/SB? —HB? = az—%zg.

¢ Lai c6 H la tdm duong tron ngoai tiép AABC.
* Ma SA=SB=5C=a nén SHL(ABC).
— ASAH vudng can tai H.
HN = % = %. Do d6 AMHN déu canh g. Géc can tim bang 60°.

Bai 10. Cho hinh chép t& giac déu S.ABCDcé day la hinh vuong ABCD canh a, d6 dai canh
bén ciing bang a. Goi M, NTan luot 1a trung diém ctia cac canh SAva BC. Goc gifta
MNva SCbang

Loi giai
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+ Goi P la trung diém cta SB,
*Ta c6 SC//NP=(MN,SC)=(MN,NP)=MNP.

vMa MP=2AB=2. Np=1s5c=".
2 2 2 2

2(SC?+ AC?)-SA*  gg2

MC? = =—;
4 4
a3
>
2(MC? + MB? ) - BC? 2
MN? = ( ) _
4 4
a3 5
2 2 2 —
v Do d6 cos MNP = NPT+ MN"=MP" _MN _ 2 _N3_ »ip_300.
2 NP.MN 2NP~ ,a 2
2

Bai 1.  Cho hinh lap phuwong ABCD.A'B'C'D’, goi I la trung di€ém cua canh AB. Tinh cdsin ctua
gbc gitta hai duong thang A'Dva B'I duoc két qua 1a

Loi giai
+ Goi do dai canh hinh lap phuwong la a>0. B_ o
*Taco BC /| AD= (A'D,B'I ) =(B’I,B’C)- 4 D
* Tinh duoc IB' =, |a* +(§j a5 _ =CI; CB' =aV2. S e
[4”’, N "\""'
12 12 _ 2 RN
¢+ Trong AB'CI : cosIB'C = COS(A'D,B’I) _IB*+CB*-IC* _ J10 | g
2.IB'.CB 5

Bai12. Cho t& dién ABCDc6 AB=CD=a.Goi M, Nlan luot la trung diém ADva BC. Xéac
dinh d6 dai doan thang MN dé géc giita hai duong thang ABva MNbang 30°.
Loi giai
¢+ Goi P la trung diém AC. A
+ Tacé NP//AB,MP//CDa NP :MP:%

= (AB,MN)=(NP,MN). \M
2 2 2
 cosMNp — MN? +NP°—MP* _ MN ,
2.MN.NP a 5
MNP =30°
(AB,MN)=30°= N
MNP =150° C
MNP =300 = N */_ & MN = i hosc MNP =150° = YN _ —g (loai).
a
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Bai13. Cho ti dién ABCD ¢6 AB=AD=a va BAC=BAD =60°,CAD =90°. Goi M la trung
diém ctia canh CD. Tinh d¢ dai canh AC d€ c6sin goc gitra hai duong théng AC va BM

. 1
bang —.
V3
Loi giai
¢+ Goi N la trung diém cua AD. A
* Ta c6 (BM, AC)=(BM,MN)=a
+bat AC=2x=MN=x>0

a3

¢+ Tacd AABD déu canh a nén BD =a,BN :T. B
C
¢+ AACD vudng tai Anén DC? = AD? + AC* =a° +4x° >
* Xét AABC ta c6 BC? =a® +4x* —2ax D
2, 2 2 2 2 2 2
Do d6 BMZ:a +a”+4x" -2ax  a” +4x :3a +4x° —4ax
2 4 4
3a% +4x* —4ax 2 3a°

2 2 2 -
¢+ Ta tinh cos BMN = BM” + MN” — BN = 4 4

2BM.MN 5 \3a% +4x% — Aax .

. 5 .
8x% —4ax 2x—a

Aanl3a% +4x% —4ax  \3a® +4x% —dax

2x—a |_
\/3a2+4x2—4ax‘
*+Dox>0nén x=a=AC=2x=2a

B&i14. Cho ti dién déu ABCD canh a. Goi M la trung diém ctia CD. Tinh gdc tao boi hai
duong thang AC va BM.

¢ Theo gia thi€t ta c6 cosa =

i<:>8x2—8ax=0<:> x
\/g a

Loi giai
¢+ Goi N 1a trung diém ctia AD
— MN la duong trung binh cia AACD = MN// AC . A
- (BM,AC) - (BM,MN).
B =N =3
* Xét ABMN : 2
a
MN = E B C
2 2 2 if:
" Nén cos BMN < BMC+MN? BN _ MN _ 1
2BM.MN 2BM 2.3 D
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¢ Do d6 (BM, Ac) - (BM,MN) _ BMN =arccos

243
Bai15. Cho tix dien ABCD ¢6 AB=AC=AD=a,BAC=BAD=60° va CAD=90°. Goi M la
trung diém cta BC. Tinh géc tao boi hai duong thang AB va DM .

Loi giai

AB=AC=aq ‘ )
+ AABC: — AABC la Adéu=BC=AB=a.

BAC =60°

AB=AD=a .
¢+ ABAD: = ABAD la Adéu=BD=AB=a.

BAD =60°

B
¢+ AACD vudng can tai A: CD=+AC?+AD’ = a2 .
M

* Xét ABCD ¢6 BC =BD=4a,CD=a+2, DM la trung tuyén: o

2 2 2 2 2 2 2
oy - DB +DC BC _a'+2d ' _5a° _ .. \5a

2 4 2 4 4 2
¢+ Goi N la trung diém cua AC
MN// AB
= MN 1a dutmg trung binh AMACB=1 AB_a :(DM,AB):(DM,MN).
2 2
¢+ Xét AACD vudng tai A ¢ DN la trung tuyén
2
Nén DN =+ AD? + AN? =,|AD? + A4C :@ .
DM = = Y51
= =— 2 2 2
* Xét ADMN: 2 - cospMN =MD T MNT-DN" _ MN __ 1
a 2.MD.MN 2.MD 2.5
MN =%
2
— DMN =arccos—— = (DM, MN )= (DM, 4B).
25
Bai16. Cho hinh chép S.ABCD c6 day la hinh thang vuong tai A va D, canh AB=2a,

AD=DC=a, SAL AB, SALAD,SA = Z“f.

(1) Tinh géc gifta hai duong thang SB va DC.
(2) Tinh géc gitta hai duong thang SD va BC.
Loi giai
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(1) Tinh géc gifta hai duong thang SB va DC.
¢ AB//DC = (SB, DC) - (SB, AB)

¢ Xét ASAB: tanSBA = % - @ — SBA = (SB, Dc) _30°

(2) Tinh géc gifta hai dwong thang SD va BC.

¢+ Goi [ la trung diém AB =

B-28_, (B=DC
~1B//DC
DC=a

— DCBI 12 hinh binh hanh = DI//BC = (SD, Bc) - (SD, DI)

¢ Ta cd: SD =+/SA? + AD? =

a2l . Twong tu: SI = a2l
3 3

¢+ Tk gidc AICD la hinh vudng canh a4 = DI = a\/z
2 2 cr2
SD"+DI' -5 _ 3 :(SD,BC)zarccos[ij

2SD-DI a2 Ja2

Bai17. Cho tir dién déu ABCD canh a.Goi M, N, P la trung diém cac canh AC,BC va BD.
(1) Xac dinh giao tuyén ctia hai mat phang (MNP) va (ACD) .

¢ Xét ASDI cosSDI =

(2) Tinh géc gifta hai dwong thang AB va CD.
Loi giai
(1) X4c dinh giao tuyén cua hai mit phang (MNP) va (ACD).
¢+ Tacod N, P lan luot la trung diém cua BC, BD
Neén NP la dwong trung binh ABCD — NP //CD.
(BCD)~(MNP)=M
{NP //CD
d//CD
{d NAD=Q
Vay giao tuyén ctia hai mat phang la MQ.
(2) Tinh géc gitta hai duong thang AB va CD.
Goi I la trung diém CD.
¢ ABCD ¢4 I la trung diém CD nén Bl L CD.
¢ AACD c6 I latrung diém CD nén Al LCD.
¢+ Suy ra CDJ_(ABI). Do d6 CD L AB.

—(BCD)N(MNP)=d  qua

Vay goc giita hai duong thang AB va CD la 90°.
Hét
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QUAN HE VUONG GOC TRONG KHONG GIAN

PUONG THANG VUONG GOC VOI MAT PHANG

.q Ly thuyét
)

1. Budng thang vudng géc véi mat phang

-@;Dinh nghia:

Puong thang d dwoc goi la vudng goc véi mit phang (a) néu d d

vuong goc véi moi duong thang a nam trong mat phang (a) .

Kyj higu: d L (o)< d La,Vac(a) A /a/
a) ¢
.y {M(P) i
Nhan xét: =dla
aC(P)

]
l@% Dinh 1y 1:
Néu duong thang d vudéng géc véi hai duong thang cit nhau
cting thudc mdt mit phang thi vuong géc véi mat phang Ay.
dlac (P)
dlbc(P)=dL(P) f
anb=M |

]
i@)‘ Dinh 1y 2:
C6 duy nhat:
* MOt mat ph:?mg:
+ di qua mot diém cho trudce, va
+ vudng gbc véi duong thang cho trude.
* Mot duong thang:
+ di qua mot di€m cho trudce, va
+ vudng goc voi mot mat phang cho trude.
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$ Mt phing trung truc cia mot doan thing
g

ngnh nghia:

Mit phing di qua trung diém I ctia doan thang AB va vudng
g6c véi duong thang AB 1a mat phang trung truc cia doan
thang AB.

Nhan xét: (P) la mat phang trung triec ctia doan thang AB

< VMe(P),MA=MB.

¥ Truc cia da gidc
g
-g',i)inh nghia:
Truc ciia da gidc 1a duong thang qua tam ctia duwdng tron ngoai tiép da gidc va vudng
gbc voi mit phang chira da giac d6. Néu mot diém nam trén truc ctia da giac thi né
cach déu cac dinh cua da giac.

Tam gidc thuong Tam giac déu Tam gidc vudng

Chiing minh:
Cho da giacc6 n dinh AA,...A,.
Goi O la tam duong tron ngoai ti€p da gidc va d 1a truc cua da giac.
Lay diém [ ed.
Khi d6: AIOA, = AIOA, =...=AIOA, (Avudng c6 2 canh bang nhau) = IA =IA, =...=IA
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2. Lién hé gita tinh song song - vudng gdéc cba dudng thdng & mat phdng

i@‘ Dinh Iy 3:

Cho hai duong thang song song, néu mat phang nao

vuong goc véi duong thang nay thi ciing vudng goc véi
duong thang kia. a

b
Tém tdt: {a” =b J_(P)

aL(P) h
. [
(2)  Hai duong thang phan biét cuing vudng géc véi mét / p

mét phang thi chiing song song véi nhau.
azb

al(P);bL(P)

l@‘ Dinh Iy 4: ﬁ

Mot duong thang vudng goc véi mdt mat phang thi né

Tém tit: { = a/lb

a

cling vudng goc véi bat ki mit phang nao song song véi

mat phang &y.

. le) /(B
Tém tdt: ( ) ( ):ai(ﬁ) ¢
al (a) & ]

(2) Hai mat phang phan biét ciing vudng gdc véi mot

duong thang thi song song véi nhau. 6] . /

(a)#(5) i
Tom tit: (o) La = (a)//(B)
(ﬁ)ia
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@ Dinh Iy 5:

Mot duong thang vuong géc véi mot mat phang thi
né vuodng goc véi bat ki duong thiang nao song song

véi mat phang Ay.

aJ_(ac)

Tém tit:
b

=alb

(«)
(2) Néumot duong thang va mot mat phang (khong chiea /o

dwong thang dé) cung vudng géc véi mot duong

AN

thang khdc thi chting song song véi nhau.

bcz(af)

Tém tit: b La :>b//(a)
(O.’) La
3. Phép chi€u vuéng géc
:gi)inh nghia:
e Cho duong thang A vuodng goc véi (a) . Phép chiéu

song song theo phuong ctia A 1én («) dugc goi la

phép chiéu vudng goclén (). .
. H 1a hinh chiéu vudng gdc (goi tit la hinh chiéu) caa / .

A lén (P) néu AH L(P)va He(P).

— T

4. Pinh Iy ba dudng vudéng géc
1

l@bj Dinh 1y 6 (dinh Iy ba dudng vuéng goéc):

* Cho a ndm trong () va b khong thudc (o) dong thoi \ '
khong vudng goc voi(a). A,/

* Goi V' lahinh chiéu vudng gécctia b trén (). -
* Khidéalbeall. -y
o A n/” B
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5. Goc gita dudng thang & mat phang

@ \hanxét | )

V) daL(P)=(d(P))=%r

2 a£(P)=(di(P))=(did") = AOH vsi @' 1a hinh chicu

ctia dwong thang d 1én (P)
Chil j: 0<(d;(P))=<90°.
6. Kién thuc bé trg
6.1. Mot s6 ' moé hinh thuong gap
(1). Hinh chép S.ABC c6 SA vuodng goc véi déy.

e SA1BC
e ASAB, ASAC vudng tai A

¢ A la hinh chiéu vudéng goc cua S 1én (ABC ) A C

(2). Hinh chép tam gidc déu.

e bDay AABCla tam giac déu.

e Maitbén la cc tam gidc can tai S. (hodc la tam
giac déu néu hinh choép la t dién déu).

e O latrong tam AABC.

e SO _L(ABC), SO latruc AABC.

e SA=SB=SC

(3). Hinh chép t gidc déu.

e Day ABCD la hinh vudng, cac mat bén la cac
tam gidccan tai S.

e Cdactam giac SAC,SBD cantai S.

¢ O lahinh chiéu ctaa S 1én ABCD.

e SO L1 (ABC), SO latruc hinh vuong ABCD.

e SA=S5B=SC=SD.

(4). Hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh, hinh chit nhat, hinh vudng, hinh thoi.
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e A lahinh chiéu ctia S 1én ABCD.

e (C4ctam gidc SAB,SAC,SAD vudng tai A.

e Dc biét: Néu ABCD la hinh vudng hoac hinh
thoi thi AC vudng goc BD.

¢ A lahinh chiéu cua S 1én ABCD.

e (C4ctam gidc SAB,SAC,SAD vudng tai A.

e Dic biét: Neu AD=2BC:

+Goi I la trung diém AD thi CI L AD.

+ Trong treong hop théem AB=BC thi AC LCD.

6.2. Cdc hé thiic lvgng trong tam gidc
(1). Tam giac ABC vudng tai A:

1 1

'SAABCZE‘Z'hZEb'C
e a° =b* +¢” (dinh Iy Pitago) !
eb’=b"-a /

2 ' :
ec=cC"-a M ¢

2 _
c o =b-c osir1B=cosC=A—C
ea-h=bc B

1 1 1
.F:b—z-|-c—2 ocosstir1C=ﬁ

’ 2
.b_lzb_z otanB:co’cCZ£

¢ ¢ A

1 A s AB

.AM:EBC véi M 1a trung diém BC. . COtB=COtC=A—C

(2). Tam giac thuong:

e Dinh li cosin:

a’ =b*+c*—2bc-cos A
b®> =c*+a°—2ca-cosB
c*=a® +b*—2ab-cosC

e Tinh cosin 1 géc:

B H M C

- a -

e Dién tich tam gidc
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2 2 2
cos A te A
2bc
2 2 2
cosp S ta b
2ca
2 2 2
cosC oAt =
2ab

e D¢ dai trung tuyén:
Z(b2 +c? ) —a’

mZ
! 4
, 2(a2 +c2)—b2
m, =
4
2(a® +b%)-c°
2
‘ 4
s b c
e Dinh li sin: — =——=——-=2R
sinA sinB sinC
(3). Tam giac deu:
Xét tam giac déu canh x.
Dién tich tam gidc déu: S = xz.ﬁ
\ e V3
Duong cao tam giac déu: h= x.T
Véi G la trong tam AABC: AG= %.AH =Xx.

6.3. Cdc chii yj khac

| &

— Do dai dudng chéo hinh vudng canh bng a 1a av/2.
- Do dai duong chéo hinh chit nhat c6 dg dai 2 canhla a va b la Na? +b%.
— Trong hinh vudng va hinh thoi, cdc dwong chéo cit nhau tai trung diém mdi dwong va vuong

gbéc nhau.
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.‘:; Bai tap
)

R Dang 1. Ching minh dudng thdng vuéng géc mét phéng

PR

Phuwong phap )

=
M
Chitng minh d vudng gdc véi hai duong thang cat nhau ciing chita trong (P)
M Cdch 2.
Chttng minh d song song véi a ma a L (P)

M Cdch 3.
Chung minh d 1 (Q) va (Q)//(P).

E@\Vi du 1.1.

Cho hinh chép S.ABC c6 day la tam gidc ABC vuong tai B va c6 canh SA vudng

gbc v6i mat phang (ABC ) :
(1) Chitng minh BC L (SAB).
(2) Goi AH 1a dwong cao ctia ASAB. Chirmg minh AH L SC.

= Loi gidi

n

(1) Chibng minh BC L (SAB).
*Tac6 SA L(ABC) ma BC =(ABC) =SA LBC(1).
¢+ AABC vuong tai B hay AB_1 BC (2)

* Trong (SAB):SANAB=A4, (3). L LF o
*Ttr (1), (2) va (3) = BC L(SAB). ‘
(2) Chitng minh AH L SC. B

* Theo cau (1), BC L (SAB) ma AH =(SAB) nén AH 1 BC.

¢+ Lai c6 AH la duwong cao cua ASAB = AH 1 SB.
¢+ Trong ASBC, AH L BC va AH1SB = AH 1 SC.
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B2
Cho t& dién OABC ¢6 OA,OB,0OC d6i mot vudng goc vdinhau. Goi H 1a hinh chiéu
vudng géc cua O trén mat phang (AB C). Chttng minh:

(1) BC L(0OAH).
(2) H 1a truc tam ctia AABC.
= Loi giai
Goi I la trung di€ém BC
(1) Chitng minh BC L (OAH)..

, |OA LOB
Ta co
OA 1 0C

_|OH 1 (ABC)
BC = (ABC)
Vay BC L(OAH).

= OA 1 (OBC)=0OA L BC.

nén OH 1 BC.

(2) Chitng minh H 1a truc tdm ctia AABC.
Do OH L(ABC) nén OH L AC(1).

) {OB 10A
Ta co

nén OB L (OAC)= OB L AC(2).
OB LOC

Tix (1) va (2) = AC L(OBH)=> AC L BH.
Mat khac BC 1 (OAH)= AH L BC.
Vay H la truc tam caa AABC

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

R Dang 2. ChUng minh hai dudng thdng vuéng géc

M Chting minh hai duong thang a va b vudng gdc véi nhau, ta lam nhw sau:
* Buoc 1. Chon (P ) chtta duong thang b

*  Budc 2. Ching minh a L (P)—>a Lb

E@\Vi dy 2.1.

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng, canh bén SA vuong goc voi
day. Goi H,K Tan luot la hinh chiéu caa A 1én SC, SD. Chting minh HK L SC.

= Loi giai
Chon (AHK)> HK — Chtng minh SC L (AHK)

. |CD L AD
Ta co
CD 1 SA

Ma AK 1 SD nén AK 1(SDC)=> AK LSC.
Mit khac AH 1.SC nén SC L ( AHK).
— HK 1 SC.

E@\Vi dy 2.2.

Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vudng tai A va B,
SA L(ACBD),AD =2a, AB = BC =a. Ching minh rdng CD 1 SC.

=CD 1 (SAD)=CD L AK

= Loi gidi
SA 1 (ABCD)
CD < (ABCD)
Goi I la trung diém AD.
Tt giac ABCI la hinh vuong — ACI = 45°
Mat khac, ACID la Avudng can tai I nén DCI =45°.
Suy ra ACD =90° hay ACLCD (2).
Tix (1) va (2) =CD L (SAC)=CD L SC.

Ta c6: }:SALCD (1).
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.q Luyén tap
L

Dang: Chung minh vudéng gdc
Bai18. Cho hinh chép S.ABC ¢ déy ABC la hinh tam gidc vudng tai A va c6 SA L(ABC).

Chting minh rang AC L SB.

Loi giai

Vi SA 1 (ABC)

Nén AB 1a hinh chiéu vuéng géc cua SB trén (ABC).

Mt khac theo gia thiét AC L AB.

Suy ra AC L SB (theo dinh ly ba duong vuong goc).

&
Bai19. Cho hinh chép S.ABCD cé day la hinh vuéng tam O va SA vudng gbéc voi ddy. Goi H, I, K
lan lwot 14 hinh chiéu vudéng géc cua A 1én SB, SC, SD.

(1) Chitng minh rang CD L (SAD), BD 1 (SAC).
(2) Chttng minh SC 1 HK.
(3) Chitng minh rang HK 1 AI.
Loi giai
(1) Chting minh réng CD L (SAD), BD L(SAC).
& Chitng minh CD L (SAD)
¢+ Theo ABCD 1la hinh vuéng nén CD 1 AD (SAD) (1) .
* SAL(ABCD)=SA 1CD (2).
* Trong (SAD):SANAD=A, (3).
*Ttx (1), (2) va (3) =CD L(SAD).
8 Chitng minh BD 1 (SAC)
* Theo ABCD la hinh vuéng nén BD 1 AC (4).
* SA 1L (ABCD)va BD <(ABCD) =SA 1 BD (5).
* Trong (SAC):SANAC=A, (3).
* Tix (4), (5) va (6) = BD L(SAC).
(2) Chting minh SC 1 HK .
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BC L AB
*Tacé:{ BCLSA = BCL(SAB) ma AHc(SAB)= AH LBC
AB,SA = (SAB)
¢+ Lai c6 AH L SB nén theo hé qua, ta dwoc AH 1 SC.
* Theo cdu (1), CD 1 (SAD) ma AK =(SAD) nén AK LCD.
¢+ Lai c6 AK la duong cao cta tam giac SAD = AK 1L SD.

Nén theo hé qua AK L SC.
Trong AAKH: AH 1 SC va AK L SC nén theo hé qua HK L SC.

(3) Chttng minh réng HK L Al.

: _ _g—o)=H_5K
* Ta c6 ASAB=ASAD(c—g—c)= g~ sp — HK//BD (7).

* Theo cdu (1), BD 1 (SAC) ma Al =(SAC)=BD L AI (8).
* Tt (7)va (8), HK L Al
Bai 20. Cho tt dién S.ABC c6 déy ABC la tam gidc vudng tai B va SA L(ABC).
(1) Chitng minh BC L (SAB).
(2) Goi AHva AK la dudng cao ciia ASAB,ASAC. Ching minh SC L ( AHK).
(3) HK cat tia CB tai I. Chting minh: AAIC vudng.

Loi giai
(1) Chting minh BC 1 (SAB).
* Ta c6: {BC o4 B (SAB).
BC L AB
(2) Chting minh SC 1 ( AHK).
 [AH 1B
* Ta c6: {AH L BC(BC L (54B)) = AH L (SBC)
AK 1SC
* Tacé: ¢ AH L SC(AH L(SBC))=SC L (AHK).
AH, AK = (AHK)
(3) HK cat tia CB tai I. Chting minh: AAIC vudng.
_ |ATLSA(SA L(ABC))
* Ta c6: = Al L (SAC)= AI L AC.
AI L SC(SC L(AHK))

Vay AAIC vudng tai A.
Bai 21. Cho hinh chop tam giac S.ABC c6 day la tam giac vuong tai A, SB L (ABC ) .
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(1) Chting minh rang ASAC vudng.
(2) Goi BH va BK lan lugt 1a dudng cao ctia ASAB, ASBC . Chitng minh rang ABHK
vuong.

Loi gii

[AB1 AC
"1 sp 1 ac(sB L (4BC))

= AC 1 (SAB) = AC L SA = ASACvubng tai A.

{AC 1(SAB)
* Ta c6: = BH L AC(1)

BH  (SAB)
* Lai c6 BH L SA( gia thiét) (2).
* Tix (1) va (2) = BH 1L (SAC), ma HK < (SAC)=>BH L HK = ABHK vuéng tai H.

Bai 22. Cho t dién S.ABC c6 SA L (ABC) va AABC vudng tai B. Trong mit phang (SAB) ké
AM 1 SBtai M, trén SC1ay N sao cho MN//BC . Chting minh rang:
(1) AM L(SBC) (2) SBL AN
Loi giai
(1) AM L(SBC)
[ABLBC g
Hla CO:{SA 1 BC(SA L(ABC))
= BC 1 (SAB), ma AM =(SAB)=>BC 1 AM(1), N
* Lai c6 AM 1 SB(2)
* Tr (1) va(2) = AM L (SBC).
(2) SBLAN A C
* Ta co: {BC L(548) = MN 1 (SAB)= MN 1 SB(3)
MN//BC N>
* Lai c6 AM 1 SB(gia thiét) (4). b
* Ttr (3)va (4) =SB L(AMN), ma AN <(AMN) =SB L AN.
Bai 23. Cho tir dién ABCD c6 hai mdt ABC va BCD la hai tam giac can c6 chung day. Goi I

la trung di€ém ctia canh BC.
(1) Chting minh: BC L (ADI).
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(2) Goi AH la dudng cao trong AADI . Chting minh AH 1 (BCD).

Loi giai
(1) Chting minh: BC L(ADI). 5
¢+ AABC cantai A J
va Al la duong trung tuyén va la duwong cao = Al L BC (1).
¢+ ADBC can tai D
va DI la duong trung tuyén va la duong cao = DI 1 BC (2).
* Tix (1) va (2) suy ra BC L(ADI).
(2) Chting minh AH 1 (BCD) A ¢
* Theo cau (1), BC L(ADI), AH (ADI).=BC L AH. 7
* Mat khac, AH L DI, BC~DI ={1},BC,DI =(BCD). B

Bai 24.

Bai 25.

Vay suy ra AH L (BCD).
Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai A, SA L(ABC ) Lay D déi
xtng voi B qua trung diém O ctia AC. Chtng minh CD L (SAC )

Loi giai
* Ta c6 ABCD la hinh binh hanh (hai dwong chéo cat nhau
tai trung diém mdi duong)
—=CD//AB.
+Ma BA1 AC=CD 1L AC(1).
* Mat khac SA L (ABC)=SA LCD(2). A
Tix (1) va (2) suy ra CD L (SAC).
Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat co6 AD=2AB, SA L (ABCD).
(1) Goi AH, AK lan luot la cac duong cao cia ASAB, ASAD. Chitng minh SC | HK.

(2) Goi M, N Tan lwot 1a trung diém AD,BC.Ké Al 1. SM tai I . Chtirng minh SN 1 HI
Loi giai

n

(1) Chttng minh SC 1 HK.

BC 1 AB
¢+ Tacd

BC L SA(SA 1 (ABCD))
= BC L (SAB), AH =(SAB) =BC 1 AH.

* Ta c6 }:AHJ_(SBC):AHJ_SC (1).

* Tuong tw CD 1 (SAD), AK =(SAD)=CD L AK.
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*Ta c6 }:AKL(SCD):AKLSC 2).

(2) Chting minh SN L HI .
¢+ Tac6 ABNM la hinh vudng.
*Tacd AH 1(SBC),SN =(SBC)= AH LSN (3).

NM L AM
"NM L SA(SA L(ABCD))
= NM L (SAM), Al < (SAM) =NM L Al .

. Al 1 SM
Al 1L NM

Tix (3) va (4) —SN L(AHI)= SN L HI.

} = Al L(SMN)= AI LSN (4).

Bai 26. Cho hinh chdép S.ABCD c¢6 day ABCD Ia hinh vuong tam O. Cac canh bén ctia hinh
chép bang nhau.

1) Chting minh: SO 1 (ABCD).

2) Goi M la trung diém BC. Chting minh: BC L (SOM).

3) Goi H la hinh chiéu ctia O trén SM . Chting minh: OH L (SBC).

4) Chting minh: SC L BD.

5) Goi I,K Tan lwot la trung diém ctia SB,SD . Chting minh: SC L IK .

Loi giai

(
(
(
(
(

(1) Chitng minh: SO 1 (ABCD).
¢+ Tac6 SA=SB=SC=SD=>ASAC va ASBD can dinh §S.
*Do d6 SO L AC va SO LBD. Suy ra SO L(ABCD).

(2) Chtng minh: BC L (SOM).

* Do ABCD Ila hinh vuéng nén OM L CB.
* Mat khéc SO 1 (ABCD) nén CB 1 SO.

+Tedétasuyra CB L (SOM) .

(3) Chting minh: OH L (SBC).
+* Do H la hinh chiéu cua O 1én SM nén OM L SM.
¢+ Theo trén ta c6 CB L (SOM) nén OM L CB.

Vay OM L (SCB).
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(4) Chting minh: SC 1 BD.
* Do ABCD la hinh vuong nén BD L AC.
¢ Theo trén ta c6 SO L (ABCD) nén BD 1 SO.

¢+ Suy ra BDJ_(SAC). Do d6 BD L SC.

(5) Chting minh: SC L IK .
¢+ Do I,K la trung diém SB,SC nén IK| BD.
* Theo trén thi BD 1. SC nén IK 1 SC.

Bai 27.  Cho hinh chép S.ABCD ¢6 déy hinh vuéng tim O va SO L(ABCD). Goi M,N va P
lan luot la trung diém cac canh SA, SB, CD.
(1) Chttng minh SA=SB=SC =SD
(2) Chteng minh MN L. SP

Loi giai
(1) Chttng minh SA=SB=SC =SD
* Do ABCD la hinh vuéng tam O va SO L (ABCD)

Nén SO L AC va SO_LBD.
+ Mét khac OA=0B=0C =0D nén SA=SB=SC=SD
(hinh chiéu bang nhau thi dwong xién bang nhau)
(2) Chttng minh MN L SP
*Do M,N latrung diém SA va SB
Nén MN//AB//CD (dwong trung binh.)
¢+ Médt khac P la trung diém CD va SC=SD (chtung mmh tren)
*Suyra SP 1L CD, dodo SP_L MN.
Bai 28. Cho hinh chop S.ABCD c6 ddy ABCD la hinh thang vudng tai A va D. Cho
AB=2a; AD=DC=a va SA L (ABCD).

(1) Chting minh: SCD va SBC 1a cic tam giac vudng.
(2) Goi M, N Tan lwot 1a trung diém SA va SB. Chtimg minh DCMN 1a hinh chit nhét.
Loi giai

(1) Chtrg minh: SCD va SBC 1a cac tam gidc vudng. s

CD L SA . .
¢+ Ta co DL :> CD L SD = ASCD vudng tai D.

¢+ Goi I la trung diém ctua AB,
Suy ra CI =IA=IB nén AACB vudng tai C.

CBLSA R . ?
+ Ta cé | = CB L SC = ASCB vudng tai C. D c
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(2) Chting minh t gide DCMN 14 hinh chi nhat.

Bai 29.

(1) Chttng minh: cac tam gidc SAB va SCD vudng

(2) Chting minh AN L (SMB) .

Bai 30.
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MN/] AB

¢+ Do MN la duong trung binh ASAB nén 1
MN = 5 AB

MN// CD

Suy ra 1 = DCMN la hinh binh hanh.
MN = > CD

* Mit khac CD 1 DM (CD L (SAD))

¢+ Do d6 DCMN 1la hinh chit nhat.
Cho hinh chép S.ABCD c6 day ABCD la hinh vudong SM J_(ABCD) voi M la trung

diém cua AD.
(1) Chting minh: cac tam gidc SAB va SCD vudng
(2) Goi N la trung diém ctia CD . Chimg minh AN L (SMB) .

Loi giai
., |AD L AB . _
¢+ Ta co = AB 1 SA = ASAB vudng tai A.

SM 1 AB

., |ADL1CD A .
¢+ Ta co = CD L SD = ASCD vuong tai D.
SM 1CD

¢+ AAMB=ADNA, MAB = ADN =90°.
¢+ AMB+ ABM =90° = AMB+ DAN =90° = AIM =90°.

, |AN L BM D
¢+ Ta co :>ANJ_(SBM).
SM 1 AN
Cho hinh chép S.ABCD c6 day ABCD la hinh vuoéng canh a4, SA =a. Hinh chi€u cta

S trén (ABCD) 1a H ndm trén canh AC va AH = ATC Goi CM 1a duong cao ctia tam
giac SAC. Chiing minh M la trung diém ctia SA.
Loi gidi s

a14

+ ASAH vudng tai H nén SH =+SA* - AH® = PR

A |
+Taco CM = SH.AC _ w7 . Al
SA 2 5

¢+ AAMC vuodng tai M nén AM =+ AC*-CM? =§=S7A RS D
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Suy ra M la trung diém cta SA.
Bai 31.  Cho hinh chép S.ABCD, c6 day ABCD la hinh vudng canh a, mdt bén SAD la tam giac
déu, SB= a\/E . Goi H,K lan luwot 1a trung diém cua AD,CD.
(1) Chtting minh SH L (ABCD)
(2) Chitng minh BD 1 SK
Loi giai
(1) Chting minh SH L (ABCD)

¢+ Tacd HB=+/AB? + AH? = / a “*/_

+ ASAD la A déucanh a: SH=—

H52+HBZ_SB2 §€l2+§a2—2a2
¢+ ASHB: cosH = _4 4 =
2.HS.HB E a5
22

= SHB=90° = SH | HB.

SH 1 AD
* Khi d¢: = SH L (ABCD).

SH L HB

(2) Chttng minh BD 1 SK

HK//AC
+ Ta co
BD 1 AC

* (ABCD) L SH = BD 1. SH => BD 1 (SHK)=>BD L SK.

Bdi 32. Cho t& dién OABC, c6 ba canh OA,OB,OC d6i mot vudng goc. Goi H la hinh chiéu
ctia O 1én mit phang (ABC ) Chttng minh:

= BD 1 HK.

(1) OA L BC,0B L AC,0OC L AB. (2) BC L(OAH)
1 1 1 1

(3) H 1a trwc tAm tam giac ABC. 4) = + +
' & OH? OA? OB OC?
Loi giai
(1) OA L BC,0B L AC,0C L AB A
OA 1 OB
¢+ Xét OA & AOBC: — OA 1 BC.
OA 1 OC
OA 1 OB
¢+ Xét OB& AOAC : — OB L AC.
OC 1 OB
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OA 1L OC
=0OC L AB.

¢+ Xét OC& AOAB:
OB L OC

(2) BC L(OAH)
{OH 1 (ABC)
¢+ Ta co: = OH 1 BC.
H e(ABC)
(OBC) LOA=BC LOA = BC L(AOH)
(3) H 1a truc tAm tam gidc ABC
* Ta c6: BC L(AOH)=>BC L AH(1)

*Ta c6 {AC TR ac 1(BOH)= AC L BH(2)
AC 1L OB
Tw (1),(2) tacd H la triec tam ctia tam gidc ABC.

1 1 1 1

= + +
OH?> OA* OB* OC?

4)

1 _ 1 1

OH? ON? O0A*
_1 1

ON? OB® OC?

¢+ Tam giac vuong AON c6 OH la duong cao nén:

¢+ Tam gidc vudng OBC c6 ON la duong cao nén:
_1 11
OH? 0A* OB* OC*
Bai 33. Cho hinh chop S.ABCD, c6 day la hinh vuong ABCD canh a. Médt bén SAB la tam gidc
déu, tam giac SDC vudng can dinh S. Goi I, ] lan luot la trung diém AB va CD

(1) Tinh c4c canh ctia tam giac SIJ, chtiing minh SI 1 (SCD),S] 1 (SAB).
(2) Goi H 1a hinh chiéu ctia S trén I]. Chting minh SH 1 AC.
(3) Goi M 1a diém thudc duong thang DC, sao cho BM L SA. Tinh AM?
Loi giai
(1) Tinh céc canh ctia tam giac SIJ, ching minh SI L(SCD),S] L(SAB). S

Suy ra

¢ ASAB la tam giac déu nén SI = %.

v IJ//AD,IA=IB=1] = AD=a.
¢+ ASDC vudng can dinh S, | 1a trung diém caa CD

Nen: 5j= 2 -4
2 2 RN AN VSN, D
8 Chibng minh SI L(SCD): P N 7

¢+ Tacé SI L AB//CD=SI 1CD.
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4 2
. a2=(§} +(gj = IJ? =SI” +5]? = ASI] vuéng tai S=SI L S] = SI L(SCD).

&t Chitng minh: SJ L (SAB):

¢+ Tacéd ASI] vudng tai S=SJ LSI.
¢+ Taco ASCD vudng can tai S=S] LCD//AB=S5] L AB.

Suyra S] L (SAB)
(2) Chttng minh SH 1. AC.
*Taco SHLIJ(Hel]).
. {CD 19]
CDL11]
Suy ra SH L(ABCD)(H €(ABCD))=SH L AC.

= CD L(SI]),(SH =(SIJ))=CD L SH.

(3) Tinh AM
¢+Ké BM1 AH=P, AH~NCB=K.
IH Al 1

¢ AAIH~ABCM:—=—=-=CM=2IH
CM BC 2

¢ Xét ASHI : [H =+/SI? —SH?

A

:>CM:21H=3—2a.

¢+ AADM : AM? = AD? + MD?
2
= AD*+(CM-CDY =% = am =22
4 2
Bai 34. Cho hinh ch6p S.ABCD, day ABCD la hinh chit nhat c6 AB=a,BC = a3, matbén SBC
vudng tai B, SCD vuodng tai D c6 SD = a5 .

(1) Chting minh SA 1 (ABCD) va tinh SA.

(2) Puong thang qua A vudng goc véi AC, cat CB,CD tai I,]. Goi H 1a hinh chiéu
cua A trén SC, K va L la giao di€ém cua SB,SD voi (HI]). Chttng minh AKJ_(SBC)
va AL 1(SCD).
(3) Tinh dién tich t gidc AKHL.
Loi giai
(1) Chting minh SA 1 (ABCD) va tinh SA.
¢ Ta c6: BC L AB (do ABCD la hinh chit nhat)
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¢+ BC LSB (do ASBC vuong tai B)
= BC L (SAB).Ma SA<(SAB)= BC LSA.

* Ta c6: DC L AD (do ABCD la hinh chit nhat)
¢+ DC 1 SD (do ASDC vuodng tai D)

= DC 1 (SAD).Ma SA<(SAD)=> DC LSA.

¢ Ta co: } =SAL(ABCD). A )
I
* SAL(ABCD),AD =(ABCD)=SA L AD.

= ASAD vudng tai A = SA = \/SD2 —~AD? = \/5012 —37% = a\/E.
(2) Chiing minh AK L (SBC) va AL L(SCD).

* Vi SA L(ABCD), I] <(ABCD) =SA L1].
I LAC
I] LSA
* Mt khac, AH LSC
* JNAH ={A};1],AH < (I]H)
) :{SCLAK (1) |

SCLAL (2)

* Ta co: BC L(SAB). Ma AK = (SAB)= BC L AK(3).

* DC L(SAD).Ma AL<(SAD)= DC L AL(4).

+Tw (1) va (3) suy ra AKJ_(SBC).

+Tw (2) va (4) suy ra ALJ_(SDC).
(3) Tinh dién tich t& gidc AKHL.

+ Ta c6 AC =+ AD? +CD* =+/3a’ +a* =2a.

S
12: 12+ 12:>AH:2a\/§.
AH?  AS*  AC 3
* Ta c6: AK L(SBC).Ma SB<(SDC)=> AK LSB

* AL 1(SDC).Ma SD <(SAD)=> AL LSD .
L = L + L :AK:—a\/g.
AK? AS*  AB? 3
12: 12+ 12:>AL:
AL*  AS* AD
+ C6: AK L(SBC). I

* Ta c6: } = 1] 1L (SAC).Ma SC =(SAC)=1] LSC.

=SC L(JH

¢+ ASAC =

¢+ ASAB =

¢+ ASAD =

ay30
5

-
....
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2
Ma KH = (SBC)= AK L KH = KH =y AH? - AK? =% :>SAAKH=%KH.KA=%.

\/% .

* AL 1(SDC).Ma LH =(SAD)= AL L LH = LH =N AH* - AL’ :%

1 a 8a°
:>SAAHL :ELHLAzg Vay SAKHL :SAAKH +SAAKL :E .

Bai 35. Cho lang tru ABC.A'B'C' c6 AA' vudng gbc véi day, tam giac ABC déu canh a va
CC'=a.
(1) Goi I la trung di€ém cua BC. Chting minh Al L BC'.
(2) Goi M la trung diém cta BB'. Chitng minh AM 1 BC'.

(3) LAy diém N thudc A'B' sao cho NB' :% va goi | la trung diém cua B'C'. Ching
minh AM 1 (MN]).
Loi giai
(1) Chttng minh AI L BC'. A C

* Vi AABC déu, I 1 trung diém BC = AI 1 BC. ‘

*Taco: AA'L(ABC) ma Al <(ABC) = AA' L Al.
* Mit khac, AA'//BB'= BB' L Al.

. Al LBC -
* Ta c6: = Al L(BCC'B')

Al ol

Al 1 BB’

*Ma BC' < (BCC'B')=> Al LBC'.
(2) Chttng minh AM L BC'.

* Ta c6: AA' L (ABC) ma AA'//BB'//CC' = BB' L(ABC),CC' L(ABC).

B=C=90° } A ¢

BC=CC'=B'C'=BB
= BCC'B' 1a hinh vuéng => BC' 1L BC(1). B
* Vi I, M Tan luot la trung diém BC, BB'
= IM la duong trung binh ABC'B' = IM//B'C(2).

+ Tir (1) va (2) =BC' LIM . AR
BC' L Al

* Ta cé: }:BC’L(AMI).M& AMc(AMI) =AM 1BC'. p

¢+ Xét ti giac BCC'B' co:

BC' 1L MI
(3) Chting minh AM L (MN]).
¢+ Goi K la trung diéfm A'B° =CK L A'B' (vi AA'B'C' déu)
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" Tacs AA'} = C'K L(ABB'A’) (3)

C'KLAPB
* Vi N, ] Tan luot la trung diém cua KB',B'C’
= NJ la duong trung binh AKB'C' = N]//KC’(4).
* Tr (3) va (4) = NJ L(ABB'A').
Ma AM < (ABB'A’)=NJ L AM. P M o
*Vi M,] lanluotla trung diém BB;B'C'  NU /| >
= M]J 1a duong trung binh ABB'C' = MJ//BC'. K N\ -~ J
Ma BC' L (AMI)= M] L(AMI)= M] L AM. B
* Ta c6 AMLM]}:AMJ_(MN]).
AM L NJ

Dang: Géc gitra dudng mat
Bai 36. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuéng tam O, SA vudng goc véi mat phang
(ABCD). Tim hinh chiéu ctia:

1) SC,SB,SO 1én mit phang (ABCD).
2) AC,SC,SD 1én mat phang (SAB).
3) SB,DC 1én mit phang (SAC)

4) SA, AC lén mit phang (SCD).

—_—  —~

)
)
)
)

Loi giai
(1) SC,SB,SO lén mit phing (ABCD).
*C6 SA L (ABCD)=> A la hinh chiéu cua S 1én (ABCD)
— AC, AB, AO la hinh chiéu ctia SC,SB,SO lén (ABCD).
(2) AC,SC,SD 1én mat phang (SAB).
*C6 SA L (ABCD)=SA L CB;

+ bay ABCD la hinh vuéng = AB L CB
= CB L (SAB)=> B la hinh chiéu ctia C 1én (SAB).

—> AB, SB Tan luot 1a hinh chiéu ctia AC,SC 1én (SAB) )

+ Co {CB L (SAB) — AD | (SAB) = A 1a hinh chiéu cua D 1én (SAB) .
AD//CB

* Do d6 SA la hinh chiéu cua SD 1én (SAB).
(3) SB, DC 1én mit phang (SAC)
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*C6 SA 1L (ABCD)=SA 1L BD; day ABCD la hinh vuéng = AC 1L BD
= BD L (SAC) ma BD(SAC)=0.
= O la hinh chiéu cta B va D 1én 1én (SAC ) .
* Do d6 SO,0C Tan luot la hinh chiéu ciia SB, DC 1én (SAC).
(4) SA, AC 1én mit phang (SCD).
*C6 SA L (ABCD)=SA LCD; ddy ABCD la hinh vuéng = AD 1. CD
= CD 1 (SAD).
* Trong (SAD), ké AH 1SD=> AH 1(SCD)=>H la hinh chiéu cua A 1én (SCD).
* Do d6 SH, HC Ian luot 1a hinh chiéu ctia SA, AC 1én (SCD).

Bai 37. Cho hinh chép S.ABC c¢6 SA vudng goc véi day, ABC la tam gidc vudng can tai B. Cho do
dai cac canh SA = AB=a. Xéac dinh va tinh:

(1) Géc gitta SB va (ABC)
(2) Géc gitta SC va (SAB).
Loi giai
(1) Géc gitra SB va (ABC)
¢+ AB la hinh chiéu vudéng goc cua SB 1én (ABC )
Suy ra goc gitta SB va (ABC) la SBA.
¢+ Tam gidc SABvudng can tai A suy ra SBA=45°.
(2) Géc gitra SC va (SAB).
, |CBLAB
*Taco
CB_1SA
¢ SB la hinh chiéu vudng gbc cua SC 1én (SAB).

= CB L (SAB)

* Goc gitta SC va (SAB) la CSB.

¢ Ta c6 SB=+SA? + AB? =a* +a? =+[2a
+ Vi CBL(SAB) nén CB 1 SB.

¢+ ASBC vuong tai B co tanCSB:E= e _ 1 = CSB ~ 35°15'.

SB Jau 2

Bai 38. Cho hinh chép S.ABC ¢6 SA L (ABC), SA=2a.AABC déu canh a. Tinh
(1) Géc gifta duong thang SB va (ABC)
(2) Géc gitra dwong thing SC va (SAB)
Loi giai
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(1) Géc gitra dwong thang SB va (ABC)

+ SA L(ABC)=>(SB,(ABC)) (5B, AB) - 5BA 2
¢ tanSBA = 4 = 2a =2 = SBA =63°26
AB a
(2) Goc gifta duong thang SC va (SAB)
¢+ Goi E la trung diém AB. Ak C
*Tacé EC L AB va SA LEC
* Do d6 EC L(SAB) E
Suy ra (SC,(SAB))=(C,SE) =CSE B
a3
vtanCSE=EC -2 */157_7 — CSE = 23°56'

()
2
Bai39. Cho hinh chép S.ABC c6 ABC la tam gidc vudng can tai B, SAL (ABC),
AB=a,SA=a\3.
(1) Tinh goc gitta dudng thang SC va (ABC).
(2) Goi H,K Tan lwot 1a duong cao ctia ASAB,ASAC . Tinh géc giita duong thang AK
va (SBC).
Loi giai
(1) Tinh géc gitta dwong thang SC va (ABC )
+ SA L(ABC)= (SC,(ABC))=(sC, AC)=5CA ~

tanscA=SA 093 V8 ooy snon
AC g2 2 K
(2) Tinh géc gitta dwong thang AK va (SBC ) ()

) {AHLSB

* Ta c6 = AH 1(SBC)
AH 1 AB

= AK,(3BC))=( AK, HK) = AKH 5

SA.AB
AH _ SB _ AB.SC _ \/E — AKH =52°14' .
AK SA.AC SBAC 4
SC

¢+ sin AKH =
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Bai 40. Cho hinh chép S.ABCD <o dday ABCD la hinh chtx nhat,
AB=a,AD =a3,SA L (ABCD)Vé SA =a.Tinh géc gifta dudong thang va, duong thang
va.

(1) Géc gitta dwong thing SD va (SAB)
(2) G6c gitta duwong thing SC va (SAB)
Loi giai

(1) Géc gitra dwong thing SD va (SAB)

*Taco ADL(SAB)=>(SD,(54B))=(sD,54)=ASD

tan ASD =% —\3= ASD =60°
(2) Goc gifta duong thang SC va (SAB)
*Taco BCL(SAB)=(SC,(SAB))=(SC,SB)=BsC

BC 3

tan BSC = =~ = ~= = ASD =50°46'
SB 2

Bai 41. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thang vuong tai A va D. AB=2a,,
AD=CD=a,SA=a2,SA L(ABCD)

(1) Tinh goc gitta dudng thang SB va (ABCD), dudng thang SC va (ABCD)

(2)Ké AH LSC tai H, AKLSD tai K. Tinh géc gitta duong thing AH va (SAD),
duong thang AC va (SCD).
(3) Tinh géc gifta dwong thang SB va (SAC ) .
Loi giai
(1) Tinh géc gitta duong thang SB va (ABCD), duong thang SC va (ABCD)
* SAL(ABCD)= (SB,(ABCD)) = (SB, AB) =SBA .

. tanSBA=%=&:£:>SBA:35°15' .
AB 2a 2

+ SAL(ABCD)=(SC,(ABCD))=(sC, AC)=scA

SA a2

¢ tanSCA=""=""Z=1=5SCA =45° .
AC 42

(2) Tinh gdc gitta dwong thang AH va (SAD), duong thang AC va (SCD).
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*Tacé {AH o€ L AH 1(sBC) = (AK,(SBC)) - (AK, HK)= AKH
AH 1 BC

SA.AC
AH _gc _SBAC 3 L AKH —60°
AK ~ SA.AB  ABSC 2

SB
(3) Tinh goc gitta dudng thing SB va (SAC) .

*Taco BCL(SAC)=>(SB,(SAC)|=(sB,5C)-BSC

¢ sin AKH =

— tan BSC = E “*/_ — BSC = 45°.
aJ_

Bai 42. Cho tir dién déu ABCD canh a. Goi H la hinh chiéu cia A 1én mat phéng (BCD).
Tinh
(1) Gbc gitta AB va (BCD)
(2) Géc gitta AH va (ACD)
Loi giai
(1) Goc gifta AB va (BCD)
¢+ Goi M 1la trung diém cta CD.
* Vit dién ABCD déuva H lahccua A 1én (BCD)

= H la trong tam ABCD .

* Hinh chiéu cia AB 1én mat phang (BCD) laBH .
+ Do d6 géc giita (AB;(BCD)) — ABH .

+ Xét ABCD:

E a3 —BM=&.
3

BH——BM—— HM =
3 6

BH_J§

¢ Xét AABH:cos ABH =——=—= ABH ~54°44'.
AB 3

BM—“

(2) Géc gitta AH va (ACD)
*Ké HK L AM.

CD 1 BM
{ =CDL1HK.

HK LCD
{ = HK 1 (ACD)= (AH;(ACD))z(AH;AK)zHAK .
HK L AM
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Xét AABH: AH =+ AB? — BH? =§.
¢ Xét AAHM:tanHAM:%:g:HAleg"ZB’.

Bai 43. Cho tit dién ABCD c6 ABC la tam giac vuong can tai B,BA=BC=a.Goi E,F lan luot
la trung di€m cua cac canh AC va BC, DE L (ABC ) . Biét goc hop boi duong thang DA

va (DEF) béng 30°. Tinh DE .

Loi giai
¢+ Lay diém N sao cho ABFN la hinh chit nhat.
+Ké AH L DN .

(AN L NF
* Ta c6: = AN L (DNF)
AN 1 DE

= goc gitta DA v6i (DEF) la ADN =30° .
‘ Tacé:AN:BF:g .

+ Xét ADAN:Sin?)OO:%@AD— AN =q.

~ sin30°
¢+ AABC vuong can tai B:ACza\/E:AEzg .

¢+ Xét ADAE: DE =\ DA? — AE? =% .

Badi 44. Cho hinh chop SABC <6 ddy ABC la tam gidc vudong can tai
A,AB=AC=4,5A=SB=5C. Goi I la trung diém ctia BC,H la hinh chiéu cua I 1én
mp(SAB) .

(1) Chttng minh SA 1. BC

(2) Chting minh H 1a tryc tam cua tam gidc SAB .

(3) Gia str goc gitra SI va (SAB) bang 45°. Tinh d6 dai canh SA .

(4) V6i do dai vira im dugc ctia SA , hay tinh goc gifta dudng thang SA va (ABC),
duong thang SA va (SBC).

Loi giai
(1) Chttng minh SA 1 BC
SILCB
* Ta c6: = CB L (SAI)=CB LSA .
Al LCB

(2) Chting minh H 1a tryc tAm cta tam gidc SAB .
¢+ Goi M la trung diém cua AB, BN L SA va H=SMNBN.
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7

* Ta c6: = AB L(SIM)= AB LIH .
AB 1 SM

. |SA L BC
+ Ta co:
SA 1 BN

. {IHJ_AB

{AB 1LIM S

=SA L(BCN)=SA LIH . N

= IH 1 (SAB) .
IH L SA

Vay H la truc tam cua tam gidc SAB
(3) Gia swr g6c gitta SI va (SAB) bang 45°. Tinh d¢ dai canh SA . T 1V

* Do IH J_(SAB) nén goc gitra (SI;(SAB)) =]SH =45°. B
+Dit SH=IH=x=SI=x2 .

¢+ Do ASAB can tai S nén SH=§SM:>SM=3§ .

+ IM la duong trung binh ctia AABC = IM :% .

* Xét ASIM : IM? =SI? + SM? —2SI.SM.cos ISM
2 9 3 a

PIN P —2.72.2 x.cos 45° <:>x:—5 —>SM = 3aV/5 )
4 4 2 5 10

2 2
¢ Xét ASAM :SA =SM? + AM? —\/[3a\/§J +(Ej = a\/% .

10 2 10

(4) Tinh goc gitta dudng thang SA va (ABC), duong thing SA va (SBC).

, |ABLIM
¢+ Ta co: = AB 1 SI .
AB 1 SM

= SI L(ABC)=>(S4;(ABC)) =54l .

. SI 1 BC
SI 1 AB

o Xét AAIM : Al = AM? + IM? =§ .

¢ Xét ASAI:tanSAI = % _ 2 = SAI = 41°48'37,13" .

5

+ Ta c6; {AI HBC L ari(sBC)= (s43(sBC)) = ast .

Al 151
¢ Xét ASAI :tanISA = % = @ — [SA~48°1122,87" .

B&i 45. Cho hinh lap phuong ABCD.A'B'C'D!
(1) Tinh géc gifta hai dwong thang AB' va BC'; AC' va CD'.
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(2) Tinh géc gitta IK va (A'B'C’'D’) trong d6 I,K Tan luot la trung diém ctia BC, A'D'.
Loi giai
(1) Tinh géc gifta hai duong thang AB’ va BC'; AC' va CD'.

. \ A \ . ? \ P AI K D’
¢+ Goi 4 la d¢ dai canh ctia hinh 1ap phuong ! 7
+C6 AD'//BC' =(AB,BC')=(AB, AD)) B L 5 C
* Xét AAB'D': AB'= AD' = B'D' =ay/2 = AAB'D' déu 7
= B'AD'=60° = (AB', AD") = 60° = (AB',BC’) = 60°.

.\ AcCD 30 I
. COS( AC’,CD’) = AC'CD D
acl D =
B I C

—_— —_— (

v C6 AC'CD = (AA'+E+E)(@—E) — AA' AA'- ABAB=0= TC',C—D;) ~90°.
Vay (AC',CD')=90°.
(2) Tinh géc gitta IK va (A'B'C'D’)
¢+ Goi I' 1a trung diém ctia B'C' = I' 1a hinh chiéu ctia I 1én (A'B'C'D').
+ C6 IKA(ABCD') =K - (IK,(A'B’C’D’)) -(1 1K) = Ik
* Lai c6 AIKI' vudng can tai I' = IKI' =45° = (IK,(A'B'C'D')) = 45"
Bdi 46. Cho hinh lap phuwong ABCD.A'B'C'D’ canh a. Tinh géc gitta duong thang va mét phang
(1) BD' va (AA'D'D) (2) BD va (B'AC).
Loi giai
(1) BD' va (AA'D'D) e o
BD'n(AA'D'D)=D'
L4
BA L(AA'D'D)

}: (BD',(AA'D'D))=BD'A

* Xét AABD' c6 AB=a,AD'=a\2,BD' = a3
AD o BDA=353.
D A D
(2) BD va (B'AC). B o
*Goi O=ACNBD, goi H lahccia B 1én BO P GRS
. BHLBO AN

O
BH 1 AC
* Ma BD\(B'AC)=0=(BD,(B'AC))=BOH = BOB

¢+ tan BOB' = ﬁ
BO

¢+ cosBD'A =

+C }:>BHJ_(B’AC)

_\J2 = BOB ~54,7°. e 5
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Bai 47. Cho lang tru ABC.A'B'C' c6 AA’ vudng gbc voi ddy, tam gidc ABC vuong tai B,

AB=4,BC=2a.Géc gitta A'C va mat day bang 30°.
(1) Tinh g6c gitta A'C va (ABB'A').
(2) Tinh géc gitta AA" va (A'BC).
Loi giai
(1) Tinh goc gitta A'C va (ABB'A').
A'CN(ABB'A')= A’
’ = (A'C,(ABB'A))=CA'B.
CB L(ABBA')
¢+ AABC vuongtai B ¢6 AB=a,BC=2a= AC = a\/g
+ C6 gbc gitta A'C va mat day bang 30° = A'CA =30°.
AC  2a15
cos 30° 3

¢ AA'= AC.tan30° =2

15’ A'C =
3

¢+ Xét AA'BC: sinCA'B= f—% = CA'B~50,77°

(2) Tinh géc gitta AA" va (A'BC).
*Tr A ha AH L AB= AH 1(A'BC)

AA'~(A'BC)= A’
, A4 (ABC) }:(AA’,(A’BC))AA’HAA’B

AI

AH 1 (A'BC)
tanaaB- B V5 g 37,76° = (AA',(A'BC)) ~37,76°
AA" 5

Hét
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QUAN HE VUONG GOC TRONG KHONG GIAN

HAI MAT PHANG VUONG GOC

.q Ly thuyét
)

1. Géc gitra hai méat phdng
'-g',{)inh nghia:
Goc gitta hai mit phang 1a goc gitta hai duwong thang
Tan lwot vudng goéc véi hai mat phang dé.

o ) -(e)
Chii j:

=l ) -

+0°g(m)s90°.

+ Néu

2. Hai mat phdng vuéng géc

'-g',’ainh nghia:
Hai m4t phang vudng gdc véi nhau néu géc gitra chting bang 90°.

(P)L(Q)=((P).(Q)) =90

(-]
\ /- Goc gitfa hai mgt phdng cét nhau:

Cho 2 mat phang (a) va (3) cit nhau theo giao tuyén ¢

e = (b))
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Cich xdc dinh goc dung cho hai mat phang cit nhau:
¥ Buocl.  Tim giao tuyén d cta (P) va (Q)
3 Buoc 2. Chon diém O trén d, tir do:
* Trong (P) dung Ox Ld.

* Trong (Q) dung Oy Ld.
Khi d6: ((P),(Q))=(Ox,0y).

NI ~
Viéc xac dinh diém O cé thé dwoc thuc hién theo cach sau:

(1) Chon diém M trén (Q) sao cho dé dang xac dinh hinh chi€u H ctané trén (P).
(2) Dung MO Ld thi khi dé ((a),(5)) = MOH.

L

» Diéu kién hai mat phdng vudng géc:

l@)jmnh g 1:

Hai m4t phang vudng gdc véi nhau <> trong mat phang nay
c6 mot duong thang vudng géc véi mit phang kia. P

ac(P) !
{M—(Q)D(P)J_(Q).

3. Tinh chdt co ban vé hai m&t phdng vuéng géc
1

l@% Dinh 1y 2:
Néu hai mit phing (P) va (Q) vudng goc v6i nhau thi bat et
duong thang ndo nam trong (Q) ma vudng goc vdi giao tuyén [p
cua (P) va (Q) déu vudng géc véi mit phang (P). @

(P)L(Q)

(P)n(Q)=d=>a L(P) ; /CD/

(Q)Dtﬁl_l_d
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& o e \
Néu hai mat phang (P) va (Q) vuong goc voinhau va thi A

la mot diém trong (P) thi duong thang di qua A va vudng .

goc voi (Q) sé nam trong mat phang ( P) . A

(P)L(Q)
Kihigu: {Ae(P)  =ac(P). d ﬂD/

Aeal(Q)

\_
1
l@B‘ Dinh Iy 3:

Néu hai mat phang cat nhau va cung vudng goc véi mot mat

phang thit ba thi giao tuyén ctia chling sé vudng goc véi mat

phang thit ba dé.
(P)n(Q)=a
(P)L(R) =al(P)
(Q)L(R)
4. Hinh lang try dung, hinh hép chir nhat, hinh 1Gp phuong
Tén Hinh vé Tinh chat
M B c Hinh lang tru ding la hinh lang tru c6 cac canh
LD bén vudng gdc voi hai mat ddy.
o ) | * Céc mit bén la cac hinh chit nhat.
Hinh lang try dimg * C4c mit bén vudng goc voi hai day.
) RS
E b
‘ . Hinh ling tru déu 1 hinh ling tru ding c6 ddy la
Al L NG P da giac déu.
NG L ORE
Hinh ling try déu
bl
II’O, )
F E
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Hinh hop dtng la hinh lang tru ding co day la
hinh binh hanh.

Hinh hop diing
. Hinh hop chit nhat 1a hinh hop ding c6 day la

B E o)) hinh chi* nhét

Hinh hév chif nhit ! T&t ca cac mat déu la hinh chir nhat.

inh hop chit nhd :
i ' f;j _____________ ~|p | Duong chéo d=+a’+b*+c® véi a,b,c 1a3kich
e thudc.
B C
A D

Hinh l1ap phuong la hinh hop chit nhat c6 tat ca
g/ o cac canh bang nhau.

Hinh lap phuong

‘f;—'l ________ ____\B

D C

5. Hinh chép déu va hinh chép cut déu

(-]

-@Dinh nghia hinh chép déu:
Mot hinh chép dugc goi la hinh chép déu néu né c6 day la
mot da gidc déu va c6 chan dwong cao trung voi tam cua

da giac day.

Tinh chdt:

* Céc canh bén ctia hinh chép déu tao vdi day cac goc
bang nhau.

¢ Cac mdt bén cua hinh chép déu la cac tam giac can
bang nhau.

* Cac mat bén ctia hinh chép déu tao vdi day cac goc
bang nhau.
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-@;Dinh nghia hinh chép cyt déu:

Phan ctia hinh chép d,eu nam gitta ddy va mot mat phang = o
song song voi ddy cat cac canh bén ctaa hinh chop déu A a o
Y L '

duoc goi 1a hinh chép cut déu.

P Trong hinh chép cut déu ABCDE.A'B'C'D'E’, ta goi:
+ Cacdiém A',B',C',D',E' la cdc dinh.
+ Dagiac ABCDE la ddy 16n, da giac A',B',C’,D',E’ la
day nhé. D4y 16n va day nho nam trén hai mit phang TR
song song. ’

P Nhén xét:
* Canh cua hai da gidc la canh ddy. Cac canh day tuong ting song song titng d6i mot
* Cac hinh thang can AA'EE’, AA'B'B,BB'C'C,C'CDD’, DD'E'E 1a cac mat bén.
* Canh bén ctia mat bén goi 1a canh bén ctia hinh chép cut déu. Hinh chép cut déu ¢ cac
canh bén bang nhau, cac mat bén 1a nhitng hinh thang can.
* Poan thang ndi tam hai day la dwong cao. Do dai duong cao la chiéu cao.
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.‘:; Bai tap
)

R Dang 1. Xdc dinh géc gitra hai mat phdng béng cdch dung dinh nghia

—a Phuwong phap )

P
G(t)“cf gitta hai mat phang 1a goc gitta hai dwong thang Ian luot vudng géc véi hai mat phang do.
=) *‘
bL(B) ’ o ﬁ
Chii : P

+Néu {(G)”(ﬁ ; =((a).(8))=0°.

+ 0°s((a),(6))s90° . ¢ M y
E@\VI’ du 1.1.

Cho hinh chép S.ABCD c6 day la hinh vuong canh bang a, SA vudng géc véi mat
phang (ABCD) va SA =a, géc giita hai mat phang (SAD) va (SBC) bang

= Loi giai

AB L AD
Ta o { = AB L (SAD).

"0 4B 1sa
Goi E lahinh chiéu cia A 1én SB, dé thdy AE L (SBC).
Vay [(SAD) ;(SBC)} ~(AB; AE) = BAE

Ta c6 ASAB vuong can tai A nén SBA =45°. = BAE =45’
Vay goc gifta hai mat phang (SAD) va (SBC) bang 45°.

E@\Vi duy 1.2.

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, tam giac SAB déu va
nam trong mit phang vudng goc véi ddy. Cosin ctia géc hop boi hai mit phang

= Loi gidi
Goi H,Kla trung diém cua AB;CD.
Do (SAB) 1 (ABCD) nén SH la dwong cao cua hinh chop.
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Tacé HK 1 AB,HK LSH = HK 1 (SAB) (1)
Dung HI L SK= HI L (SCD)  (2).

Tir (1) va (2) — [(SAB) ;(SDC)} - (HK,HI) - [HK.

Ta ¢6 SH=$;HK=a.

o,
12: 12+ 12:>HI: 2 = 21.
HI* SH® HK 3, 7

—a +a

4
Vay cosIHK:ﬂzg.

HK 7

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

R Dang 2. Xdac dinh géc gitra hai mat phdng dya trén giao tuyén

,—a\é Phuong phap )
Goc gitra hai mat phang 1a goc gitra hai dwong thang cing vudng géc véi giao tuyén tai mot diém
Cich xdc dinh goc dimg cho hai mét phing cdt nhau:

% Buécl.  Tim giao tuyén d cua (P) va (Q).
3 Buoc 2. Chon diém O trén d, tir d0:

* Trong (P) dung Ox Ld.

e Trong (Q) dung Oy Ld.

e —

Khi dé: ((P),(Q)) =(Ox,0).

BB

Cho hinh chép 5.ABCD c6 day ABCD la hinh chit nhat AB=a, canh bén SA vudng
gbc voi day va SA = a. Goc gitta hai mit phang (SBC) va (SAD) bang

= Loi giai
Mt phang (SBC) va mit phang (SAD) cit nhau theo giao
tuyén la duong théng d//BC//AD.
Vi SA 1.d,SB Ld nén ((SBC),(SAD))=(SA,SB)=ASB.

Vay ASAB vudng can tai A nén ASB =45’

E_E_‘Q.\Vi dy 2.2.

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng tam O, canh a. Dudng thang

5

SO vuong gbc véi mit phang day (ABCD) va SO = %. Goc gitta hai mit phang
(SBC) va (ABCD) bang bao nhiéu?

= Loi gidi
Goi Q la trung diém BC — OQ L BC.
, {BC 10Q

Tacd 1,0 o = ((SBC),(ABCD))=(SQ,0Q)=5QO.

ASOQ 6 tanSQO = % =3 = 5Q0 = 60"

Vay (SBC) hop v6i (ABCD) mdt goc 60°.
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EB.vic2s

Cho hinh chép S.ABC c6 day la tam giac vuong tai B, SAL (AB C),
SA =~[3cm, AB=1cm . Mt bén (SBC ) hop véi mat day géc bang bao nhiéu?

. Loi gidi
Ta c6 SA L(ABC) nén SA L BC ma ABLBC.
= BC 1L (SAB)= SB L BC.
(SBC)n(ABC)=BC
AB 1 BC = ((SBC),(ABC))=SBA.
SB 1 BC

tanSBA=S—A=£=\/§:>SBA=600.
AB 1

Vay goc gitta (SBC) va mat day (ABC) bang 60°.

E@\Vi dy 2.4.

Cho hinh lang tru diing ABC.A'B'C' c6 day ABC la tam giac vuong, BA=BC =g,
canh bén AA’=ay2. Goi ¢ 1a goc hop boi (A'BC);(ABC). Khi d6, tinh tan .

= Loi giai
. [BCLBA
Ta co: { = BC L (AA'BB)=BC L A'B. A c'
BC L AA'
(A’BC)~(ABC)=BC e
Do 1 A'B<(A'BC); A'B L BC nén A'BA = la géc hop boi
ABc<(ABC); AB LBC dN .
(A'BC);(ABC).
o A N , AA a2
Xét AA'BC vudng tai A ta co tanwz—:—:«/i. 5
BA a
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R Dang 3. Xdac dinh géc gitra hai mat phdng dya vao dinh 1y hinh chiéu

— g\? Phuong phap )

Goi S la dién tich cua da gidc H trong mat ph:fmg (a) va

S' 1a dién tich hinh chiéu ctia H' ctia H trén méat phang ([5)

thi §'=S.cos trong d6 = (a);(7) |

E‘E_‘Q\Vi dy 3.1.

Cho hinh chép S.ABC ¢6 SA vudng goc voi ddy. Tam gidc SBC vudng can tai S, ¢
SB =a.Mat phang (SB C ) hop voi ddy mot goc 30°. Tinh dién tich tam gidc ABC.

= Loi giai
2

¢+ Do ASBCvuong can tai S nénS, .. = %SB.SC = %

ASBC
* SA L(ABC) nén AABClahcvg cua ASBClén (ABC)

* Goi ¢ la gbc gitra (SBC)va (ABC) tacd: ¢ =30°

+ Ap dung tinh chat dién tich hinh chiéu ctia da giac, ta co:

2 2 2
S =5 .COS@Z%-COS?,OO:Qf%SAABC:#

AABC

B2

Cho t& dien OABCc6 OA,OB,OC d6i mot vuong goc va OB =0C —a\6,0A=a.
Tinh gdc gitta hai mat phang (ABC)va (OBC).

ASBC

= Loi gidi
Goi I1a trung diém caa BC = Al L BC ma OA L BC.

Ta c6: {(OBc)m(ABC) =P, ((0BC),(ABC))=(01,AI)=OIA.
BC L AI;BC LOI

Ta cé: OI——BC——\/OBZ+OC2 — 3.
OA 3

Xét AOAI vudng tai Acd tanOIA =— or = 3 = OIA =30°.

Vay ((ABC),(OBC))=30".
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R Dang 4. ChUng minh hai mat phdng vuéng géc

— g\? Phuong phap )

Dé chitng minh hai mit phang (a) va ( [J’) vuong goc voi nhau ta dung mot trong cac cach sau:

P Cach 1. Xac dinh géc gitta hai mit phang, roi tinh truc tiép géc d6 bang 90°.
((2).(8)) =90 = (a) L (8).

P Cach 2. Chting minh trong mat nay c6 mot duong thang vudng géc véi mit kia.

ARASORE)

1(5)

E‘E_‘Q\Vi dy 4.1.

Cho hinh chép S.ABCD c¢6 day la hinh vuong, SA vudng goc véi day. Goi H, K Tan
lwot 1a hinh chiéu ctia A trén SB, SD. Chting minh rang (SAC ) 1 (AHK) .

= Loi gidi

CD 1L AD
Suy ra CD 1 (SAD)=CD 1 AK.
Ma AK 1 SD nén AK 1(SCD)=> AK LSC.

Twong ty ta chitng minh duoc AH L SC.
Do d6 SC L (AHK).

Ma SC = (SAC) nén (SAC) L(AHK).

EB.vicy 2

Cho hinh chép S.ABC c6 ddy ABC la tam giac vuong tai C, SAC 1a tam giac déu va

, {SA 1.CD(do SA L(ABCD))
a co

nam trong mat phang vudng géc véi (ABC ) . Chttng minh rang ( SBC ) 1 (SAC ) .

= L(‘)’igiu’i s
(SAC)n(ABC)=A
Ta c6 1(SAC) L (ABC) :>BCL(SAC)
BC = (ABC),BC L AC

Ma BC =(SBC) nén (SBC) L SAC.
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R Dang 5. Thiét dién

— g\? Phwong phap )

Mit phang (P) di qua mot diém va vudng géc duong thang a cat hinh chdp theo thiét dién.

P Xacdinh mit phang (P) c6 tinh chét gi?
Tim duong thang song song voi (P ) .

Tim céc doan giao tuyén cta (P) va cac mat ctia hinh chop:
0=(0)
al/(P)

P K&t luan hinh dang ctia thiét dién va tinh cdc yéu cau lién quan.

>
» St dung tinh chat vé giao tuyén song song;: { = (P)n(Q)=m//a.

E@\w dy 5.1.

Cho hinh chép tam gidc déu S.ABC c¢6 AB=4a,5A= 73 Goi I 1a trung diém cta

canh BC, mit phang (P) qua A vavudng géc véi SI cat hinh chép da cho theo mot
thiét dién. Tinh dién tich thiét dién do.

= Loi gidi
Ké AH 1 SI — AH =(P).

. |AI L BC
Ta cod
SI 1 BC

Ma (P)LSI nén (P)// BC.
Lai c6 (P)n(SBC)=d//BC= H ed.

Goi E, F lan luot la giao diém ctia d va SB,SC.
= Thiét dién can tim 1a AAEF.

= BC 1L AH.

4

Ta c6 5A=SB=SC=“‘2/§,A1:”f

2 2
Sf = 3a° a :u\/z.

a/10

4 4 2

2
L

= = AH =
ASAI 8

4
2
Taco BT S pp_ s _lagpp-1 210 a_avi0
BC SI 2 2 24 2 16
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EB.vicvs2

Cho hinh chép S.ABCD c6 day la hinh thang vuong tai A,D; AB=2a;
SA=AD=DC=g; SA1l (ABCD). Tinh dién tich thiét dién tao boi mat phéng (a)

qua SD va (a)J_(SAC).

. Loi gidi
Goi M la trung diém AB.
T gidc ADCM la hinh vudéng = DM L AC.
Ma DM 1 SA
= DM 1 (SAC)=>(SDM) L (SAC)= () =(SDM).
Suy ra thiét dién la ASDM.

6

Ta c6 SO = SA2+OA2:— DM = av/2.

 SO.DM azﬁ

Dién tich thiétdiénla S,,,,, = > 2

EB.viass
Cho hinh chop S.ABCD c6 day la hinh vuong canh 4, canh bén SA vudng goc voi
mét phang ddy va SA = 2a. Mt phang (P) qua A vavuong goc voi SC. Tinh dién
tich cua thiét dién cat boi (P) va hinh chop S.ABCD.

= Loi gidi
Goi M, N, P la giao diém cua (P) vodi cac duong
thang SB,SC,SD.
Ta c6 SA L (ABCD)=>SA L BC. Ma BC L AB.
BC L(SAB)=>BC L AM.
Mat khac SC L (P)=SC L AM nén
AM 1 (SBC)= AM L SB.
Twong tw AN LSC, AP 1. SD,MP /[ BD = MP L AN.

Taco SM_SP_MP_4_ ., 402
SB SD BD 5 5
AS.AC  2a\3
JAS? + AC? 3
_ AN.MP 4a2J_
AMNP 2 15

ASAN vuong tai A nén AN =

Suyra S
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.q Luyén tap
L

Dang: Tinh géc gitra hai mat phdng

Bai 48. Cho hinh chép SABCD c6 day ABCD la hinh ch nhat tam O, A87= 2a, AD=a,
SA=3a va SA vudng gbc voi ddy. Xac dinh va tinh gdc gitra hai mat phang:
(1) (SBC) va (ABCD)
(2) (SBD) va (ABCD)
(3) (SBC) va (SAC)

e 2.

= Loi giai
(1) (SBC) va (ABCD)
* (SBC)n(ABCD)=BC
* Do ABCDIa hinh chit nhat va SA 1L (ABCD)

. |BCLAB
* Nén: = BC 1 (SAB)= BC L SB
BC L SA

T o SB<(SBC), SB LBC
" ABc(ABCD), AB L BC

=N ((SBC),(ABCD)) =(AB,SB)=SBA

*Xét ASAB A: tanSBA="2 = £ - 5BA =33.69° = ((SBC),(ABCD))=33,69°.
AB 3

(2) (SBD) va (ABCD)
+ Goi H 1a hinh chiéu cua A trén BD,

BD 1 AH
Suy ra:
{BD 1 SA

* (SBD)n(ABCD)=BD
{SH <(SAH), SH L BD
Ta co
AH < (ABCD), AH 1L BD

= BD 1 (SAH)=>BD LSH

= ((SBD),(ABCD))=(AH,SH)= AHS
+ Xét AABD Vuong tai A:

CHR AH:ia
AH?  AD? AB2

54 _ 35
2

* Xét ASAH A:tan AHS=—=

v = AHS=73,4° = ((SBD),(ABCD))=73,4°
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(3) (SBC) va (SAC)

* Goi I,] Tan lwot 1a hinh chiéu ctia A trén AC va AB.

Ta c6: BC L(SAB)(cmt) ma A] =(SAB) = BC L A]
AJ L SB ‘ AJ LT
‘ {A] et (SBC) ma IJ =(SBC) = {A] Lsc
. {SC L AI
SC L A]

o {1] —(SBC), I] LSC

Al = (SAC), AI LSC

= SC L(All)=SC LAL;SC L]

=((SBC),(SAC))=(ALI])= Al]

1 1 1 1 1 14 45

¢ Xét ASAC vudngtai A: — =——+—F=—F+—=—-=>Al=,|—a
Al* SA° AC® 9a° 5a° 45a 14

¢+ Xét ASAB vuodng tai A: —— = 12+ 12=i2+i2: 132:>A]= ﬁa
A]® SA® AB° 9a° 4a° 36a 13

* Xét AAIJ] vudng tai ] :sin Al = % = /% — Al] = 68,15°

=((SBC),(SAC)) = Al = 68,15°
Bai 49. Cho hinh chép S.ABCDc6 day ABCDIa hinh vuong canh a, va SA J_(ABCD). Tinh
cosin goc gitta mat (SBD) va (ABCD).
= Loi gidi
Goi O la tam cua hinh vudng.
.. |(SBD)~(ABCD)=BD
Ta co:
SO L BD; AO L BD

= ((sBD),(4BCD))=(s0,40) =504

Xét ASAO vuodng tai A:

1
—AC
cosSOA:AO: Z :ﬁ. . e
50 |sA?+A0* 3 B C
Bai 50. Cho hinh chdép S.ABC c6 day ABC latam gidcvudng cantai B, SA=a va SA L (ABC ),
AB=BC=a. Tinh géc gitta hai m4t phang (SAC); (SBC) :

= Loi gidi

.,

1 ~
[ L4
\ I
!’I
‘I
F; ]
1
L
-
1
]
1
1

0 .
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Ta 6 (SAC)n(SBC)=SC.
Goi F latrung diém AC thi BF L (SAC).
Dung BK L SC tai K=>SC L(BKF)

=((SAC),(SBC))=(KB,KF) = BKF

D3 thiy ACFK > ACSA = % _SA_ pn _FCSA_ a

ABFK vuodng tai F ¢6 tan BKF = ll-f_lli = \/g = BKF =60°.

Vay goc gitta (SAC);(SBC) bang 60°.

Bd&i 51. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong cé d6 dai duong chéo bang a2

va SA vudng goc véi mat phang (ABCD). Goi « la goc gita hai mat phang
(SBD);(ABCD). Biét tana =+/2, tinh géc gita (SAC);(SBC).

= Loi giai
Goi O latam day va K 1a hinh chiéu cua O trén SC.
{BD LAC
0

nén BD 1 (SAC)=>BD L SO.
BD 1 SA

= [(SBD) ;(ABCD)} =SOA=a.

Ta co tana=g—i=x/5:>SA=OA.\/§:a.

SCLBD
o nén SC L BK = (SAC);(SEC) | = BKO,
SC LOK
Ta 6 tan BKO =29 - ) BO_ _ SZBISC -3
“d(ASC) =
2 SA? + AC?

Suy ra BKO =60°.
Bai 52. Cho hinh chép S.ABCD c6 day la hinh vuéng ABCD canh a, SA J_(ABCD), SA=a.

Tinh goc gitta cdc mdt phang:

(1) (SBC) va (ABCD) (2) (SBC) va (SAD)
(3) (SAB) va (SBD) (4) (SBC) va (SAC)
= Loi gidi

(1) Géc giita (SBC) va (ABCD).
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* Ta c6 (SBC)n(ABCD)=BC.

. [SALBC
*Ta c6 = BC 1 (SAB)= BC L SB.
ABLBC

(SBC)n(ABCD)=BC
* {SBLBC = ((SBC);(ABCD))=5BA
AB 1 BC

¢+ Tam gidc SAB vudng can tai A suy ra SBA=45°.
(2) Géc giita (SBC) va (SAD).
*Keé Sx// AD//BC ma SA 1 (ABCD) nén SA 1 Sx;SB L Sx
* Xét (SAD) va (SBC) c6 S la diém chung va AD//BC
* Suy ra (SAD)n(SBC)=5x// AD//BC va SA 1 Sx;SB 1 Sx
* Goc gitta (SBC) va (SAD) la ASB=45° (do tam gidc SAB

vudng can tai A).
(3) Géc giira (SAB) va (SBD).
+Ke AChBD=0

* Ta c6: {AC 5D Bp1 (SAC)=(SBD) L (SAC).
SA L BD

* Dung AH 1 SO = AH 1(SBD).
*Taco Al L(SBD), AD L(SAB)

= ((SBD),(SAB))=(AH, AD)= DAH

¢+ ASAQO vuong tai A: 12= 12+ 12=32:AH:—:—.
AH?  AS* AO* a
* Vi AH 1(SBD)=> AH 1L HD nén cosDAH:%:? jDAH:mCOS[gJ'

(8) Géc giita (SBC) va (SAC).
* V& OK//SA; OL// AB
<> OK 1 BC,OL 1 BC = BC 1 (OLK).
*Vé OE L KL= BC L OE = OE L (SBC)
Ma OB L (SAC)

= (SAC);(SBC)=BOE.
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vMa OK=25A=".01=2.
2 2 2
¢+ AKOL vuong tai O cé 12: 12+ 12:>OE=£11.
OE° O OK 4
'OBzﬁa
2
OE 1

* Vi OE 1 (SBC) :>BEU§O:>cosBOE=@:E = BOE = 45°,
Bai 53. Cho hinh chép S.ABCD c6 ddy la hinh thang vuong tai A va D c6 AB=2a,
AD=DC=a, c6 SA L(ABCD) va SA=a.
(1) Chting minh (SAB) L (SAD) va (SAC) L(SCB)
(2) Goi ¢ la goc gitra hai mdt phing (SBC) va (ABCD). Tinh tan ¢
= Loi giai
(1) Chitng minh (SAB) L (SAD) v (SAC)L(SCB).

AD 1 SA
¢+ Goi M 1a trung diéfm AB=>CM=MA=MB=a
¢+ Suy ra AABC vudng tai C = BC L AC.
*Ma BC LSA = BC 1(SAC) =(SCB) L(SAC).

* Ta c6: {AD A% apl (SAB)=(SAD) L (SAB)

(2) Tinh tan ¢
* Goi ¢ la gdc gitra hai mat phang (SBC) va (ABCD).
(SBC)n(ABCD)=BC
+ {AC LBC - ((SBC) ,-(ABCD)) =SCA=¢
SC L BC(BC L(SAC))
SA a 1
:tango—tanSCA—A—C—E—E.
Bdi 54. Cho hinh chép ti giac déu S.ABCD c6 canh day bang a, mit bén hop véi mat day goc
60°. Tinh géc gifta cAc mat phang:
(1) (SAB) va (SCD) (2) (SAB) va (SBC)
= Loi gidi
* Goi O=ACNBD= SO L(ABCD).Goi M la trung diém CD suy ra:
(SCD)(ABCD)=CD
*Tac6 {OM L CD = ((SCD),(ABCD))=SMO.
SM 1 CD
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Theo gia thiét ta dwgc: SMO = 60°
(1) (SAB) va (SCD)

¢+ Goi N la trung diém AB—= ASMN can tai S

Ma SMO =60°

= ASMN la tam giac déu.

*Ke Sx// AB//CD.

* Xét (SAB) va (SCD) c6 S la diém chung va

AB//CD

¢ Suy ra giao tuyén (SAD) va (SBC) la Sx.

¢ ASAB cantai S c6 SN la trung tuyén va la duong cao =SN L AB

Ma Sx// AB=Sx L SN

¢+ Twong tw Sx L SM..
(SAB)\(SCD) = Sx

* {Sx LSN = ((SAB),(SCD))=MSN =60°(do ASMN la tam giéc déu)
Sx L SM

Vay goc gitta mat phang (SAB) va (SCD) bang 60°
(2) (SAB) va (SBC)

*Ké OI LSB=SB 1Ol < (IAC)

+ Mat khac dé thdy AC L (SBD)>SB

* Suy ra: SB L AC c (IAC) = SB L (IAC)

¢+ Do d¢6

AIC khi AIC £90°

((SAB),(SBC))=(IA,IC) = :
180 AIC khi AIC <90°

* Matacéd AIC=20IC
¢+ Trong AOIC: tanOIC :% ma OI.SB=SO.OB=OI = Si’;)B .

+ ASMO vuéng tai O:tanSMO = % — SO =OM.tan SMO = gtan 60° =2V

2 2
¢ Ta c6: SO=§,OB=% — SB=+/SO? + OB? = /3%#% :ﬁ,

2
a3 a2 a2
+Dodé: O =—2—_2 =”*@;OC=Q:>tanOIC=OC= 2 :*/1_5_
a5 10 2 Ol g4f30 3
2 10
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* Do d6: OIC ~52°= AIC ~104° = (IA,IC)=76°
Vay goc gitta mit phang (SAB) va (SBC) bang 76°.
Bai 55. Cho hinh chép S.ABCDday la hinh vudng canh a,SABla tam gidc déu va
(SAB) L(ABCD).
(1) (scD) va (ABCD) (2) (scD) va (SAD)
= Loi gidi
(1) Tinh géc gitta (SCD) va (ABCD).
¢+ Goi I 1a trung diéfm AB. ASAB déunén SI L AB.
(SAB) L(ABCD)
*Taco {(SAB)n(ABCD)=SI= SI L(ABCD).
SI 1 AB
¢+ Goi | latrung diém CD.Khidé [J LCD (1)
* SI L(ABCD)=SI LCD=S5] L.CD (2).
* Ttr (1) va (2), (SCD) va (ABCD) la S]I.
w3

¢ tal’lS]I:?—]I=L=§:S}Ig4OO530.

a
(2) Tinh goc giita (SCD) vi (SAD).

¢+ Goi M la trung diém AD.Xét AADI va ADMC, c6

Al =DM

AD=CD = AAID=ADMC=CM LID.

A=D

CM 11D
' CM LSI
+ Ké dudng thang CK 1. SD, K e SD=>SD 1 (CMK).

}:>CMJ_(SID):>CMJ_SD.

* Khi d6 ((SCD);(SAD))|=(CK; MK)

¢+ Ta cod CMzé;

2 2
SD =+/SI?2 +ID? = 3%+5% —a2;

N MKz%d(A;SD)z#; S]:w/SIZ+I 2 =¥;
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CKSD=S].CD= CK = <P _ ”Jl_“.
SD 4

14a° 2a 5q2° 144° 2a 5a

2 2 _ 2 P R
¢+ Taco cosCKM:KC KM —CMT_ 16 16 4 __16 16 = 1.
2KC.KM ,aV14 a2 ,aV14 a\/_ 7
4 4 4
Suy ra cos(KC; KM) = % = (KC; KM) = 67°47°.
7
Cho hinh chép S.ABCD c6 SA=SB= SD—i day la hinh thoi canh a, A =60°.

(1) Chitng minh (SAC) L (ABCD) va SB L BC :
(2) Tinh géc gitta (SBD) va (ABCD).

= Loi giai

(1) Chitng minh (SAC) L(ABCD) va SB L BC.

* Chitng minh (SAC) L( ABCD).

+ AABC déu canh a c6 A=60° nén AABC déu.

* Goi H latrong tam AABC thi H cling la tam duong
tron ngoai tiép tam giac.

¢ Theo gia thiét, SA=SB=SD

Nén SH 1 (ABCD)=>(SAC) L(ABCD).

* Chirng minh SB 1 BC. -

(2) Tinh géc giita (SBD)vi ( ABCD).

----
aaaaa

HB L AD
Ta co
SH 1 (ABCD)=SH 1 AD A

= AD 1 (SHB)= AD 1 SB=>BC 1L SB (vi AD//BC).

¢+ Goi O la tam ctia hinh thoi.
*Vi BD 1 (SHO) nén goc gitta (SBD)va (ABCD) la SOH

¢+ Ta cd tanSOH —S—H
OH'
copla3_aB. . 243 a3
372 & 372 3
2 2 2
. SH= SAZ—AH2=\/3L_”_ 3 a _ |5
4 3 \2 3 N

— tanSOH = g—lé — /5 = SOH ~ 65°54'
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Cho hinh chép S.ABCD c¢6 dady hinh chit nhat véi AB=a,AD=3a,5A=2a va
SA 1 (ABCD). Tinh géc hop boi SC va (SBD).

. Loi gidi
*Vé AH 1(SBD),CE 1(SBD),0=ACNBD.
(AOH) L (SBD)
(CEO) L(SBD)

+ Taco = H,O,E thang hang.

(AOH)n(SBD)=HO
(CEO)n(SBD)=EO

+ Goi ¢ la géchop boi SC va (SBD).

Khi d6 ¢ =(SC; SE)=ESC.

* AAHO=ACEO(g.c.)=CE=AH.

* Trong mét phing (SBD) goi G=BHNSD.

AH 1(SBD)= AH LSD
*Do AB1SA =SD 1 (ABH)=SD L AG.
= AB 1 SD
AB1 AD
¢+ Trong ASAD, ta c6 12= 12+ 12: 12+ 12: 132:>AG:6Q\/1_3_
AG® SA° AD° 4a° 9a° 36a 13
¢+ Trong AAGB, ta co 12= 12+ 12=i2+ 12= 492:>AH=%=CE.
AH® AB° AG" a° 13a 36a 7
36

¢+ Trong AABC, tacé AC=+AB’+AD* = 210
» Trong ASAC, ta 6 SC =y AC?+ AS? =a\/14.

6a

‘Tacésingc):E: ! :@
CS 414 49

Lang tru dung ABC.A'B'C' ¢6 day la tam giac déu canh a; AA'=a. Tinh goc gitra hai

= p~=13°14°.

mit phang (ABC') va (BCA'). A c
= Loi gidi — y
* Goi K la trung diém BC, N <
BYS

* Do AABC déu nén AK 1 BC va AK= § . If

. P il 7 NN 1
Ma AA' L BC. AR AV
=BC1(AA'K).Ké AHLA'K (1)=AHL1BC (2), i)

B
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*(1),(2)= AH L(A'BC).
+Giasit [=A'CNAC' thilla trung diém ctia AC'

+ Goi ¢ gc gitra hai mat phang (ABC') va (BCA').

¢ ABHI la anh cua ABAI qua phép chiéu vuong goc 1én (A' BC )
= S =Sp,,-COSP (3)

* Xét AABC'c6 AB=a, BC'= AC'=a\J2, BI la trung tuyén nén
2(AB*+BC?)-AC"?  2(a*+20°)-24°

BI? = =a* =Bl =a.
4 4
2
* Xét AABIc6 Alzﬂ;AB:BI:a:SBAI:aﬁ (4).
2 16
+ Xét AAA'Kvudng tai A c6 AH la duong cao nén
11 11 a7y e
AH? AA? AK® 2 3d* 34 J7
2
* Xét ABHI c6 Bl =a, BH=+ AB?— AH? = az—% =%.

2 2
HI=JA? —Aq? = |2 31 __¢a

2 7 s
2 2 2
— cosIHB = 1 HE —BI =—5*/§:sin1HB=£.
21H.HB 8 8
1 . 27
= Syy =+ HI.HBsinIHB =~ (5).
NN

T (3),(4),(5)ta co ce g Cos¥ :>COS<p=§390z73,40.
Bdi 59. Cho lang tru tam gidc déu ABC.A'B'C' c6 cac canh bang 2a. M la trung diém ctia CC'
(1) Tinh géc gitta hai duwong thing BMva A'B'.
(2) Tinh géc gitta hai mat phang (MAB)Vé(ABC ) :
= Loi gidi
(1) Tinh géc giika hai dwong thang BMva A'B'. A '

* Tac6: A'B'//ABnén (BM;A'B')=(BM; AB). ,
* Xét AABMcd AB=2a, AM=BM =~l4a® +a* =a/5 .
AB* +BM? - AM? 1

1
— = ABM =arccos—.
2.AB.BM J5 J5

+ Vay goc gitta BM va A'B' la ABM = arccosi.

5

= cos ABM =
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(2) Tinh géc giita hai mdt phing (MAB)va( ABC).
* Ta c6 MC L (ABC)nén AABC la hinh chiéu ciia AABM trén ( ABC).
* Goi pla goc gitta mit phang (MAB)va(ABC) tacé: S,, =S, ,,.cosp (1).
¢+ AABCdéucanh 2anén S, :azx/é (2)

¢ Xét AABMcod AB=2a, AM=BM =~/4a* +a> =a /5.

cos AMB = = = sin AMB = ~ L AM.BM.sin AMB = a5 (3).

\/g \/§:>SABM_2

J3 3
Tt (1),(2),(3)ta cd a*\3 =a*y5cosp = cosp =~= => p = arccos ~— .
(1).(2).(3) ® ¥ NG ¥ NG
Bai 60. CCho lang tru ABCD.A'B'C'D' c6 day ABCD la hinh vuéng tam O , canh a, A'/A=a
va A'O L (ABCD) . Tinh g6c hop béi:
(1) Canh bén va mat ddy.
(2) Canh bén va canh day.
(3) (BDB'D") va (ABCD), (ACC'A') va (ABCD)
(1) Canh bén va mdt ddy.
* Ta c6: (AA',(ABCD))=(AA’, AO)= A'AO.

. a0 AC_ml2.
2 2
¢+ cosA'AO = 40 :ﬁ = A'AO =45°,
AA’ 2

(2) Canh bén va canh day.

+ Ta co:
AD=yA'O* +OD? =JAA” - AO* +OD* = AA'=a
* Do d6 AA'AD déu=(A'A, AD)=60°=(A'A, AC) =45
(3) (BDB'D') va (ABCD), (ACC'A") va (ABCD).
A'O L BD(A'O 1(ABCD))
+Tacs: {4C 4 BD = BD L (A'AC)
A'ONAC=0
A'O,AC < (A'AC)
= ((ABCD),(BDD'B'))=(AC,00")=(AC, AA") = 45"
* Tacé: BD L(A'AC)=(ABCD) L(ACC'A')=((ABCD),(ACC'A"))=90°.
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Bai 61. Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh a, ASAB la tam giac déu va
(SAB) vuong goc voi (ABCD) Goi ¢ la goc tao boi (SAC) (SCD) Gia tri ctia cosy
bang

= Loi gidi
Goi H,M TIan luot la trung diém cua AB,CD.
Vi ASAB la A déu va (SAB) L(ABCD)
Nén SH 1 (ABCD).

AK 1SC(KeSC)
: va IP//AK(P e AC)
DI 1SC(I1e5C)
Suy ra ¢ =(IP,ID)=PID
HC =HD = ”*2/_
Tacé 1SC=SD=a2 = Dr=>MCD_ a14
\/_ SD 4
sm="2
ACSA = ASCD = AK = DI = ”*ﬁﬂ.
CI =SK =/CD?—-DI? = f CK = 3”‘/5
ACPI > ACAK = 1P = EL ax = ”*/_ ap=X 4c- 2”*/5.
CK 12 CK 3
AAPD c¢6 PD =+ AP? + AD? —2AP.AD.cos 45’ = %
2 2 1yp2
AIPD c¢6 cosPID = IP”+ID" - DP = S = COoSp :E
2.IP.ID 7 7

Bai 62. Cho hinh chop S.ABCc6 ddy ABCla tam gidc vuong can tai B, BC =a, canh SA vuong
gbc voi day, SA=a\3.Goi M 1a trung diém cua AC. Tinh cdsin goc gitra hai mat
phing (SBM)va (SAB)

= Loi gidi
Ta c6: (SBM)(SAB)=SB.
Vi AABC vuodng can tai B, M la trung diém AC
AC a2

Nén MBJ_ACVé MA:MB:MC:T:T

Goi I la trung diém AB.
Vi AMABcan tai Mnén MI L AB (1)
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Hon ntta MI 1. SA (2)

Twe (1) va (2)suy ra MI 1 SB (*)

Ké IH 1 SB. Suy ra MHJ_SB(**)

Tir (*)va (**) - [(SBM) (SAB)}(IH,-MH).

Ta co MI—AB:E.
2 2
MB = &
Vi MB L (SAC )nén ASMBvuong tai Mva co 2 \/_ ;
SM =+/SA? + AM? =1 214
Lol 1,1 16 MH_”*/_
MH? SM? MB* 74
Goi Kla chan duong cao ké tir A cua tam gidc SAB
Taco —— =t 4 L1 4 AK—a\/_ - AK o3
AK® SA* AB® 34 2 4
2 2 agy2
Trong AMIH ta c6 cos MHI = HIC + HM - MI _ \/Z
2HI.HM 7
Vay cosin goc gitra hai mat phang (SBM)V:‘a (SAB)béng g .

Cho hinh lang tryu tam giac déu ABC.A'B'C'c6 AB= 2J3va AA'=2. Goi M,N,Plan
luot 1a trung diém cac canh A'B’, A'C’'va BC. Cosin ctia goc tao boi hai mat phéng
(AB’C’)Vé (MNP) bang bao nhiéu?

= Loi giai

Goi P la trung diém cua BC.

MN L AD
Ta c6 { = MN L (APDA’)

MN L PD
= (MNP) L (APD ).
{B’C' AD L pery (APDA’)=(AB'C') L(APDA').

BC'LPD
Mit khac: (MNP)(APDA’) =P
(AB'C')n(APDA')= A

= [(AB’C MNP }: PE; AD
Goi E=MNNAD, F=ADNPE.
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FowesrE ED 1

Tacé—:—:—:—.
FA [P AP 2
Tacé: AD=+\AB?-BD’ = \/2\/_ = :>ED=%.
AD =\ AD?+ AA? =3 +2* = \/_:>FD—£
EP=+ED?+PD’ = / +22 —:>EF——
2
(\/EJ
2 2 2 3
Trong AEDF c6 cosEFD:EF +FD” —ED 3.
2EF.FD , 5
6

Do géc gitra hai mat phang 1a géc nho hon hoéc bang 90° nén Cosin cta goc tao boi

J13

hai m3t phang (AB’C’) va (MNP) bang o

a2

Cho hinh chép S.ABCDcé SA vudng goc véi mat phang (ABCD), SA = — day
ABCD1a hinh thang vuéng tai Ava Dcé AB=2AD=2DC =a. Géc gitta hai mit phang
(SBC)va (ABCD)bang

= Loi gidi
Ta c6: (SBC)(ABCD)=BC. s
Vi ABCDIa hinh thang vuong tai Ava D c6
AB=2AD=2DC=a = AC L BC(1).
SA 1(ABCD)=>SA L BC (2).

Tix (1) va (2) - BC L SC nén [(SBC) ;(ABCD)} =SCA.

Trong ADAC c6 ADzDCz%:ACz#. A b
Trong AASCc6 SA=AC = & — SCA =45°. L
Vay géc gita (SBC)va (ABCD)béng 45°. D ¢

Cho hinh chép S.ABCDcé ddy ABCDIa hinh vuong cé canh bang a, canh bén SA
vuodng gbc voi mit phang day va SA = a2 (hinh bén). Goi H,KIan luot 1a hinh chiéu
vuodng goéc ctia Atrén SB,SD . S8 do clia goc tao boi mit phang (AHK) va (ABCD)bz‘“mg

= Loi gidi
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. [BCLAB
Ta c6: = BC 1 (SAB).Suy ra AH L BC.
BC L SA

., |AH LBC
Lai cé: = AHJ_(SBC):> AH 1.SC.
AH 1 SB

Chitng minh teong tu ta cd6 AK L (SCD) = AK L SC.

; {AHLSC = SC 1 (AHK).
AK 1SC

SC L (AHK)
{SA 1 (ABCD)

= ((AHK),(ABCD))=(SC,SA) = ASC
C6 AC=a\2,5A=a\2 = ASC = 45°.
Vay ((AHK),(ABCD))=45°.
Bdi 66. Cho hinh chép S.ABCDc6 day ABCD]la hinh thang vudng tai Ava B, biét AD=2a,

a\/6

AB=BC=a, canh SAvudng goc vdi ddy va SA = — Goi Ela trung diém ctia AD,
tinh goc gitta hai mat phang (SBE)va (ABCD).

= Loi gidi
Ta c6 ABCEla hinh vudng canh bang a.
(SBE)n(ABCD) =
Goi [ =ACNBE.Khid6 ¢ Al L BE
SI 1 BE

Do d6 [(SBE) ;(ABCD)} =SIA.

Lai ¢6 Al:%:#, SA=§.

Trong tam gidc vuong SAI:
tansia =S4 _ a6 av2
A 2 2

Bai 67. Cho hinh hop chit nhat ABCD.A'B'C'D'c6 AB=AD =a, AA'=b.Goi M]la trung diém

—3=5IA=60°.

cta CC'. Tis6 gdé’ hai mit phang (A'BD)va (MBD)vudng goc véi nhau la

= Loi gidi
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Goi I=ACNBD.

A B
Ta c6 goc ((A'BD),(MBD))=(IA',IM).
D& (A'BD) L(MBD)thi [A' LIM = AIM=90°. Dl /i~ G
a° b? / N
Xét AA'IMcod: A'T? =b? +?; A'M? =24° +Z; A N
R T 1 M.
IM =?+Z. B é;‘:::‘:—‘}r’:{‘: :'___/_____:____; B
Ta c6: AM? = A'T? + IM? Pt S
, b2 , P 2 , , D = \C
sS20°+—=b"+—+—+—<a"=b"=a=b.
4 2 2 4
a
Vay —=1.
Y

Cho hinh 1ap phuong ABCD.A'B'C'D' c6 canh bang a. Tinh s§ do goc gifta hai mét
phing (BA'C)va (DA'C).

= Loi giai
+ ABA'C vubng tai B(vi BC L(ABB'A')= BC L A'B). P e
Ké BH L A'Ctrong ABA'C. R
BD L(AAC) (i BDLAC,BDLAA)=BDLAC. nZ /i S ¢
Taco BH 1 A'C; : Hh ;

BD 1 A'C= A'C L(BHD)= A'C LHD. ;
+ (BA'C)n(DA'C)=AC.
A'C 1 (BHD) P e
(BHD)n(BA'C)=BH D - c
(BHD)(DA'C)=DH

= [(BA'C) ;(DA’C)] ~(BH; DH).
+ BH = DH(ABA'C =ADA'C).

2
apac: > -t b1 13 g2 _ppe
BH' BA™ BC' (.3 @ 2 3

2a> 24° 2
2 s e T (a2
BH?+DH’-BD* _ 3 " 3 2( ) __ 1 BHD-120".
2BH.DH 2a 2

2.——
3

Vay géc gitra hai mat phang (BA'C )Vé ( DA'C )bé“mg 180° —120° =60°.

ABHD :cos BHD =

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

Bdi 69. Cho hinh chép tam gidc déu S.ABCcd canh bén bang 2a, canh day bang a. Goi «1a goc
gitta hai mat bén cua hinh chép d6. Hay tinh coso .
= Loi gidi
Goi M, N la chan duong cao ha ttt B,Sctia ASBC.
H 1a hinh chiéu ctia S trén mat phang (ABC ) .
Ta c6: AB L(SHC)= AB L SC
Mit khéc SC L BM = SC 1 (ABM)=SC L AM

AM < (SAC)
BM < (SBC) = ((SAC);(SBC)) = (AM; BM).
SC L AM,SC L BM

Ta tinh goc AMB.
ASBC can tai Snén N la trung diém cua BC.

2
+)SN =/SC? — NC? =1/4a2 —”Z . 215 .

SN.BC a\154 a\15
SC 2.2a 4
+) AM =y AC? —MC? =BC?* -~ MC? = BM.

+)BM =

154 . 154 E
2 2 2 P
Ta c6 cos AMB = AM +BM —AB” _ 16 162 _ L >0, suy ra goc AMBnhon.
2.MA.MB 5 15a 15

16
A 7
Vay a=((SAC);(SBC))=(AM;BM)= AMB=>cosa -1

Ba&i 70. Cho hinh chép S.ABCDcé ddy ABCD1a hinh thoi tim O, canh AB=a, géc BAD =60°,
SAvudng goc voi mit phing (ABCD),SA =x.Tim x dé€ goc gitta (SBC)va (SCD)bing
90°.

= Loi gidi
Ta c6 ASBC =ASCD (c-c-c) va chung canh SC.
Ké BK 1L SC,DK L SC,

khi d6 goc gitta (ABC)va (SCD)la goc DKB .
NGi OK, do SC 1 (BDK)=>SC L OK = AOKCvubng tai
K.

Khi DKB =90°,suy ra OK :%BD =% .

Ta 6 OC = %,SC = x? +32% ma ASAC ~ AOKC
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S C 3ax?

Suy ra — =— = SA*0OC? =SC*.OK* =
OK

a6
OoC 2

Cho hinh chép S.ABCc6 ddy ABCla tam giac vudng tai A, géc ABCbéng 60°, tam giac
SBC déu canh 4, hinh chiéu vudng géc ctia S1én (ABC ) la trung diém H cua canh BC

.Goi ¢la gdc gitra hai mat phang (SAB) va (ABC ) Khi do

:(x2+3az)§:>x

= Loi gidi
ASBC déu canh a, H la trung diém BC

Nén SH 1 BCva 5H=%.

Dung HF //AC = HF 1 AB.

Xét ABHF c6 sin60° = % — HF = BH.sin60° = 22

AB L HF
Ta c6 { = AB L (SHF)
1

Ma SF < (SHF)nén SF 1 AB.
Khi d6 ((ABC),(SAB))=SFH =¢.

Trong ASHF c6 tang = Z—I; = g

Cho hinh chép t& gidc déu, cé canh day bang ava chiéu cao bang % . S0 do cua goc

gitta mat bén va mat day bang
= Loi giai

Ta c6 SI L(ABCD) nén chiéu cao ctia hinh chop la

SI = @ .
2
Goi M la trung diém AB.
ViIM la dwong trung binh AABD — IM//AD .
Mat khac AB L AD(do ABCD la hinh vuong).
Do d6 IM L AB.
S.ABCD la hinh chop t& giac déu
Nén ASABcantai S =SM 1 AB.
Ta ¢6: (SAB)(ABCD)= AB; SM < (SAB);

SM L AB; IM =(ABCD); IM 1 AB

Nén ((S4B),(ABCD))=(sM,1M)=sMI
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Bai 74.

Bai 75.

Chuong VIII.
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Xét ASMI vudng tai I, ta co: tanSMI = SL_

MI
Vay goc gitta mat bén va mat day béng 60°.

a\/_ 2 \/_ Suy ra SMI =60°.

Cho hinh lap phuong ABCD.A'B'C'D'. Tinh cosin géc gitta hai mat phang (CB’D’)Vé
(ABCD).
w Loi gidi

Do (ABCD)//(A'BCD') . b
Nén [(CB'D') ; (ABCD):| = [(CB’D’) ; (A’B’C'D’)}
Goi O=A'C'nBD', ta chting minh duoc K \‘ \A
BD' 1(C'OC) =BD' LCO, S
Nén [(CB'D') ;(A'B’C'D’)} - (CO,-C'O) -C'oC. C,# I R
D3t CC'=1thitacé C'O= Q, = CO= @ [ T

B A
DCOSC'OCZQZQ.

cCO 3

Cho hinh chop S.ABCDc6 day ABCD]la hinh binh hanh, BC = J2 ava AACD vuong
can tai C. Canh bén SA vudng goc véi ddy va SA=a. Goi H la hinh chiéu vuong goc
ctia Alén SDva Ila trung diém SC. Tinh tan cta géc giita hai mgt phang (AHI ) va
(ABCD).
= Loi gidi
Tac6 CD=AC=SA=a=> Al LSC (1)
Lai c6 CD LSAva CD L AC=CD 1 Al (2)
Tix (1) va (2) = Al L(SCD)= Al LSD
SD 1 Al
SD 1 AH
, |SA L(ABCD)
Ta co:
SD 1 (AHI)

— SD L (AHI)

= ((ABCD);(AHI)) =(SA;SD)= ASD;
AD
tan ASD ="~ =2,

Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, canh bén SA =ava vudng goc véi
mat phang ddy. Goi M, N lan luot 1a trung diém SBva SD. Sincua géc gitta hai mat
phang (AMN) va (SBD) bang
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= Loi gidi
Cé: SB=BD =SD = a2 = ASBD déu.

a2

AM:AN:MN———SM SN = AAMN déu.

Goi Ela trung diém MN = AE 1 MNva SE L MN.
(AMN)~(SBD)=MN

AE L MN = ((AMN),(SBD)) ~(AE,SE).

SE 1L MN
Tinh sinSEA.
AE la duong cao tam giac déu AMN = AE = #.
SE la duong cao tam giac déu SMN = SE = # .
— ASEA can tai E = SEA =2SEI .
Goi I1a trung diém SA = SI = % — EI =+/SE?-SI? = #.
Xét ASEIvuong tai I, ta co: sinSEI = Ss—é = @ va cosSEl = 5—1{: = ? .
= sinSEA = 2sinSEI.cosSEI = i

212

Vay sincua goc gitta hai mdt phing (AMN)va (SBD)bang ——

Cht y: SEA 1a géc ti1 nén goc gitta hai mat phang (AMN) va (SBD) bang 180° —~SEA .

zf

Cho hinh lang tru ding ABC.A'B'C’cd day ABCla tam giac can, véi AB= AC =a va goc
BAC =120°, canh bén AA’'=a. Goi I la trung diém cua CC'. Cosin ctia goc tao boi hai
mat phang (ABC ) va (AB’I ) bang

Ta vAn cé: sin (1800 —SEA) SinSEA =

= Loi gidi
Ta c6 BC? = AB* + AC*—-2AB.AC.cos BAC - o
—ﬂ +a _ZQQ(_E) 361 = BC = a\/_ /‘-'“-\ “-\‘\\ 4
Xét AB'ABcS AB =+/BB? + AB? =~Ja* +a% =a\2.

2
Xét AIACc6 IA=+IC*+ AC? =1/a2+% :é'
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2
Xét AIB'C'cé B1=~/B'C”?+C'T? :\/3&2? = a\/21_3'

Xét AIB'Acd B'A* +1A? =24° +T =

= B'I* = AIB'Avudng tai A

:SIB,A:%AB’.AI:%J: 257 =,

2
e = = AB.AC.sin BAC = 1,08 _ a8
2 2 2 4
Goi goc tao boi hai mat phang (ABC ) va (AB’I ) la a.

Ta c6 AABCla hinh chiéu vudng géc ctia AAB'T trén mit phang (ABC ) .

Laico S

2 2
Do do6 S ,5c =Sipa-CcOSQX = 4 \/5 _f \/E.COS(I :>COSQ4:@,
4 4 10

Cho hinh liang tru ding ABCD.A'BC'D'c6 day ABCDla hinh thoi. Biét AC=2,

AA'=+[3. Tinh gbc gitta hai mat phang (AB'D’)Vé (CB'D’).
= Loi giai

Ta thdy : (AB'D')n(CB'D')=B'D'

Goi I la giao diém caa A'C'va B'D'. |

Khi d¢ ta suy ra: Al <(ABD'), Al L BD', A , D

Cl=(CBD),CILBD . s |

Suy ra: ((AB'Dr),(CB'Dr)) =(ALCI). 3’3;/\ e
Xét tam giac AICco: AC=2, -“-f{ 7
Cl=Al=NAA?+A'T? =3+1=2. A D

Do d6 tam gidc AICdéu = AIC =60°.
Suy ra: ((AB'D'),(CB D)) =60".
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Dang: Ching minh hai mdt phdng vudng géc

Bai 78. Cho hinh chép S.ABCD c¢6 canh SA=a, cic canh con lai béng b. Chiing minh
(SAC) L(ABCD) va (SAC) L(SBD).
= Loi gidi
Goi {O} = ACNBD.
Vi ABCD c6 tat ca cac canh déu bang b
Nén ABCD la mot hinh thoi.
Suy ra AC L BD nén O la trung diém ctia BD.
Mat khac SB=SD nén ASBD cantai S.
Do d6 SO L BD.
BD 1 AC
BD 150
Suy ra (SAC) L (ABCD) va (SAC) L(SBD).
Bai 79. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng va SA vudng goc voi day . Chiing
minh (SAB) L(SAD) va (SAC) L(SBD).
(1) Chiing minh: (SAB) L (SAD) (2) Chitng minh: (SAC) L (SBD)

= Loi giai

A

Vay = BD 1 (SAC)

(1) Chibng minh: (SAB) L(SAD).

*Tacd SA L(ABCD)=SA L AB (1).

¢+ Taco ABL AD ( ABCD la hinh vudng) (2).

v+ 8%, AB 1 (SAD), AB = (SAB) = (SAB) L (SAD).
(2) Chibng minh: (SAC) L(SBD).

*Tac6 SA L(ABCD)=SA L BD (1).

¢+ Tacé BD L AC (ABCD la hinh vuong) (2).

+ —0, Bp | (SAC),BD = (SBD) =(SBD)L(SAC).
Bai 80. Cho it dién S.ABC c6 déy ABC la tam gidc vudng tai B va SA L (ABC).

(1) Chiing minh: (SBC) L (SAB).

(2) Goi AH va AK Tlan lwot 1a duwong cao cua hai tam gidc SAB, SAC. Chtiing minh

(SBC) L(AHK).

= Loi gidi
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(1) Chikng minh (SBC) L (SAB).

+ Tacé SA L (ABC)=>SA L BC (1). S
¢+ Taco AB_L BC (AABC latam gidc vudng tai B (2).

) ), {B CL(S4B) _ (spe) 1 (sAB) = (s4B) L (4D). K
BC < (SBC) A =\
(2) Chitng minh (SBC) L (AHK). A C
* Theo két qua BC L (SAB), AH =(SAB)=>BC L AH (3).
*Ma AH L SB (4). B
o {AH L(s5C) = (AHK) L (SBC).
AH < (AHK)
Bai 81.  Cho hinh chép S.ABCD c6 day ABCD la hinh vudong c6 SA=SB=5C=SD.
(1) Chiing minh: (SBD) L ( ABCD) (2) Chting minh: (SAC) L(SBD)
= Loi giai

(1) Chieng minh (SBD) L( ABCD).

(2) Chibng minh (SAC) L (SBD).

Bai 82.

¢+ Tacd SA=SC = ASAC cantai§,
SO la duong trung tuyén = SO L AC.
¢+ Tacd SB=SD = ASBD cantai S,
SO la duong trung tuyén = SO L BD.
+ ACNBD={0}

= SO L (ABCD), ma SO <(SBD) =(SBD) L(ABCD)

¢+ Theo chttng minh trén, ta c6 SO L BD.
¢+ Ta c6 ABCD la hinh vuéng AC L BD .
*Ma SONAC={0} .

* Vay BD 1(SAC),BD =(SBD) =(SBD) L (SAC).

Cho hinh chép S.ABCD c6 day la hinh vuéng, SAB la tam giac déu va nam trong mét
phang vudng goc véi mat phang (ABCD) .Goi M la trung diém AB.

(1) Chitng minh SM vuéng géc (ABCD).

(2) Chitng minh tam giac SBC vudng va (SAD) vudng goc (SAB).

> Loi gidi
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(1) Chitng minh SM vudng géc (ABCD).
¢+ Ta c6 ASAB déuva M la trung diém AB nén SM | AB
(SAB) L (ABCD)
+ Mat khac ta c6 ,
(SAB)n(ABCD)= AB

Suy ra SM L (ABCD).
(2) Chitng minh ASBC wvudng va (SAD) vudng goc (SAB).
* Theo trén ta c6 SM L (ABCD)=>SM L BC.

¢+ Mat khac ABCD la hinh vuong nén AB L BC.
BC 1L AB
BC 1. SM
Nén tam gidc SBC vuong tai B.
Do AD//BC nén AD 1(SAB). Do d6 (SAD) vudng goc (SAB).
Bai 83. Cho tiv dién ABCD c6 ABC la tam giéc vudng tai B va AD L(ABC)

oTtrdé,tacé{ = BC L (SAB)= BC LSB.

(1) Chting minh (ABD) L (BCD).
(2) Vé dwong cao AH ctia AABD . Ching minh: AH L (BCD).
= Loi giai
(1) Chitng minh (ABD) L(BCD).
¢+ Ta c6 ABC la tam gidc vudng tai B nén BC L AB.
* Mat khédc AD 1 (ABC) nén AD LBC.

Suy ra BC L(ABD). Do d6 (BCD) L(ABD).

’
(2) Chitng minh: AH 1 (BCD). C
A
¢ Theo trén ta c6 BC L (ABD) nén BC 1L AH.
* Theo gia thiét, ta c6 AH L BD.Do d6 AH 1(BCD). B

Bai 84. Cho tit dién SABC c6 ba dinh A, B,C tao thanh A vuong can dinh B va AC=2a, c6
SA1(ABC) va SA=a.

1) Chting minh (SAB) L (SBC)
2) Goi AH la duodng cao cia ASAB. Chiing minh AH L (SBC ) :
3) Tinh d6 dai doan AH.

)

4) Ttr trung diém O cta doan AC vé OK L (SBC). Tinh d¢ dai OK.
w Loi gidi

(
(
(
(

(1) Chitng minh (SAB) L (SBC)

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

¢+ Tacd ABC latam gidc vudng tai B nén BC 1 AB. S
* Mat khac AS 1 (ABC) nén AS 1 BC.

Suy ra BC L (SAB). Do d6 (SBC) L(SAB). E
(2) Chitng minh AH 1 (SBC). A

¢+ Theo trén ta c6 BC L (SAB) nén BC L AH. n

* Theo gia thiét, ta c6 AH 1SB.Do d6 AH 1 (SBC). D

(3) Tinh dé dai dogn AH .

» AABC vudng can dinh B va AC=21—>BA=BC=a2.
¢+ Mt khac ASAB vuong tai S va AH la duong cao.

, 12: 12+ 12: AH_i
AH?> AB? AS® 24°
(4) Tinh 6 dai OK.
¢+ Goi D, E lan luot la trung diém BC,CS.

OD// AB
+Tacs |00 OD_—AB_“*/_
A=0C 2
OE//SA
¢+ Tuong tw ta co U :>OE:15A=E.
SE=EC 2 2

*Ké OK LED, (K e ED). Dé thdy (SAB)//(OED) nén CD 1 (OED)=CD L OK.
* Do d6 OK L(SBC).
¢+ Xét AOED, duong cao OK, ta duoc: L 5= ! >+ 12 =—=>0K=—+ a\/_
OK* OD* OE® a
Bai 85. Cho hinh chép S.ABC c6 déy la tam giac déu, SA J_(ABC ) Goi H,K lan lwot 1a truc
tam cua AABC va ASBC.
(1) Chiing minh (SAH) L (SBC) (2) Chung minh (CHK) L (SBC)

= Loi gidi

(1) Chikng minh (SAH) L (SBC).
¢+ Goi I la trung diém caa BC = BC L Al.
* SA1(ABC)=SA LBC

= BC L (SAI)= BC L(SAH)=(SAH) L (SBC).
(2) Chitng minh (CHK) L (SBC). 4 V C
* Vi SA L (ABC)=SA L CH

* Vi H la triec tam cta tam gidc ABC nén CH 1 AB it
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* Ttr d6 suy ra CH L (SAB)=CH L SB.
¢+ Vi K la trgec tam cua tam gidc SBC nén CK L SB
= SB L (CKH)=>(SCB) L(CKH).
Bai 86. Cho hinh chép S.ABCD 6 ddy 1a hinh vudng canh 4, SA 1 (ABCD). Goi M,N la cac

diém thudc BC va CD sao cho BM = %,DN = 3711. Chiing minh: (SAM) L(SMN).

= Loi gidi
* Ta c6: SA L (ABCD) nén SA L MN.
a®>  54°
¢+ AABM nén AMZ:ABZ+BM2:u2+Z:T.
2 2 2
v ACMN nén MN?=CM?+CN2 =% & 5
416 16
2 2
+ AADN nén AN? = AD? + DN? = g2 4 2% _ 25"
16 16
2 2 2
v Vi AM? 4 MN? = 2% 507 _ 250 _ \npe
4 16 16
= AAMN vuong tai M.

=AM L MN

= MN L (SAM)=(SAM) L (SMN).
Bai 87. Cho hinh chép S.ABCD c6 day la hinh chit nhat, ASAB déu va vudng goc véi ddy. Goi

H la trung diém cta AB. Chtng minh: (SAD) 1 (SAB) .

= Loi gidi
¢+ Ta c6 ASAB déuva H la trung diém AB
Nén SH 1 AB.
L {(SAB) L (ABCD)
¢+ Mat khac ta co
(SAB)n(ABCD)= AB

= SH 1 (ABCD)=SH L AD.

= AD 1 (SAB)=(SAD) L(SAB).
Bai 88. Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai C, SAC 1a tam gidc déu va
nam trong mat phang vudng gdc véi (ABC ) . Goi I la trung diém cua SC.
(1) Chting minh (SAC) L (SBC) (2) Ching minh ( ABI) L (SBC)

> Loi gidi
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(1) Chikng minh: (SAC) L(SBC).
¢+ SAC la tam giac déu va vudng goc v6i (ABC )
¢+ Goi H la trung diém ciia AC =SH 1L AC
* (ABC)(SAC)=AC=SH L (ABC)=>SH 1 BC

¢+ Tam gidc ABC la tam giac vuong tai C = BC L AC

Suy ra BC L (SAH)=> BC L(SAC)=>(SBC) L (SAC). A ¢
(2) Chibng minh: ( ABI) L(SBC).

* BC L(SAC)=BC L Al P

*Va SC L Al nén AI L(SBC). Do d6 (ABI)L(SBC).
Bai 89. Cho hinh chép S.ABCD c6 day la hinh thoi canh a va SA=SB=SC=a.

(1) Chitng minh AC’ L ( A'BD) (2) Chttng minh (AB'C'D) L (BCD'A’)

e 2.

= Loi giai
(1) Chitng minh: AC' L (A'BD).
*Taco AD<(AA'D'D); A B
* HCVG cua AC' trén (AA'D'D) 1a AD' Dy ¢
+Do AD' L AD=> AC' LAD (1). \ oA
* Ta c6 BD =(ABCD),
HCVG cua AC' trén (ABCD) la AC
+Do AC L DB= AC' LBD (2). o -
Tix (1),(2)= AC' L(A'BD).
(2) Chitng minh: (AB'C'D) L(BCD'A').
*Tacd AB' L A'B (1) vi ABB'A’ la hinh vuéng.
* AD' L(ABBA'),(ABBA")> AB'= AB' L A'D' (2)
Tee (1) va (2) suy ra AB’i(BCD’A’), VA N \_‘_‘:‘_- B
Ma AB' = (AB'C'D)=(AB'C'D)L(BCD'A’). D &
Bai 90. Cho hinh hop chit nhat ABCD.A'BCD'. Goi O la giao diém cia AC va BD. Ké

CK_LBD.
(1) Chtng minh C'’K L DB.

(2) Chitng minh (C'BD) L (C'CK)
(3) Ké CH LC'K. Chiing minh CH L(C'BD).
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(1) Chieng minh C'K 1. DB A B

(2) Chitng minh (C'BD) L (C'CK)

(3) Chitng minh CH 1 (C'BD). 0

Bai 91.

Bai 92.

¢+ Ta c6 CK lahcvg cua CK trén (ABCD), Q
* CK<(ABCD),CK L BD | TC
=CK L BD. ' ‘

h \
: \ ,
’" ! B
g | R A
. \

5D L oo = BDL(CCK)=(CBD) L(CCK). 7 ] ¢ :

) {BDLCK
¢+ Ta co

¢+ Taco CH LCK.
* BD 1 (CCK),CH =(CCK)=BD LCH

*Suy ra CH 1 (C'BD).

D' l : (o4

Cho hinh choép S.ABCD c6 ddy ABCD la hinh chit nhat véi AB=a, AD = a2,5A=a
va SA L1 (ABCD). Goi M la trung di€ém ctia AD. Chtiing minh (SAC ) 1 (SMB).

= Loi giai
Goi I la giao diém cta AC va MB.
Ta c6 MA=MD va AD//BC

Nén ap dung dinh ly Talet, suy ra Al = %IC .

2
AC? = AD? + DC? =342, Al :%ACZ =%.

2 2
mrz=improl w2 +a? | =2
9 9 2 6
i i (a2 ’
Tl\l’dé Suyra AIZ—FMIZ:?‘FE: T :MAZ.

Vay AAMI la tam gidc vudng tai I . Suy ra MB L AC.(1)

Mat khéc SA 1 (ABCD)=>SA L MB. (2)

Tix (1), (2) suy ra MB L (SAC).

Do MBc(SMB) nén (SMB) L (SAC)

Cho hinh chép déu S.ABC, c6 do dai canh ddy bang a. Goi M, N Tan luot 1a trung diém
ctia cac canh SB,SC. Tinh dién tich AAMN biét rang (AMN) L (SBC).

= Loi gidi
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Chuong VIII.
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Goi K la trung diém cua BC va {I } =SKNMN.

Tt gia thiét ta co

MN = % BC= %,MN //BC =1 la trung diém ctia SK
va MN.

Ta cd6 ASAB=ASAC = AM = AN (hai trung tuyén
teong tng).

—> AAMN can tai A= Al 1 MN.

(SBC) L(AMN)
(SBC)n(AMN)=MN
Al <(AMN)

Al L MN

Ta c6 = AI L(SBC).

a3

Suy ra Al 1L SK va ASAK can tai A; SA:AK:T.

Tacd SK*=SB*-BK?="—-"_=

2’
Suy ra Al =+/SA*—SI? =, [SA? - 7K

Vay S, MN Al =
2 1

Cho t& dién ABCD c6 ABJ_(BCD). Trong ABCD vé cic duong cao BE va DF cat
nhau tai O. Trong (ACD) vé DK 1 AC.Goi H la trgc tam caa A ACD.

(1) Chiing minh (ACD) L (ABE).
(2) Ching minh ( ACD) L ( DFK)
(3) Chiing minh OH L (ACD)

> Loi gidi

(1) Chitng minh: (ACD) L ( ABE)

(2) Chikng minh ( ACD) L (DFK)

Vi ABJ_(BCD):>ABJ_CD

¢+ Vi BE la duong cao tam gidc BCD=BE L CD.

CD 1L AB

}:CDL(ABE)
¢+ Tacéd: CD L BE

= (ACD) L (ABE).

CDc (ACD)
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* Vi AB1(BCD)=> AB L DF
* Vi DF la duwong cao tam giac BCD=> DF | BC.

DF 1 AB

¢ Ta c6: DF L BC

}:DFJ_(ABC) L DF L AC

AC c(ABC)
* Mt khac, DK L AC=> AC 1 (DFK).
* Lai ¢, AC =(ACD)=(ACD) L (DFK).
(3) Chitng minh OH L ( ACD)
*Do CD 1(ABE)=CD L AE.
*Ma DK L AC=H =AENDK = H (ABE)~(DFK).
(ACD) L(ABE)
* Ta c6: (ACD) L (DFK) = OH 1 (ACD).
(ABE)n(DFK)=0OH
Bai 94. Cho hinh chop S.ABCD c6 day ABCD la hinh thoi canh 2a; BAD =60°, SA L (ABCD)
va SA= a\/g .
(1) Chiing minh (SAC) L(ABCD) va (SAC) L(SBD).
(2) Chting minh (SBC) L (SDC)
(1) Chibng minh: (SAC) L(ABCD) va (SAC) L(SBD).
* Vi SA 1 (ABCD) ma
SA < (SAC)=(SAC) L(ABCD).
* Vi ABCD la hinh thoi = AC L BD.
* Vi SA L (ABCD), BD <(ABCD)=>SA LBD.
‘Tacs: D04 }: BD 1 (SAC).
BD 1 AC
*Ma BD = (SBD)=(SBD) L (SAC).
(2) Chitng minh: (SBC) L(SDC).
*Ké BM 15C (1).
* Vi BD L (SAC), SC =(SAC)= BD 1 5C (2).
* Ttr (1),(2) = SC L(BMD).
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(SBC)n(SDC)=5C
(BMD)n(SBC)=BM
(BMD)n(SDC)=DM
SC L(BMD)

+ Ta c6: = ((sBC).(sDC)) = (BM, DM ) = BMD .

¢+ ASAB vudng tai A= SB= \/SA2 +AB? = \/66!2 +4a% = a\/l_O.
¢+ AABO vubng tai O= cos BAO = % = AO = AB.cos BAO =2a.cos30° = a\/g .

— AC =2A0 =2a3 = SC = AC? +SA? =\124° + 64> =3a+[2

+ Ta c6: SM+MC =322 (3)

+ Mt khéc, BM? = SB? —SM? = BC? —CM”

& SM? —CM? =SB* —BC? =10a” — 4a” =6a°

& (SM~MC)(SM+MC)=6a* < (SM - MC).307/2 = 6a° < SM-MC=a\/2 (4)

i (3),(4) > {SM - 2a\2
BO

— BM =+/SB* —SM? =a\J2 (ASBM vuéng tai M)
MC =a\2
* A ABO vuong tai O= sin BAO = B = BO = AB.sin BAO = 24.sin30° =4

* Vi ABMD can tai M, OM 1a duong trung tuyén = OM la duong cao.
= ABMO vuong tai O = sin BMO = BO__a_ = BMO =45°= BMD =90°.

BM 42

Vay (SBC) L(SDC).
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Dang: Thiét dién

Bd&i 95. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, SA vudng goc v6i mat phang
day. Goi (a) 1a mt phang di qua A va vudng goéc véi SB. Khi d6, mit phang (a) cat
hinh chép S.ABCD theo thiét dién la hinh gi?

. Loi gidi
' Goi AH 1 SB tai H.
= ()N (SAB)= AH
AD 1 SA
= AD 1 (SAB)= AD 1 SB.
AD 1 AB
N(ABCD)=AD.

’ Co BC//AD:BCc(SAB):BCLSB.
* V& HI//BC(1eSC)=(«)n(SBC)=HI.
Vay (a) NS.ABCD = AHID la hinh thang vuong tai A, H .

Bai 96. Cho hinh chop S.ABCc6 ddy ABCla tam gidc vuong can tai A, AB= AC =a; canh bén
SAvuodng goc voi mat day, SA=a. Goi Mla trung diém cua SC. Tinh dién tich thiét
dién ctia hinh chép ct béi mat phang (P) di qua Mva vuong goc voi AC.

= Loi gidi
Goi E, Flan lwot 1a trung diém cta AC, BC.
Do d6 ME//SA, EF// AB.

Ma SA J_(ABC) (gt) nén ME J_(ABC), suy ra ME L EF .
Dé thay (MEF ) = (P) , thiét dién la AMEF vudng tai E.

2
Dién tich thiét diénla S = EME.EF = E.ESA.l AB="
2 22772 8

Bai 97. Cho hinh chép S.ABCc6 ddy ABCla tam giac vuong tai Bvéi AB=a, BC=av3, canh
bén SA =3 va vudng gbc véi mit phang (ABC ) Mit phing (P) di qua trung diém
Mctia ABva vudng goc véi SBcat AC,SC,SBlan luot tai N, P,Q. Dién tich ctia tit gidc
MNPQbang

= Loi gidi

BC L(SAB)=BC LSB
Do (P) di qua trung diém Mcta ABva vudng géc véi SBeat AC,SC,SBlan luot tai
N,P,QOnén MN//PQ//BC,
Do d6 t gidc MNPQ la hinh thang vuong tai M,Q .
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1
S E(MN+PQ).MQ

MNPQ —

a3

+ AABC c6 MN//BC,MNz%BCzT;

+ AMQB <> ASAB = MQ _54
MB  SB

_SAMB a3a_ a3

[ S ————
'

:MQ - - 7
SB 2122 4
QB=\MB* ~MQ* = :>SQ=%. =
, . PQ SQ SQ.BC 7a\3
C6: MN//PQ//BC nén —% =2~ = pQ = - .
0: MNJ/PQIIBC nén o = cp = PR="0,=="3

1 334°
o E(MN+PQ).MQ =

Bai 98. Cho ti dién ABCDc6 ABvudng géc véi CD, AB=CD =8, Mla diém thudc canh BC
sao cho MC =x.BC (O <x <1). Mit phang qua M, song song v6i AB,CD va lan luot cat
DB, AD, ACtai N,P,Q. Dién tich 16n nhéat caa t& giac MNPQ béng bao nhiéu?
= Loi gidi
MQ /| ABva NP /| AB= MQ // PN, A
Twong tw PQ// NM (vi cung //CD), ma AB_LCD
=Tk gidc MNPQ la hinh chi nhat.

Vay S

MQ_MC_, BM _, MN _MQ MN_,_ MQ+MN
AB BC BC CD AB CD 8
= MQ+ MN =8.
(MQ+MNY
Synpo = MQMN <=7 =16.

Suy ra dién tich 16n nhat ctia t gidc MNPQ bang 16.
Bai 99. Cho hinh chop S.ABCDc6 SAvuong goc voi day, ABCD la hinh vuong canh w2 ,

SA=2a. Goi Mla trung diém SC, ()la mat phang di qua A,Mva song song vdi

duong thang BD . Tinh dién tich thiét dién ctia hinh chép S.ABCDbi cat boi (a) .

= Loi gidi

Trong (ABCD), goi O= ACNBD.

Trong (SAC), goi E=SONAI.

Trong (SBD) ké duong thang qua E va song song véi

BD lan luot cdt SB,SD tai H,K.
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Vay thiét dién ctia hinh chdp cat béi mat phang (a) la t giac AIKH .

AC 1 BD
Ta co:
SA L (ABCD) —SA 1 BD

Ta c6 AI_—SC——\/SAZ AC? = —2J_a a2 .

HK _SI _2
BD SO 3
1 22 ,

Vay dién tich t&t giac AHIK1a S, = > AlL.HK = Tu

AHIK

}:BDJ_(SAC):>BDJ_AI:>HKJ_AI.

Va E la trong tam ASACnén HK=§BD=§Q.

Cho hinh chép S.ABCcé day ABCla tam gidc déu canh 4, SA=ava vudng goc véi day.

Mit phang (a) qua Ava vudng gbc véi trung tuyén SI ctia tam giac SBC. Tinh dién
tich S cta thiét dién tao boi (a) v0i hinh choép da cho.

= Loi giai

Goi H 1a hinh chiéu vudng gbéc cua Alén SI.

Ké duong thang MN qua H va song song véi BC va cat
SB, SClan luot tai M,N .

Tacé: SI L BC=SI L MNva SI 1 AH.

= SI L(AMN).

Dé dang ta chirng minh duoc

BC 1 (SAI)= AH 1 BC= AH L MN..

Ta dé dang chirng minh dwgc tam gidc AMN can.
SA%AP a1 T

SA*+AI* 7 B

N

Ta co: SI =+/SA? + AI? :751.

AH =

SA? =SI.SH => SH = 2

Tll.
Do MN//BC = MN SH = MN =
BC SI
1 2a%+/21
S =—MN.AH = )
AMN 9 49

Cho hinh chép S.ABCDvéi day ABCD la hinh thang vudng tai A, day lon AD =8, day
nho BC=6, SAvudng goc voi day, SA=6.Goi Mla trung diém AB, (P) la mat phang
qua Mva vudng géc véi AB. Thiét dién ctia hinh chép S.ABCD cat boi mat phang (P)

6 dién tich bang bao nhiéu?
= Loi giai
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Goi N, P va Q Tan luot la trung diém CD, SCva SB. S
(P)n(SAB)=MQ
Ta c6: {(P)n(ABCD)=MN
(P)n(SCD)=NP
Do d6, thiét dién cua hinh chop S.ABCD cat boi (P)la
t& giac MNPQ .
Dé thdy MNPQIla hinh thang vudéng tai M, Qva
MQ=PQ=3, MN=T. B C
Vay dién tich hinh thang MNPQ la:
_ MQ.(MN+PQ) 3(7+3)

MNPQ — 2 2

ALl

S

Bai 102. Cho hinh chdép S.ABCD c6 day la hinh vuong tam O, AB=SA=a, SA vudng goc vdi

day (ABCD). Goi (P) la mat phang qua A va vudng goc véi SC, (P) cat SB, SC, SD

tai H,I,K.

(1) Chting minh HK// BD.

(2) Chitng minh AH 1 SB, AK L SD.

(3) Chting minh t gidc AHIK c6 hai duong chéo vudng goc. Tinh dién tich AHIK

theo a.

= Loi gidi

(1) Chitng minh HK // BD.

BD L AC
Ta co: BD 1SC
Thace {BDJ_SA:

*Ma (P) LSC nén BD//(P)
‘ {(P)m(SBD)—HK

BD//(P) = HK// BD

(2) Chitng minh AH 1. SB, AK L SD.
BC L AB
BC L SA

* Ta co: { = BC L (SAB)= BC L AH (1)

* V1 SC L(P) ma AHc(P)nén SC L AH (2)

¢ T (1) va (2) suyra AH_LSB
CD 1 AD

Ta co:
P {CDJ_SA

= CD L (SAD)=CD L AK (3)
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* Vi SCJ_(P) ma AKC(P)nén SC 1L AK (4)
¢ T (3) va (4) suy ra AK_LSD

(3) Chitng minh tir gide AHIK c6 hai dwong chéo vudng goc. Tinh dign tich AHIK theo a.

Bai 103.

Bai 104.

*Taco: {HK//BD = HK L (SAC)= HK L Al vi Al =(SAC)
BD 1 (SAC)

Vay t& gidc AHIK c6 hai dwong chéo vudng goc

’TaCé: 12: 12+ 12:>Alzﬁ
A2 AS®  AC 3
2

QS_H:%:HK:SH: SA2— AH? = |a%— & :&

SB BD 2 /
2
* S =EAI.HK:E.“\/g'a«/§:a J3
2 2 3 > .

Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, SA=2a, SA vudng goc v6i
mat phang day. Goi (a) la mat phang qua diém B va vudng goc véi canh SC . Tim thiét

dién ctia t& dién bi cit boi (a) va tinh dién tich ctia thiét dién do.

= Loi gidi
+Ké AH 1 SC
*Ma (@) LSC nén AH//(«)
¢+ Goi M la trung diém cua AC
, |BM LAC
¢+ Ta co {BMJ_SA :>BMJ_SC:>BMc(a)

s {M ()N (SAC)
AH//(), AH < (SAC)
= (a)N(SAC)=MK(MK// AH,K € SC).
* Vay thiét dién cua tt dién 1a ABKM (BM L MK)

‘ ALZ ) A152 +A132 =AM = 22/5

2
* Sapr ZE-MK.MB:E_EAH.MBZE.251\/5.61\/5:a \/]E
: 2z 45 2 2

Cho hinh chép S.ABC c6 day ABC la tam gidc déu canh a . Goi H la trung diém BC ,
O la trung diém AH va G la trong tam cua tam giac ABC . Biét SO vudng gdc mat
phang (ABC ) va SO=2a . Tinh dién tich thiét dién véi hinh chép S.ABC khi cat boi
mét phang (P) di qua G va vudng goc voi AH .

= Loi gidi
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¢+ Goi M, N lan lwot la trung diém AB, AC .
+ MO=:MN=2pc=2 .
2 4 4
¢+ SO L MN va O latrung diém MN = ASMN can tai S.

+ SM =SN =yS0? + MO? = “*ﬁg .
MN L AH(MN//BC)
* Taco: <SO L AH = AH L (SMN) .

MN,SO < (SMN)

’ (P) qua G va vudng goc voi AH :>(P) la mat phang

qua G va song song (SMN ) .

¢+ G la diém chung cta (P) va (SMN),(SMN)//(P)

:(SMN)H(P) =d qua G song song MN cit AB, AC 1an luot tai E,F

— EF//BC = EF _AG _AE_AF _2 EF—EBC—Z
BC AH AB AC 3 3 3

¢ E la diém chung cua (P) (SAB),
:(SAB)m(P):d’ qua E song song SM cat SB tai | .

E] _BE _2 /65
-

¢ EJ//SM = E]——SM—

SM BM 3 3
* F la diém chung cua (P) va (SAC),

:(SAC)G(P):d” qua F song song SN cat SC tai I .

v 1FsN o JF_FC _CI 2 IF——SN_Q\/%.
SN CN CS 3 3

Suy ra thiét dién v6i hinh chép S.ABC khi cat boi mat (P) la hinh thang can IJEF .

LC 2 S1_1 I
+Taco: —=—=>—=—
CS 3 SC 3 BC

—=1]=
J I

oa|m

F K F
¢+ Goi K la hinh chiéu vuong géc cua ] lén EF .

1 a 3u
¢« EK=—(EF-I])=—=; JK= E? -EK? =
2( 7) 5 JK=\J
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3a?

A 1
Vay S E]K(1]+EP)=? :

IJEF —

Bai 105. Cho hinh lang tru ding ABC.A'B'C’ c6 day la tam giac vudng can, AB=AC = a\2 . Ba
diém I,K, M Ian luot la trung di€ém caa BC,CC’ va BI ; BB'=2a .
(1) Chttng minh B'C L (AKI )

(2) Xac dinh thiét dién do méat phang (P) qua M va vudng goc véi B'C cat hinh try.

= Loi gidi
(1) Chitng minh B'C L (AKI) o
Al
¢ AB=AC=u\J2 = BC=+AB?*+ AC? = 2a
— BCC'B' 1a hinh vuéng = B'C L BC' . I
K

-

Al L BB , >
— Al L(BCC'B')
+Tacé Al LBC -BpCcLAl | T

B'C =(BCC'B)
Va B'C LIK (vi BC'//IK).
= BC L (AIK) .
(2) Xdc dinh thiét dién do mit phing (P) qua M va vudng géc v6i B'C cat hinh try.
A <
D
Bl
K
g -
A S B A ¢
¢ M
B
F

+ M3t phang (P) qua M vavudng géc voi B'C va BC L (AKI) = (P) la mit phang di
qua M va song song voi (AIK) .

* (BCC'B')n(P)=M.

(BCC'B')n(AIK)=IK .

= (BCC’B')m(P)zd qua M , song song IK , cit CC', BB Tanluwottai D,F .

* (ACC'A')n(P)=D.

(ACC'A)n(AIK)= AK .
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= (ACC’A’)m(P):d’ qua D, song song AK , cat AA' tai E .
* (ABB'A")(P)=EF,EFNAB=G .
* (ABC)n(P)=GM .
Vay thiét dién do (P) qua M va vuodng goc B'C cat hinh tru 1a t& gidc DEGM .
Cho lang tru t gidc déu ABCD.A'B'C'D’, canh déy ctia lang tru bang a. Mot mat phang
(a) hop véi mat phang day (ABCD) mot goc 45° va cat cac canh bén ctia lang tru tai
M,N,P,Q. Tinh dién tich thiét dién.

= Loi giai
Goi S la dién tich thiét dién MNPQ. D' /o4
Ta 6 hinh chi€éu caa MNPQ xudng (ABCD) chinh Ia

a/
hinh vuong ABCD. :
§'=S 0 = a.
Goi ¢ =((a),(ABCD)) thi ¢ = 45°. A
Do S'ZS-COSSOZS-%:S:\/ES’:\/EQZ. A v

Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh A. Goi H la trung diém cta
BC, O la trung diém cua AH va G la trong tam ctia AABC. Biét SO vudng gdc mat
phing (ABC) va SO =2a. Tinh dién tich thiét dién v6i hinh chop S.ABC khi cat boi mat
phang (P) di qua G va vudng gbc voi AH .

= Loi gidi
Qua G dung MN (M € AB,N e AC) song song BC
thi MN L AH= MN =(P).
Qua G dung GK (K eSH ) song song SO thi
GK 1L AH.
=GK <(P)
Qua K dung PQ (PeSC,QeSB) song song BC
thi PQ L AH=>PQc(P).
Suy ra thiét dién la t& gidc MNPQ.
Tacéo MN va PQ cung song song BC

—G la trung diém MN va K la trung di€m cua
PQ. Tk gidc MNPQ la hinh thang.

Vi G Ia trong tam AABC va MN//BC:>MN=§BC =§a.
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,OH 1 HG 1 HG 2
TacO —==,—=-=>—=—.
AH 2 AH 3 OH 3

HG GK HK 2

Vi GK//SO nén KG——
HO SO HS 3 3
Mt khéc PQ//BC%=EZ>SK 1 PQ = PQ=
HS 3 SH 3 BC
1(1 2 Y4 2,
Vay dién tich thiét dién can tim la S—— (PQ MN) GK==|za+—-a|.-a=—a".
23 3 )3 3

Cho hinh lap phuwong ABCD.A'BC'D' c6 canh bang a. Cat hinh lap phuong boi mat
phang trung truc ctia doan thang BD'. Tinh dién tich thiét dién.

= Loi giai
Thiét dién la hinh cht nhat MNPQ. 5 o
Ta co AIBH «>» ADBD' suy ra _H _BH .
B DD BD LN N
a3 — " '
IBBD' 9 a3 a2 Mo NDS
Suy ra BH = = = va N
DB a2 4 A ,
a3 A I
IB DD’ 2 JEa R o/ BN - ghe
IH ,," ,// \"‘,‘_',,- “ "_—‘_,_ /
a2 QT K ]
_DH_BD-BH_1_, . 1,. a2
~“Do~ DO 2 2 2 i ¥
Ta c6 NP = HK =2HI =2 ”*/_
A w2 af6 3,
Vay SMNPQ —MNNP—T 7—7

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh 4, canh bén SA =0 va vuong
goc voi mat phéng day (ABCD). Goi M 1la diém trén canh AB sau cho

AM = x(O <x< a). Goi (a) la mat phang qua M vuodng goc véi duong thing AC .
(1) Xac dinh thiét dién caa hinh chop da cho vdi mat phéng (a)
(2) Tinh dién tich S cta thiét dién theo a,b,x.

(3) Tim x d€ dién tich cua thiét dién 16n nhat.
w Loi gidi
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(1) Xdc dinh thiét dién ciia hinh chdp di cho voi (a) :
[sALAC

Ta c6 {BD Lac™ (a)//SA,(«)// BD.

SA
+) {(a)// :>(a)m(SAB):m vGi m qua M va
SA < (SAB)

m//SA
mNSB=N"

(a)//BD [
+ = ()" (ABCD)=n véi n qua
BD = (ABCD)
n//BD
M vainnAD=L.
nNAC=1

p//SA
pNSC=P’

q//SA
gNnSD=Q"

+) {(SZ)/C/(S;AC):(Q)G(SAC)zp qua I va {

+) {(a)//SA = (a)n(SAD)=¢ qua L va {
SAc(SAD)
Mit phang (a) cat cac mat ctia hinh chép S.ABCD theo ndm doan giao tuyén MN,
NP, PQ, QL, LM nén thiét dién la ngt giac MNPQL.
(2) Tinh dién tich S cia thiét dién theo a,b,x.
Cht y tinh chat d6i xténg ta co Suror = 2Symp -
Trong d6 tit gidc MINP la hinh thang vudng tai I va M, goi O la tdm hinh vuéng

ABCD

_ bla—x
Theo dinh Ii Ta-let: M - BM _a=x N _ (a-x) ;

SA BA a a

MI_AM _x . w2
BO AB 4 2
IP CI CO+0OI 1 O 1 BM 1 a-x 2a-x b(2a-x)
—=—= ==+ ==+ ==+——= =[P=——~.
SA CA 20A 2 20A 2 2BA 2 21 2 21

bla—x) b(2a—x 2bx(4a—3x
Ta c6 Syppo, =(MN +IP)MI = (a-x) b )|z _ 2 ).

Q a 2a 2 4q

(3) Tim x dé dién tich cia thiét dién 16n nhat.

Str dung bat dang thitc Co-si ta c6
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5 \/E.bx(4a—3x) _ \/E_b
B  12a

> .3x(4a—3x) <

\/E.b(3x+4a—3xj2 _ \/Eab

12a 2 3

~ . 2
Dau “="” xay ra <:>3x:4a—3x<:>x=?a.
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QUAN HE VUONG GOC TRONG KHONG GIAN

KHOANG CACH

.q Ly thuyét
)

1. Khodng cdch tu 1 diém tdi 1 dudng thdng, dén 1 mat phdng

1.1. Khodng cdch tir mot diém dén mot duong thing

-g,i)inh nghia:

Cho diém O va duong thang a.

Trong mat phéng (O , a),
* Goi H la hinh chiéu vuéng goc ctia O trén a.
* Khi d6 khoang cach gitta hai diém O va H duoc
goi 1a khoang cach tir diém O dén duong thang a.
Ki hi¢u : d(O,a)=OH..
Nhin xét

* VNea:ON=>d(O,a)=0H

o d(O,a)=O<:>O<—:a

1.2. Khodng cich tir mot diem dén mot mdt phing

-@;Dinh nghia:

Cho diém O va mét phang (o).

* Goi H lahcvg ctia O trén mit phang (a)
 Khi d6 khoang cach gitta hai diém O va H dugc

goi 1a khoang céch tir diém O dén mit phang ().
Kihi¢u: d(O,(a))=OH
Nhan xét
* VN e(P):ON2d(O,(P))=0H
«d(0,(P))=0< O€(P)

LegT—0O

S
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2. Khodng cdach gitra dudng va mdat song song, hai mat song song
2.1. Khodng cdch giita dwong thang va mét phding song song

.g',f)inh nghia:

Cho duong thang a song song véi mit phang ( ) A

» Khoang céch giita duong thang a va mit phang a) la

khoang cach tir mot diém bat ki ctia @ dén mit phang (a:) ,
A

B/

Ki higu: d(a,(o))=d(A,())

2.2. Khodng cich giita hai mét phing song song

g Dinh nghia:

Khoang cach gitta hai mat phang song song A
khoang cach tir mot diém bat ki thudc mat phang nay dén / :

mgt phang kia

Kihigu : d((a),(8))=d(M,(8)) véi diém M e () /{ .

3. budng vudng géc chung va khodng cdch hai dudng chéo nhau
3.1. Dinh nghia

-g',’ainh nghia:

¢ Duong thang A cat hai deong thang chéo nhau a va b
va cing vudng gdc véi mdi duong dy duoc goi 1a duong
vuong goc chung ctia a va b

e Néuduong vudng goc chung A cit hai duwong thang chéo
nhau a va b tai A,B thi d0 dai doan thf;ing AB goi la b
khoang cach gitta hai duong thang chéo nhau a va b

Ki hi¢u: d(a,b)= AB

3.2. Cdch dung doan vudng goc chung ctia hai duong thing chéo nhau
P Cdch 1: Khi 2 vubng b

* Dung mot mat phéng (a):a,(a)J_b tai N

* Trong (o) dung NM La tai M M/
* Doan MN la doan vudng géc chung ctia a va b o M E
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P Céch 2: Khi a chéo b
* Dung mot mat phéng (P) - b,(P)//a . K M a

e Dung a' 1a hinh chiéu ctia a 1én mat phang (P),
béng cach 18y M ea dung doan MN L (P) , Iac do

a' 1a duong thang di qua N va song song voi a b j_._ﬁ’
* Goi H=a'nb, dung HK//MN =HK la doan| £ SO——"%

vuong goc chung ctia a va b

f—w A

Khoang cach gitta hai duong thang chéo nhau bang khoang cach gitta mot trong hai

duong thang d6 véi mit phang song song véi né va chira thang con lai.

(2)  Khoang cach gitta hai duwong thang chéo nhau bang khoang cach gitta hai mat phang

song song an luot chita hai duong thang dé.
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.‘:; Bai tap
)

R Dang 1. Khodng cdch tUr chén dudng cao dén mét mat bén

~ a\? Phuwong phap )
» Budc1: Xac dinh giao tuyén A.
» Budc 2:  Tw hinh chiéu vudng goc ctia dinh, dung AH L A (véi HeA).
» Budc 3: Dung Al L SH (véi I € SH ). Khoang cach can tim 1a AT .
Véi S 1a dinh, A la hinh chiéu vuong goc cuia dinh trén mat day.
Ba budc dung 6 trén la si dung tinh chdt:
“Hai m4t phang vudng gdc véi nhau, néu mot duong thang nam trén mat nay vudng
gbc voi giao tuyén thi sé vudng goc véi mat phang kia.”
Nhan xét:
Day la bai todn co ban nhwng v6 cung quan trong trong viéc tinh khoang cich tie mot diém
dén mot mat phang. Hiu nhw tinh khoang cich tie mot diém bt ky dén mdt phang bén déu
thong qua diém nay.

EE‘@\W dy 1.1.

Cho hinh chép S.ABC cé SA vuong goc véi day (ABC ) . Hay xac dinh khoang cach
tir dim A dén matbén (SBC).

= Loi gidi
Ta c6 BC =(SBC)n(ABC).
Dung AH 1 BC tai H.
Dung Al 1 SH tai I.
. [BCLSA
1 {BC L AH

(SBC) L(SAH)=AH c6 Al LSH
Nén Al L(SBC) . Vay d(A;(SBC))=Al.

EB.vicra

Cho hinh chép S.ABCc6 day ABC la tam gidc déu canh a, canh bén SA vuong goc

= BC 1 (SAH)=(SBC) L(SAH).

v6i ddy. Tinh khoang cach tit diém A dén mit phang (SBC) theo a, biét SA = #

> Loi gidi
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Goi E la trung diém BC thi BC L AE (vi ABC déu).
Dung AF L SE tai F.

) {BCJ_SA
o

= BC L (SAE)
BC L AE

= (SBC) L(SAE)=SE = AF L SE
Suyra AF L (SBC) .
Vay d(A,(SBC))=AF.

1 1 1 2 4 2

Trong ASAE: AF2 :A52+AE2 zy‘i‘y:a—szF:T
a2

Vay d(A,(SBC))=AF=——.

oy a(4(s8)) - ar =2

E@\w duy 1.3.

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tam O, canh a, SA L (ABCD)
va SA=av3. Tinh khoang cach tir A dén mit phang (SBC).

= Loi gidi

Ta co: {BC A8 pcl (SAB)=>(SBC) L(SAB)=SB
BC LSA

Ké AH 1 SB tai H= AH 1(SBC)
Vay: d(4,(SBC))= AH.

Trong ASAB:
AH® AB° SA® a° 3a° 3a 2

3

Két lugn: d(4,(SBC)) ="~
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R Dang 2. Khodng cdch tU diém bdt ky dén mét mat phang

~ ’:‘? Phuong phap )
Tt cac di€m yéu cauy, ta quy vé chan duong cao:
Gia st AMnN (P) = {O} nhu hinh vé.

d
A
M
A L
/{ Ko/ g
Py H
/{o __________
Y H K
7 M
d(M,(P \
Khi dé: (M.(P) ~OM (w1, (P)) =22 d(a,(P)) voi 2 13 hing s6.
d(A,(P)) OA OA 0OA

Dé tinh duoc d(M,(P)) ta chi can tinh d(A,(P)) bé“mg cac budc sau:
» Budc 1:  Xéc dinh giao tuyén A.
» Budc 2: T hinh chiéu vudng goc cua dinh, dung AH L A (v6i HeA).
» Budc 3: Dung Al LSH (véi I € SH). Khoang cach can tim la Al .
Vé6i S la dinh, A 1a hinh chiéu vudng gbc ctua dinh trén mat day.

EE‘@\W du 2.1.

Cho hinh chép S.ABC co6 day la tam giac vuong tai A véi BC =2a, ABC = 60°. Goi
M la trung diém BC. Biét SA=SB=5C =a/5.

(1) Tinh chiéu cao ctia hinh chdp.

(2) Tinh khoang cach tir M dén (SAB).

. Loi gidi
(1) Tinh chiéu cao ctia hinh chép.

Vi AABC vudng tai A, M la trung diém ctia BC
Nén ta c6 MA=MB=MC. (l)

Theo dé SA=SB=SC. (2)
Tix (1) va (2) =M 1aHCVG cua S 1én (ABC).
Vay d(S,(ABC))=SM.

Trong ASBM c¢6 SM =+/SB?> - BM?® a’(a\/g)z —a® =2a.
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(2) Tinh khoang cach tir M dén (SAB).
M 1a hinh chiéu vudng géc ctia dinh S trén mat phang (ABC ) .
Ké MF | AB tai F.Ké MG LSF tai G = MG L(SAB).

MARB 1a tam gidc can c6 goc 60° nén MAB déu :MF:#,
Trong ASMF: 12: 12+ 12: 12+ 1 ZSMGZZQ\/g,
MG?~ SM® " MF* (2, {Nﬂ /o
2

EB.vic22

Cho hinh chép 5.ABC c6 day ABC la tam giac vudng tai B, BA=3a, BC =4a; mat
phang (SBC) vudng goc voi mit phang (ABC). Biét SB= 2ay/3 va SBC =30". Tinh
khoang cach tit di€ém B dén mit phang (SAC) theo a.
= Loi giai
Goi H la hinh chiéu vudéng goéc ctia S 1én BC.
Do (SBC) L(ABC) nén SH L (ABC).
SH =SB-sin30" =av/3
BH=5B-cos30 =31
Dung HG L AC tai G. Dung HK L SG tai K.
) {AC 1 HG
ac

Trong ASBH: {

ac sy = AcL mp (SHG).

= (SAC) L(SHG) vi AC = (SAC)
Va (SAC)n(SGH)=SG = HK L (SAC).
Vay d(H,(SAC))=HK.
GH _CH a 3a

Ta c6 ACGH ~ACBA = — =GH=—23a=—.
CA 5a 5
Trong ASGH :—— =~ 4 1 2,1 8 pai =307
HK? HG* HS* 92* 34° 9a 14

d(B,(SAC)) BC
d(H,(sAC)) HC

6a\/_

HBN(SAC)={C}=

Vay d(B,(SAC))=4d(H,(SAC))=
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R~ Dang 3. Khodng cdch hai dudng chéo nhau

- 2\? Phwong phap ) N
Phwong phap chung: Ta phai chuyén khoang cach giita hai duong thang chéo nhau vé
khoang cach tlr mot diém dén mot dueong thang hodc khoang cach
ttr mot diém dén mot mat phéng.
38 Truwong hop 1:
, ac|P
&  Néu duong thing () d(a,b)=d(b,(P)).
b// (P)
Khi d6 chon M €b sao cho c6 thé tinh d(M,(P)) la d(a,b).
, (P)>a (Q)>a
&  Néu khong tim duoc thi ta phai dung
(P)//b (Q)//b
8 Truong hop 2: a va b Tan luot thudc hai mat phang song song nhau.
ae (P)
&  Néuduongthing 1be(Q) =d(a,b)=d((P),(Q))
(P)1(Q)
38 Truong hop 3: a la canh bén con b la mot canh day caa hinh chép
<¢ Talam nhw sau:
(+) Goi [ = am(P) (mat day).
(+) Tt I dung duong thang A song song véi b.
(+) Khi d6 b song song vdi (P) chtta a va A.
(+) Chon M trén b sao cho c6 thé tinh d(M,(P)) 1a d(a,b).
Pé tinh duoc d(M ,(P)) ta chi can tinh d(A,(P)) bf?mg cac budce sau:
» Budc 1:  Xac dinh giao tuyén A.
» Budc 2: T hinh chiéu vuong goc cua dinh, dung AH L A (v6i HeA).
» Budc 3: Dung Al LSH (véi I € SH ). Khoang cach can tim la AT .
Vi S 1a dinh, A la hinh chiéu vuong goc cuia dinh trén mat day.
\. J
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BB,

Cho hinh chép S.ABCD c6 ddy la hinh vuong canh a, SA=SB=S5SC =S5D = a2 . Goi
I,K lan luot 1a trung diém ctia AD,BC . Tinh khoang céch gitta hai duong thang SB
va AD theo a.
= Loi gidi
Goi O la giao diém caa ACva BD.
Ta c6 AD//BC = AD//(SBC)
Nénd(AD,SB)=d(AD,(SBC))=d(I,(SBC)).
Goi H 1a hinh chiéu vudng gdc cua O trén SK
. {OH 1 SK
én

OHLBC:OHL(SBC):d(O’(SBC)):OH-

2
Trong ASAO: SO =+/SA> - AO? :4/2512 —% :@.

Trong ASOK:
2
12: 12+ 12: 42+i2:14a ~oH=" 42.
OH® 0OS° OK® 6a° a 3 14

d(1,(SBC)) Ik
d(0,(SBC)) OK

OIN(SBC)={K}|=

42
.

Vay d(AD,SB)=d(1,(SBC))=2d(O,(SBC))=20H =

EB.vics2

Cho hinh chép S.ABC c6 day la tam giac déu canha . Hinh chiéu vudng goc ctaa S
trén (ABC)la diém H thudc canh ABsao cho HA = 2HB. Goc gifta dudng thang SC

va (ABC)bing 60’ . Tinh khoang cach gitta SAva BC theo a.
= Loi gidi
Ap dung dinh 1i C6-sin trong AAHC ta c6 :
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CH? =CA® + AH? —2.CA.AH.cos CAH .

_p M 2 e = T oy =T \/_
9 3 9

Ta c6 HC 1a hinh chiéu vudng gbc cua SC trén (ABC )
Nén (SC;(ABC))=SCH 60" .

av/21

3

Trong ASCH: SH =CH.tan 60’ :g.\/_ =

Tir A ké Ax//BC = BC//(SAx)

Khi d6 d(BC,SA)=d(BC,(SAx))=d(B,(SAx)).
Dung HI 1 Ax tai I.

Goi K 1a hinh chiéu vudng goéc ctia H trén SI.

(Ax LHI
"Ax1sH

Ma HK L SI= HK 1 (SAx). Vay d(H,(SAx))=HK.

2a\/§ a\/g

Trong AAIH: HI = HA.cos60° = 35 3

Trong ASIH: L > = 12 + 12 = 92 +izz 240° = HK =
HK HS* HI 21a° 3a 7

d(B,(SAx)) _ BA =§

d(H,(SAx)) HA 2°

= Ax 1 (SHI)=(SAx) L(SHI)=SI.

BHN(SAx)=A=

Vay d(BC,SA)=d(B,(SAx))= gd(H,(SAx)) = gHK =
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.q Luyén tap
[

Dang: Tinh khodng cdch tv diém dén mat phdang
Bai 110. Cho hinh chép S.ABC c6 day ABC la tam gidc vudng can tai B, AB=2a,SA vudng goc

vOi day va SB tao vdi ddy mot goc 60°. Tinh khoang cach ttr:

(1) Diém S dén mit phing (ABC). (2) Diém C dén mit phang (SAB).

(3) Biém B dén mat phang (SAC). (4) Diém A dén mat phang (SBC).

= Loi giai

(1) Khoding cich tie diéim S dén mdt phing (ABC).

*Tacd SA L(ABC)=>SA=d(S;(ABC)).

¢+ SB tao véi day mot géc 60° = SBA =60°

+ ASAB: SA = AB.tan SBA = 2a.tan 60° = 2/3a.
(2) Khodng cdch tir diéin C déi mat phing (SAB).
BC L SA
BC L AB

* Suy ra BC =d(C;(SAB)).

¢+ ABC latam gidc vudng can tai B, AB=2a—= BC=AB=2a.
(3) Khodng cdch tir diéim B dén mdt phing (SAC).

* Ta c6: { = BC L (SAB).

¢+ Goi G la trung diém cua AC
BG L AC

= BG L (SAC) = BG la khoang céch tir diém B dén (SAC).
BG LSA

¢+ Ta co: {

AC  22a
2 2 V2

¢+ ABC la tam gidc vudong can tai B= BG=—= aN'?2.
(8) Khoding cdch tir diém A dén mat phing (SBC).
+ Goi H la hinh chiéu ctia A trén SB

AH 1 SB , ~
¢+ Taco =AH 1 (SBC) = AH la khoang cach tir diém A dén (SBC).
AH 1 BC

Zu\/gza\/—'

3
2
B&i 111.  Cho hinh chop it gidc déu S.ABCD c6 ddy ABCD la hinh vudng tim O, AB=2a,
SA=4a.
(1) Tinh khoang cach tir O dén (SAB).

(2) Tinh khoang céch tir A dén (SCD).

¢+ Tam gidc AHB vuodng tai H nén AH = AB.sin60° =
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= Loi gidi

Theo dé bai thi SO L (ABCD).
Dung OI L AB tai I thi ABL(SIO).
= (SAB) L(SIO)=SI

Dung OH L SI tai H=>OH L (SAB)
=d(0,(SAB))=0OH.

Ol la duwong trung binh ABAD = Ol = %AD =a.

Trong ASAO: SO = JSA? — AO? =\16a% —2a* = a 114 .

V21
Trong ASOI: 12= 12+ 12:%4‘ 12: 152:>OH:a 0.
OH® OI° 0S8 a° 14a° 14a 15

(2) Khoing cdch tie A dén (SCD).

Bai 112.

Vi S.ABCD 1a hinh chép déu nén khoang cach tir tim O dé&n cic mat bén bang nhau,
a'210

¢6 d(0,(84B))=d(O,(SCD))=OH ==

d(4,(scD)) _AC

d(o,(scp)) A0

Vay d(4,(SCD))=24d(0,(SCD))= 2“\1/? .

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng tim O, canh bang a, SA vudng
goc voi ddy. Goc tao boi SC va mit phang (SAB) bing 30°

AOm(SCD) = {C} ,nén co

(1) Tinh khoang c4ch tir diém A dén mat phang (SBD) .

(2) Tinh khoang céch tir diém C dén mat phang (SBD).

(3) Tinh khoang cach tir trung diém I ctia SC, trong tam G cua ASCD dén (SBD) .
(4) Tinh khoang cach tir O, I va G dé&n mit phang (SAB).

= Loi gidi
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(1) Tinh khodng cich tir diém A dén mit phing (SBD).

. {CBJ_AB

i = CB 1 (SAB).
CB L SA

Do d6 SB 1a hinh chi€u cua SC 1én mét phing (SAB).
=(SC,(SAB))=(SC,SB)=CSB=30°.

Trong ASBC vuodng tai B c6 SB=BC.cot30°= a3
Trong ASAB: SA=+SB’ — AB? =32’ —a* = a+/2.

, |SALBD
Ta co
AC 1 BD

= BD 1 (SAC)=(SBD) L (SAC).
Trong (SAC), ké AH 1. SO=> AH 1 (SBD)=>

d(A(
zi:> H:a\/l—o.

1 1 1 1 1
Trong ASAO: A A + O 22 +a_2

\/_

Vay d(A,(SBD))=

(2) Tinh khodng cich tir diém C dén mat phing (SBD).
d(C,(SBD)) _Co _
d(A,(SBD)) AO

av10
—

Vi ACN(SBD)=0 nén

Vay d(C,(SBD))=d(A,(SBD))=

(3) Tinh khodng cdch tir trung diém 1 ctia SC, trong tdm G ctia ASCD dén (SBD).

Vi ICN(SBD)=S :%%%.

Do d6 d(G,(SBD)) =

3
(8) Tinh khoding cich tiv O, I vi G déh mgt phing (SAB).
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Theo cau (1) ta c6 BC 1 (SAB)=d(C,(SAB))=BC =a.

d(I,(SAB
Vi ICm(SAB):5:>M_ IS 1

d(C,(sAB)) Cs~ 2’
Do d6 d(1,(SAB)) = %d(C,(SAB)) =7
Vi OC(SAB)=A = 222:E§j§;; = gﬁ :%.
Do d6 d(O,(SAB))= %d(c, SAB))=7.

Do 6 d(G,(SAB))= %d(E,(SAB)) -5
Bai 113. Cho hinh chép S.ABCD day la hinh vuéong tam O canh a,5A L (ABCD), SA=2a

(1) Tinh theo a khoang céch tir A dén (SBC).

(2) Tinh theo a khoang cach tir A dén (SBD).

(3) Tinh theo a khoang cach tir O dén (SBC).

= Loi gidi
(1) Tinh theo a khodng cich tir A dén (SBC).
*Tit A ké AHLSB (1)
BC L AB
’ = BC L (SAB)= BC L AH (2)
BC LSA

* Tir (1) va (2): AH L(SBC)= AH =d(A,(SBC)).

B 211\/5

1 1 1 5 2a\/§:>d(A’(SBC))_

AH? SA* AB® 4d° 5
(2) Tinh theo a khoing cich tiv A dén (SBD).
*Tix A ké AGLSO (3

. BD 1 AC
BD 1 SA

}:BDL(SAC): BD L AG (4)
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* Tir (3) va (4): AG L(SBD)= AG =d(A,(SBD)).

1 1 1 9 2a 2a
C T A T AH_?:d(A,(SBD)) =5
(3) Tinh theo a khodng cich tie O dén (SBC).
d(0,(SBC
+C6 AON(SBC)=C= (0.(5EC)) _oc =£:>d(O,(SBC))=1d(A,(SBC))=ﬁ.
d(A,(SBC)) AC 2 2 5
Bai 114. Cho hinh chép S.ABCD c6 day la hinh vuong tam O canh a4, SO vudng goc voi mat
phang day va SO =2a.
(1) Tinh theo a khoang céch tir O dén (SBC).

(2) Tinh theo a khoang céch tir A dén (SBC).

= Loi giai
(1) Tinh theo a khodng cich tir O dén (SBC).
¢+ Goi N la trung diém ctia BC
. BCLON
* Ta c6: = BC L(SON)
BC LSO
*Ké OKLSN
C L(SON)

B
* Ta c6 OK L BC vi
K =(SON)

}—>OKL(SBC)

= d(0,(SBC))=0K
11 1 2a 2a
o "5 ot = OK -7 —d(O,(SBC))= N

(2) Tinh theo a khodng cich tir A dén (SBC).

¢

_ 4a\/]7
7

* Vi AC=20C nén d(A,(SBC))=2d(O,(SBC)) —>d(A,(SBC))=

Bai 115. Cho hinh chop t& giac déu S.ABCD ¢6 AB=SA=2a.
(1) Tinh khoang céch tir dwong thang AB dén (SCD).

1

(2) Tinh khoang céch tir D dén mét phing (SAB).

= Loi gidi
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(1) Tinh khodng cich tir dwong thing AB déh (SCD).
¢+ Goi I, M la trung diém AB;CD

CD L IM
Thi = CD L (SIM)
CD L SM

*Vé IH 1 SM tai HeSM thi IH 1 (SCD)
*Ma AB//CD <(SCD)=> AB//(SCD)

SO.IM
SM
¢+ ASAB déu canh 22= SI = a3 = SM =3

¢ Va OM=%IM=:1:>SO= SM?—OM? = a2

= d(AB,(SCD))=d(I,(SCD))=1IH =

SO.IM _av2.2a  2a\[6
SM 43 3
(2) Tinh khodng cich tiv D dén mit phing (SAB).
*Tacé DC// AB=>DC//(SAB)=d(D,(SAB))=d(M,(SAB))

Vay d(AB,(SCD))=

* Do S.ABCDhinh chép t gidc déu nén d(M,(SAB))=d(I,(SCD))= Zaf
Vay d(D,(SAB)) = 2”;)/5.
Bai116. Cho tr dién ABCD 6 AD vudng goéc véi (ABC); AB=AC =4cm ; AD=3cm;

BC =5cm.
(1) Tinh khoang cach tir A dén (BCD).

(2) Goi M Ia trung di€m AB, tinh khoang cach tir M dén (BCD).
(1) Tinh khodng cdch tir A dén mp(BCD).
¢+ Goi E la trung diém cua BC= AE L BC.
AE 1 BC
* Ta c6: < AD L BC = BC L (ADE)
AD, AE < (ADE)
* Ma BC =(BCD)=>(BCD) L (ADE)
* Lai c6: (BCD)(ADE)=DE.
*Ké AH L DE= AH L (BCD)=d(A,(BCD))=AH.
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¢* AAEC: AE=~AC?*-EC? = ‘/42

v AADE: L _ AEAD 313
AH?® AE2 AD2 «/AE L AD? 5
3J_

Vay d(A,(BCD))=AH ===

(2) Tinh khodng cich tiv M dén mp(BCD).

Bai 117.

Bai 118.

d(A,(BCD))  aB
d(M,(BCD)) AM
4(A,(BCD)) _3/i3

2 10
Cho hinh chép S.ABCD cé day ABCD 1a hinh thoi canh a. Tam gidc ABC déu, hinh
chiéu vudng géc H cua dinh S trén (ABCD) trung voi trong tam cia AABC . Duong
thang SD hop véi (ABCD) géc 30°. Tinh khoang cach d tir B dén (SCD) theo a.

* Ta c6: AMN(BCD)={B}= =2

=d(M,(BCD))=

= Loi giai
Xac dinh  30°=(SD;(ABCD))=(SD;HD)=SDH  va
SH = HD.tan SDH = %
Ta 6 d(B,(SCD))= @.d(H (scp))= §.d(H (scp)).
' HD ‘' 27V
Tac6 HC L AB=HC LCD.
Ké HK 1 SC.Khidé6 d(H,(SCD))=HK.

ASHC, ¢6 HK = —2H-HC _2e21

\/SHZ + HC? 21
a\/_

Vay d(B,(SCD))=—-HK =
ay d(B,(SCD)) -

Cho hinh chép S.ABCD c6 day la hinh vu6n canh a, mdt bén (SAD) vuong goc voi day
(ABCD) va SAD la tam gidc déu. Goi M la trung diém cua AD.

(1) Tinh theo a khoang céch tir S dén (ABCD).

(2) Tinh theo a khoang cach gitta SM va BD.
(3) Tinh theo a khoang cach tir M dén (SBC).

= Loi gidi
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(1) Tinh theo a khodng cdch tiv S déin mdt phing (ABCD).
¢+ ASAD la tam giac déu
* Ma M la trung diém cua AD nén SM 1. AD
(SAD) L (ABCD)
* {(SAD)n(ABCD)=AD = SM 1 (ABCD)
SM 1L AD,SM <(SAD)

. d(S,(ABCD)) —SM = %

(2) Tinh theo a khodng cdch giita SM va BD.
+ Ke MH//AC

AC L BD

{AC// MH

* Ma SM L (ABCD)= MH L SM(2)

¢+ Ta co: = MH 1BD (1)

\ 1 a\/E
¢ T (1),(2) suy ra d(SM, BD) =MH = EAC = T
(3) Tinh theo a khoding cich tic M dén mt phing (SBC).

¢+ Goi N la trung diém cua BC
¢+ Ta c6: BC L MN
*Ma BC LSM vi SM L(ABCD)

*Nén BC L (SMN)
*Ké MK L SN
* Tac6 MKLBC vi BC L(SMN) va MK =(SMN) nén MK 1 (SBC)

= d(M,(SBC))= MK

12: 12+ 12:>MK:a\/z—>d
MK* SM*® MN 7

Wi

(v (5mc) -

¢

Bdi 119. Cho hinh chép tam giac déu S.ABC canh d4y bang a, canh bén bang #, I la trung

diém ctia BC, O la trong tam ctia AABC.
(1) Tinh d(S,(ABC)),d(0,SA).

(2) Chiing minh (SBC) L (SAI). Tinh d(O,(SBC)).

= Loi gidi
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(1) Tinh d(S,(ABC)),d(0,SA).
* Vi S.ABC 1a hinh chép tam giac déu — SO L (ABC).
* Khi d6 d(S,(ABC))=SO.

* Vi AABC déunén Alz%ﬁzé
SuyraAO——AI—gi—i &.

37 3 2 3
Suy ra SO =+/SA? - AO” = \/[ ] {“[J ”*/65.

SO.0A a\/_
Jsorroar 9
(2) Chitng minh (SBC) L(SAI). Tinh d(O,(SBC)).
* Vi AABC déu c6 I la trung di€m BC nén BC L Al ma BC LSO (do SO L(ABC))
= BC L (SAI). Ma BC =(SBC) nén (SBC) L(SAI).
* Trong (SOI), ké OK LSI (K eSI).
(SBC) L(SAI)
*Tac6 {(SBC)(SAI)=SI = OK L(SBC) tai K.
OK = (SAI),OK L SI

*Ké OH 1L SA—d(0,5A)=0H =

S0.0I :uﬁ
Jsoz+orz 30

Bai 120. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong tam O canh a, mat bén (SAB) la

* Khi d6 d(0,(SBC))=0OK =

tam giac déu va nam trong mit phang vudng géc véi mat phang (ABCD). Goi I la
trung diém AB. Tinh
(1) d(A,(SBC)) (2) d(1,(sCD))

-----
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Chuong VIII.
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¢+ Vi SAB la tam giac déu nén SI 1 AB.
(SAB) L(ABCD)
* Ta c6 <(SAB)n(ABCD)= AB= SI L (ABCD).
SI<(SAB),SI L AB
* Trong (SAB), vé AH LSB (H eSB).
Ta o {BC 1L AB
BC 1 SI
*Ma SB_L AH suy ra AH 1(SBC) tai H.

_a\V3
)

= BC L (SAB)= BC L AH.

* Khi d6 d(A,(SBC))= AH

@.d(1,(SCD))

Bai 121.

+Ké I LCD (JeCD), IKLS] (KeSJ).Suyra ] latrung diém CD.

CDLI
¢ Ta ¢ J = CD 1 (SIJ)=CD LIK (do IK =(SI])).
CD 1 SI

*Ma S] LIK suyra IK L(SCD) tai K —d(I,(SCD))=IK.

¢ Vi tam gidc SAB déunén SI = # va I]=BC=a.
7SI a21

Vay d(L(SCD))=1IK = =

(1{scp)) IP+srr 7
Cho hinh lang tru ABC.A'B'C’', AABC déu c6 canh bang a, AA'=a va dinh A’ cach
déu A,B,C . Goi M, N Ian luot la trung diém ctia canh BC va A'B. Tinh

(1) Khoang cach tir A’ dén (ABC).
(2) Khoang cach tir C dén mat phang (AMN).

> Loi gidi
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(1) Khodng cdch tir A" dén (ABC).

(2) Khodng cdch tie C dénn mit phing (AMN )

Bai 122.

Chuong VIII.
QUAN HE VUONG GOC

¢ Taco: AA=AB=AC
Nén G la trong tam AABC déu
Va G lahinh chiéu A’ 1én ABC.
Nén d(A’;(ABC))= AG.

a6

e Tacoh: AG=+A'A* - AG? :T'

¢ Lay T la trung diém BG
= NT//A'G,NT L (ACB),

¢ TF//BC véi F la trung diém GM .
*+ Ké TS L NF
¢ Ta co: TF L AM(TF//BC).

Ma NT L AM(NT 1 (ABC)) nén AM L (NTF).
{AM 1L TS
-

NE LT Mén TS L(AMN)

=TS =d(T;( AMN)) :%d(B;(AMN)) :%d(C;(AMN)).

NT:EA’G:&
2 6

Tr=2pm-=2
2 4

* Ta cé:

1 1 1 1

Nén = + =
TS* NT? TF? TS?

22

11
Cho hinh lang tru ABC.A'B'C' ,dday ABC la AC = a\/g, ACB=30°. Canh bén hop vdi
mit phing ddy mot géc 60° va mat phang (A'BC) vudng goc véi mit phing (ABC).

Nén d(C;(AMN)) =

Diém H trén canh BC sao cho HC=3HB va mit phing (A’AH) vudng géc voi mit
phang (ABC).

(1) Tinh khoang cach tir A’ dén mt phang (ABC)

(2) Tinh khoang c4ch tir B d&n mét phang (A'AC).

> Loi gidi
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(1) Tinh khodng cich tic A" dén mat phing ( ABC)
¢ Ta co: (A'/AH)(A'BC)=A'H.

. s (A’AH) L (ABC)

(A’BC) L(ABC)

* AAHC c¢6: AH? = AC? + HC?* —2.AC.HC.cos 30’

nén A'H 1(ABC).

Suy ra AH? :3a2+a2—2a\/§.a.§ =a* =>AH=a.

* AAAH: AH=AH.tan60’ =a\/3.
Nén d(A’;(ABC))= A'H =av3.
(2) Tinh khodng cich ti B dén mit phing (A’AC).
¢ T H ké HK L AC trong (ABC).
¢ Ké duong cao HE cua tam giac A'HK.
¢ Taco: HK LAC, AH 1 AC nén AC L(A'HK).
Suyra AC L HE, ma A'’K_1 HE
Nén HE L(A'AC)= d(H;(A'AC))=HE.

* Ta cd: HK = HC.sin30° = a.sin 30° =%a.

Suy ra: 5= 12+ 122 L +i3:1—32:>HE:a\/§.
HE* HK* AH® 1, 3¢ 3 13
4
d(B;(A'AC
Véi BCA(A'AC)=C :MJ = d(B;(A' AC))= 4”;{5.

d(H;(A'AC)) 3
Dang: Tinh khodng cdch 2 dudng chéo nhau
Bai 123. Cho hinh chop S.ABCD c6 déy la hinh vuong tam O canh 2a, SA L (ABCD), goc gitta
SBva mit phang day bang 60°. Tinh
(1) d(AC,SB).
(2) Sin ctia goc gitta SB va mat phang (SAC )

= Loi gidi
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(1) d(AC,SB).
* Hinh chiéu cua SB 1én (ABCD) la AB
= (SB,(ABCD))=(SB, AB) = SBA = 60°
— SA= AB.tan60° = 224/3
¢+ Trong (ABCD), qua B ké d song song véi AC

*Ké AH 1d
*Tacod d LSA vi SA L(ABCD) va d =(ABCD)

*Nén d 1 (SAH)

*Ké AK LSH.
*Tacod: AK Ld vi d L(SAH) va AK <(SAH)

Nén AK L (SBH)
* Talai c6 d//AC nén AC//(SBH)
—d(AC,SB)=d(AC,(SBH))=d(A,(SBH))= AK

¢ Ma AH=%BD=a\/§

1 1 1 2021

=4+ = AK= 21:d(AC,SB)
AK®* SA* AH 7

(2) Sin cila géc giira SB va mat phing (SAC).
(BO L AC
¢+ Taco
{BO 18A

* Hinh chi€u ctia SB 1én (SAC) 1a SO = (SB,(SAC))=(SB,SO)=BSO

= BO 1 (SAC)

¢ Tacd: SB=+SA® + AB® =4a

=> sin(SB,(SAC)) =sin BSO = OB_ml2_12
SB  4a 4
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Bai 124. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thang vudng tai A va B, AD=2a,
BC=AB=a,SA=2a va SAJ_(ABCD) . Tinh khoang cach gitta 2 dwong thang chéo
nhau:

(1) d(SA; BC). (2) d(SA;CD).
(3) d(SD; BC). (4) d(SD; AB).
(5) d(SB; AD).

e 2.

= Loi giai
(1) SA va BC,

= d(SA,BC)= AB=a.

(2) SA va CD,
+Ké CE L AD.
Khi d6 ABCE la hinh vuéng va AC L CD.
*Ma AC LSA nén d(SA,CD)=AC =aV2.

(3) SD va BC,
* Vi BC // AD nén suy ra BC // (SAD).

* Khi d6 d(SD,BC)=d(BC,(SAD))=d(B,(SAD)).
= AB L(SAD)—d(B,(SAD))= AB=a—d(SD,BC)=a.

(4) SD va AB.
¢+ Ldy diém F sao cho DABF la hinh binh hanh — AB // DF = AB// (SDF )

* Khi d6 d(SD, AB)=d(AB,(SDF))=d(A,(SDF)).
* Trong (SAD), ké AH LSD (H €SD).

. |DF L AD (AD // AB)
* Taco

DF 1SA
*Ma SD 1 AH suy ra AH 1 (SDF) tai H.

= DF 1 (SAD)= DF L AH (do AH <(SAD)).

+Khi d6 d(A,(SDF))= AH =240 2020 _ [, 4(sD, AB)=av2.
VSA? + AD? \/(Za)z +(2a)2

(5) SB va AD.
*Tacd AD // BC nénsuyra AD // (SBC).
* Khi d6 d(SB, AD)=d(AD,(SBC))=d(A,(SBC)).
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* Trong (SAB), ké AK LSB (K €SB).

* Ta c6 {BC A8 pel (SAB)= BC L AK (do AK = (SAB)).

BC LSA
*Ma SB L AK suy ra AK 1(SBC) tai K.
+ Khi d6 d(A4,(SBC))= AK=— 2245 20d 25, —d(SB,AD)= 2‘2/5.

JSA? + AB? \/(Za)z i
Bai 125. Cho hinh chép S.ABCD déy 1a hinh vudng canh 24,5A 1 (ABCD), SB tao v6i ddy mot
gbc 45°. Tinh khoang cach gifra hai duong thang :

(1) SA va BC (2) AB va SD
(3) BD va SC 4) AC va SD
= Loi giai
(1) SA va BC
AB 1 BC
’ = d(SA,BC)=AB=2a
AB 1 SA

(2) AB wa SD
Ta c6 AB//(SCD)
= d(AB,SD)=d(AB,(SCD))=d(A,(SCD))
*Tlr A ha AI LSD
= Al 1(SCD)=d(A,(SCD))= Al

¢+ C6 SB tao v6i ddy mot goc 45° = SBA =45°
= ASAB vudng can tai A=>SA=AB=2a

v C6 ASAD vubng can tai A= Al = %SD 2.

(3) BD va SC
+ Goi O la giao cia AC va BD.
OH 1 BD
*Tir O ha OH L SC= = d(BD;SC)=0H
OH 1 SC
+ C6 AOHC ~ ASAC = 28 _OC€
SA  SsC
v C6 OC:%AC:aﬁ,SC=\/5A2+AC2 =2a\/§:>%:§
LOH B oy 6y, “‘/— = d(BD,5C) = ”\/_
T 54 6 6

4) AC va SD
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Chuong VIII.
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¢+ Dung hinh binh hanh ACDJ]
= AC//D] = AC//(SDJ)=d(AC,SD)=d(AC,(SDJ))=d(A,(SDJ))

*Tit A ha AK L D], Tir A ha AL L SK= AL 1(SD])=d(A,(SDJ))= AL

v L1113 Za\/_ 211\/_
AI? SA®* AJ* AD?* 4a°

Cho hinh lap phwong ABCD.A'B'C'D’ c6 canh bang a. Tinh khoang cach gitta hai

dwong chéo nhau BC' va CD'.

= d(AC,SD)=

= Loi giai
* Dung (ACD') qua CD' va song song v6i BC'. 0 4
+ Khi d¢6, d(BC';CD')=d(BC;(ACD'))=d(C’;(ACD')). B B~
* Trong (CDD'C’), goi {O} =CD'~DC'. ' ’ e
d(c;(AcD)) co H
d(D;(ACD)) DO : D [
= d(C’;(ACD')) = d(D;( ACD')) (1) o Tl

*Dung DH 1 AO (H e AO).

CD' 1 DO
{ . = CD' J_( )
¢+Taco |CD' L AD = CD' 1l DH
DHc(AOD)
 (DH L AO , ,
* Ta co {DHLCD, L(ACD')—d(D;(ACD'))=DH (2)
+ Xét AAOD: 12= 12+ lszHzﬁ.(B)
DH?> DO’ DA 3

a3
Tw (1),(2),(3)=4d(BC’;,CD’ .
(1).(2).(3)= d(BC D)=
Cho hinh hop diing ABCD.A'B'C'D’ ¢6 day la hinh thoi canh a, A=60". Gdc gitta A'C
va déy bang 60°.
(1) Tinh dd dai dwong cao ctia hinh hop.
(2) Tinh khoang cach gitta hai duong thang A'C va BB'.

-----
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B e C
(1) Tinh d¢ dai dwong cao ctia hinh hp.

* Goi {O} = ACNBD.

¢+ AABD cantai A cO0 A=60° nén AABD déu.

¢+ Tacod AO la trung tuyén = AO = i
= AC=2A0=a3.
¢ Xét AAA'C: AA'=AC-tan60” =3a.
Vay duwong cao hinh hop 1a 3a.
(2) Tinh khodng cdch gitra A'C va BB'.
BB'[/| AA’
Ta c6 = BB'//(AA'C).
BB'z (AA'C)
d(BB,A'C)=d(BB,(AA'C))=d(B,(AAC)).
BO L AC ( )

+ Ta co
{BO AA'

a

* Vay d(B,(AA'C))= BO_B2 =~ —~d(BB, AC)=2

B&i 128. Cho hinh lang try dtng ABC.A'BC' c6 AB=BC=a, AC=a/2.
(1) Chteng minh BC L AB'.
(2) Goi M 1a trung diém AC. Chting minh (BC'M) L(ACC'A').

(3) Tinh khoang cach gitta BB’ va AC'.
= Loi gidi
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(1) Chitng minh BC 1 AB'.
+ Cé AC? = AB’ + BC? nén AABC vudng can tai B.

BC L BA .
* Ta c6 = BC L(ABB'A).
BC L BB’

*Ma AB' <(ABB'A’)= BC L AB'.

(2) Chitng minh (BC'M) L(ACC'A’).
{BM LAC
+ Tacod
BM 1 CC’
*Ma BM = (BC'M)=(BC'M) L(ACC'A’).
(3) Tinh khodng cdch giita BB' va AC'.
BB'// AA' = BB'//(ACC'A") = d(BB', AC')=d(BB',(ACC'A")) =d(B,(ACC'A")) = BM .

AC a\/_ a\/_

*Tacé BM=—-=—=—d(BB,AC')=
2
Bd&i 129. Cho hinh lang tru tu giac déu ABCD.A’ B'C'D’ co canh day béng a.Goi M,N,P Ian luot
la trung diém canh AD, DC, A'D'. Tinh khoang cach gitra (MNP) va (ACC').

= Loi giai

= BM L(ACC'A').

* Ta c6: MN//AC = MN//(A’AC)

+ Mat khac: do PM//AA" = PM//(A'AC).

* Tr d6, (A'AC)//(PMN).

* Goi O la tam hinh vuéng ABCD, K=0D~MN
KO L AC
KO L A'A
= d((PMN);(A'AC)) =d(K;(A'AC))=KO

+ Do M,N la= trung diém  nén

1 a\/_ a\/E

Ko=top-1m2_avZ
2 2" 2 4

— KO L (AA'C)

* Ta cé: {

a2

Vay d((PMN);(A’AC))=d(K;(A'AC)) =KO===.
Dang: Tinh khodng cdch lién quan nhé nhat

Bai 130. Cho t& dién ABCD c6 cac canh AB,AC,AD vudng goéc véi nhau d6i mot va
AD=2AC=3AB=a. Goi A la dwong thang chita trong mat (BCD) sao cho c6 khoang

cach tir diém A dén A la nhé nhat bang
» Loi gidi
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Bai 132.

Chuong VIII.
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Goi H la hinh chiéu vudng goc ctia A 1én (BCD).
Khi @6 ta co H la trec tam caa ABCD
V6i moi duong thang A nam trong (BCD) thi
d(A; A) > AH.
Do d6 duong thang A thoa man phai di qua diém H.
Do d6 min{d(A; A)} = AH.

1 1 1 1 1 1 1 14

Ta Cé = + + = + +—=—
AH?  AB* AC? AD* (,V (4V & &
3 2
—~ AH=-2_.
J14

Cho hinh chép S.ABCD c6 day 1a hinh vudng canh a, tam giac SAB déu va nam trong
mit phang vuong géc véi ddy. Goi A 1a duwong thang thay d6i nam trong mat phang
phang (SAD). Khoang cach ngan nhat gitta hai dwong thang SA va A bang
= Loi giai

Tac6 Ac(SAD),(SAD)//BC,
Nén d(A,BC)=d((SAD),BC)=d(SA,BC).

(SAB) L(ABCD)
Ta c6 { AB=(SAB)n(ABCD)=> BC L(SAB) (1)

BC 1 AB
Trong mit phing (SAB), dung BK L SA tai K (2)
T (1),(2) — BK la doan vudng goc chung SA va BC

3 _pk="3
Vay d(SA,BC)=BK = >

Cho t& dién S.ABC trong d6 SA=SB=SC=a, cic géc £BSC =4BSA=60". Tim gi4 tri
16n nhat khoang cach tir diém A téi mat phang (SBC ) ?

= Loi gidi
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Ta cht y rang: AB=BC =a va dd dai canh AC thay déi.
Gia st AH 1(SBC) tai H.Tagoi M la trung diém SB.
Vi ASAB la tam giac déu
Nén goi M la trung diém cua SB thi AM L SB.
Do vay khi AC thay d8i thi AH nam trong mit phang
trung truc cua canh SB.
Do vay AH< AM
av'3

= AH,, = AM =—— khi (SAB) L(SBC).
2
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ON TAP CHUONG

Bai 133. Cho hinh chép S.ABCD c6 day ABCD 1a hinh vuéng canh a, SA vudng goc voi day,
SA=a\2.

(1) Chttng minh rang cac mit bén ctia hinh chép la nhitng tam gidc vudng,.
(2) Chiing minh rang (SAC) L (SBD).

(3)

(4) Tinh goc gitra hai mit phang (SBD) va (ABCD).

(5) Tinh d(A,(SCD)).

Tinh géc gitta SC va (SAB).

= Loi giai
(1) Chitng minh rang cdc mdt bén ctia hinh chdp la nhitng tam gidc vuong.
P Ching minh ASAB vudng
Ta 6 SA L(ABCD)=SA L AD, SA 1L AB
= ASAD va ASAB vuodng tai A.
» Ching minh ASBC vuéng
Ta c6 BC L AB (hai canh ké ctia hinh vudng),
BC LSA (vi SA L(ABCD))
= BC L(SAB), ma SB<(SAB) nén BC LSB
= ASBC vuodng tai B.
» Ching minh ASCD vudng.
Ta c6 CD L AD (hai canh ké cua hinh vuong), a
CD 1 SA (vi SA L(ABCD))
= CD 1 (SAD), ma SD = (SAD) nén CD 1SD
= ASCD vuodng tai D.
(2) Chitng minh ring (SAC) L (SBD).
BD 1 AC (Hai duong chéo cuia hinh vuong);
BD LSA (Vi SA L(ABCD))

= BD 1 (SAC), ma BD =(SBD)=(SAC) L(SBD)
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(3) Tinh gdc giita SC vi (SAB).
Do BC L(SAB) tai B nén hinh chiéu ctia C 1én (SAB) la B
= Hinh chiéu ctia SC Ién (SAB) la SB=(SC,(SAB))=(SC,SB)=CSB

Trong ASAB vudng tai A, tacd SB=+/SA*+ AB? =, /(a\/i)z +a® =a3.

BC =i:>CSB=30°

Trong ASBC vudng tai B, ta c6 tanCSB = <5 % N
Vay (SC,(SAB))=30°.

(8) Tinh géc gitea hai mét phing (SBD) va (ABCD).
Ta c6 (SBD)(ABCD)=BD.
Goi O la tam cta hinh vuong (ABCD),O e BD
Theo chting minh & cdu 2. ¢6 BD 1 (SAC), ma SO <(SAC)=SO L BD.
Mit khée, AO LBD.
Vay ((SBD),(ABCD))=(SO, AO)=AOS (do AOS la goc nhon).

a2

AC:a'\/E:AO:T

Trong ASAO vuodng tai A,tacd tan AOS = Z—g = % =2= AOS =arctan 2
a
2

— ((SBD),(ABCD)) = AOS =arctan 2

(5) Tinh d(A,(SCD)).
Goi H 1a hinh chiéu cua A 1én SD. Tacé AH L SD
{CD 1L AD
CD 1 SA
Tir (1) va (2) = AH 1 (SCD) tai H=d(A,(SCD))=AH.
Xét ASAD vuong tai A c6 AH la duong cao.
1 11 1 1 3 a6

Ta co > = 2+ > = 2+—2:—2:>AH:—
AH® AS® AD (11\/5) a-  2a 3

a6

Vay d(A,(SCD))= AH = =

=CD 1(SAD)=CD 1 AH

Bai 134. Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai C va SBJ_(ABC), biét
AC=a\2,BC=a,5B=3a
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(1) Chting minh AC L (SBC).
(2) Goi BH la duong cao cia ASBC. Chiing minh SA | BH .
(3) Tinh goc gita dudng thang SA va mét phing (ABC).

= Loi gidi
(1) Chitng minh AC L(SBC).
AC L BC (gt
' (s!) = AC 1(ABC)
AC 1.SB (viSB L(ABC))

(2) Goi BH la dwong cao ciia ASBC . Chitng minh SA | BH.

Ta cé6 BH L SC (gt)
Theo chting minh trén, AC L (ABC ) Ma

BH =(SBC)=BH L AC
Tix (1) va (2) = BH L (SAC)
Ma SA<(SAC)=>BH LSA

(3) Tinh géc giita dwong thang SA va mdt phing (ABC )
Do SB_L(ABC) tai B nén hinh chi€u cua S 1én (ABC) la B.
= Hinh chiéu ctia SA 1én (ABC) l1a BA.
= (SA,(ABC))=(SA,BA)=SAB

Trong AABC: AB=+/BC? + AC? =+Ja® + 2a* = a\/3.

Trong ASBA vudng tai B, ta ¢ tanSAB = % = 3—\;% =3.
a

= SBA=60°. Vay (SA,(ABC))=SBA =60°

Bai 135. Cho hinh chép S.ABCD c6 ddy ABCD 1la hinh chit nhat tam O canh AB=2BC =24,
hai mat phing (SAB) va (SAD) cling vudng goc v6i déy (ABCD). Goc gitta SO va mat
phang day bang 45°. M la trung diém AB, H 1a hinh chiéu vudng géc ctia A trén SB

(1) Chting minh AACH vudng. (2) Tinh d(H,(SCD)).
(3) Tinh d(M,(ACH)). @) Tinh d(SO, MC).
= Loi gidi
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a5

Ta cé AC =+ AB?+ AD? :a\/§:>AO:T.

AO 1a hinh chiéu vudng goc cua SO trén (ABCD)

a5

Géc gitta SO va (ABCD) 1a géc SOA = 45° = SA = AO.tan 45° = -

(1) Chitng minh AACH vuéng.
(BCLAB
Ta co
{BC 1 SA

) {AH 1SB

= BC 1 (SAB)= BC L AH,BC 1 SB.

Ta c6 = AH 1 (SBC)=> AH L CH(CH = (SBC)).
AH 1 BC

Vay tam giac AACH vudng tai H .
(2) Tinh d(H,(SCD)).
‘1 {CD LAD
CD L SA
Dung AJ] LSD(J eSD)= AJ L(SCD).
Vay khoang cach tir A dén (SCD) la AJ .

nén CD L (SAD)=(SCD) L(SAD) (CD = (SCD)).

a5 f
Trong ASAD: AJ.SD = AS.AD = AJ = ASAD __ ASAD 2 _WS
D Jap*+as® [, 3
4

a5

Vi AB//CD = d(B,(SCD))=d(A,(SCD)) -
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547
SHSB SA* SH SA? 4 5
Trong ASAB: SH.SB=5A"= = 2==2 s == o= 4 =1
——+4a
4
:>SH=35B=£.”‘/z =5”*/Z, BH:SB—SH:@.
2177 217 2 42 21

BHm(SCD) = {S} nén ta co:

d(H,(scD

—d((B ((SCD)))) :%:%:d(H,(SCD)):%d(B,(SCD)):%.éz 5‘29{5
Vay d(H,(SCD)) = S‘Ef

(3) Tinh d(M,(ACH)).
Vi AH 1 (SCD)=(ACH)L(SBC).Dung BN L CH(N eCH) thi BN L(ACH).
Vay d(B,(ACH))=BN.

111 2 1 85 B
Trong AHBC: BNZ_BH2+BC2_64a2+a2 64az:BN \/g
BM(ACH)={A} nén ta co:
d(M,(ACH)) Mma 1 1 1 81 4a
== == d(M,(ACH))==d(B,(ACH))==.—=—"—.
Vay d(M,(ACH))z%.

(4) Tinh d(SO, MC).
Qua O dung duong thang song song véi CM cat doan AB tai E.
Dung AK vuodng goéc OE tai K.
Ta c6 OE L AK,OE L SA= OE 1(SAK)=>(SOE) L (SAK) theo giao tuyén SK.
Dung Al LSK tai K. = AI L(SOE)
Vay khoang cach tir A d&n mit phang (SOE) la Al .
Goi P=CM N AK. Vi BM=BC=a nén ACBM vuong can tai B.
AAPM vudng can tai P va AAKE vudng can tai E.

Trong AAKE: AK=KE=2E___
V2 2\2
Trong ASAK vuong tai A co 12: 12+ 12:%+i2:4_ﬂ; :a\/%.
Al AK® AS° a° Sa a 22

Vi MC//OE = d(MC,OE)=d(MC,(SOE))=d(M,(SOE)).
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AM m(SOE) = E} nén ta co:

{
d(M ,SOE) ME
d(,SOE) AE

a+/55

=1=d(M,(SOE))=d(4,(SOE)) ==~

a/55
22

Bai 136. Cho hinh lang tru ABC.A'B'C’ c6 day ABC la tam giac déu tam O canh a. Hinh chiéu
vudng goccuia A’ 1én (ABC ) la trung diém H cua OB. Biét goc gitra (A'BC ) va (ABC )
bang 60°.

(1) Tinh gbc gitta hai dwong thang AA’ va BC.
(2) Tinh khoang cach gitta hai duong thang AA’ va BC.
(3) Tinh khoang cach tir G dén (AA'C), v6i G la trong tam ctia AB'C'C.

Vay d(MC,OE) =

= Loi giai

(1) Tinh géc giita hai dwong thang AA' va BC.
Goi E,M,I Tan luwot la trung diém cua CB, AC,EB.
Vi AABC déu c6 AE L BC,BM 1 AC.
HI la dwong trung binh ctia ABOE nén HI //OE

1 a\/_ a\/_

= HI 1 BC va HI——OE——AE—— —_— =
6 6 2 12

BC L HI
Ta c6 = BC L(HIA")= BC LIA'".
BC L HA'

Tir do suy ra ((A'BC),(ABC)| = HIA' =60°.

Trong AHIA" c6: HA'= HI tan60° = —
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Trong (ABC), ke Ax//BC.Khids (AA',BC)=(AA’ Ax).
Dung HK L Ax,(K e Ax) = HK//AE.

Ax L HK
Tacé{ , = Ax L (HKA") = Ax L AK.
Ax L HA
a3

Tam giac OH] déu JH=0] = 5

Ta c6 AKIE 1a hinh chtt nhat c6 HK=E[ =—

KI=AE="2 23 — HK =KI - HI_“\/_ a\/__5a\/"
2 12 12
2
Trong AHKA': KA'=+HA" + HK* =(%j +{5?Z/gj = “*{36_1.
frong AARAT tan 44K IZII; N a\éz = A'AK =arctan Z\QZ :

221
—

Két luén (A'A, BC)= A’AK =arctan
(2) Tinh khodng cdch giita hai dwong thaing AA' va BC.

Vi Ax//BC = d(BC,AA")=d(BC,(A'Ax))=d(I,(A'Ax)), vi (I BC).

Vi Ax L (HKA') = (A'Ax) L (HKA') theo giao tuyén A'K.

Dung HK L AK,(Fe AK)= HF L(A'Ax)=d(H,(A'Ax))=HF .

Trong AA'HK <6 HF.KA'= HA"HK = HF. “J_ 2.5“1*2_ 5—[
HI m(A'Ax) = {K} nén ta co:
d(1,(A'A
(1(A4x)) _IK 5 :d(I,(A’Ax))=§d(H,(A’Ax))=3a\ﬁ.
d(H,(A'Ax)) HK 6 6 27
N PA\ Sa\ﬁ
Vay d(BC,A'A) = >
(3) Tinh khodng cich tir G dén (AA'C), v6i G la trong tam ctia AB'C'C.
a cd {AC M act (HMA") =(ACC'A’) L(HMA') theo giao tuyén A'M.
AC L HA'
Dung HN L A'M(N e AM) = HN 1 (ACC'A’)=d(H,(ACC'A’))=H
, .1 1 1 3 .16 19 _ 4
Trong AHMA', c6 N - EME + HA? 7 +— i = HN = \/]5
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HB m(ACC'A') = {M} nén ta co:

d(B,(ACC'A")) BM 3 o 3 . 3

d((H,(ACC'A’))) =i =5 = B (ACCA))=Zd(H,(ACC'A’)) = 2Ji_9
BGm(ACC'A’) = {C'} nén ta co:

d(G,(ACC'A)) Gc 1 1 o

dEB’(ACC,A,); =0 =3 = (G (Acca))=2d(B,(AcCA ))=ﬁ.

Vay d(G,(ACC'A'))= zjl_g.

Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh c6 AB=a, BC=2a,
ABC =60°, SA vuodng gbc voi day (ABCD), goc gitra (SCD) va (ABCD) bang 60°.

(1) Tinh khoang cach tir A dén (SCD).
(2) Tinh khoang cach gitta hai duong thang AB va SC, AC va SD.

e 2.

= Loi giai
Ap dung dinh 1i ¢6 - sin cho AABC ta c6:

AC? =BA? + BC*> —2BA.BC.cos60° = a® + 4a® — 2a.2a.% = 34°

= AC = a\/g.
Ta c6 BC?* = AB* + AC? =4a’ nén AABC vudngtai A.
) {CD 1 AC

aco

=CD L(SAC), dodé CD 1 SC.
CD L SA

Vay ((ScD),(ABCD))=scA = 60°.

Taco SA=AC.tanSCA=3a.

(1) Tinh khodng cich tiv A dén (SCD).

Ta 6 CD L(SAC)=(SCD) L(SAC), (do CD =(SCD)).
Vi nhau theo giao tuyén SC.
Trong (SAC), dung AH 1SC = AH 1 (SCD). Vay d(A,(SCD))= AH .

Trong ASAC, taco: 12= 12+ 12=i2+i2:i2:>AH:%_
AH® AS® AC° 3a° 99 9a 2

3a

Vay d(A,(SCD)|=AH=—.

(2) Tinh khodng cich giita hai dwong thang AB va SC, AC va SD.

Ta c6 AB//CD=> AB//(SCD).
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Do d6 d(AB,CD)=d(AB,(SCD))=d(A,(SCD))= 3—2‘1 (Vi SC =(SCD)).

+ Tinh khoang cach gifta hai duwong thang AC va SD.
Ké Dx//AC.Goi E=DxnAB=AB 1 Dx tai E.

Dx L SA
Dung AF LSE=> AF 1(SD,Dx).. Vay d(A,(SD,Dx)) AF .

Day ABCD dwoc vé ¢ hinh duwoi day.
Ta c6 ACDE la hinh chit nhat, c6 AE=CD=a.

Dx 1 AB
Ta c6 { = Dx 1 (SAB)=(SD,Dx) L (SAB)=SE.

P S—"
60°
2a . *
-
C D
Trong ASAEta co 12: 12+ 12=i2+i2:i2:>AF:ﬁ
AF° AF° AE° 3a° a° 3a 2
Vi AC|| Dx=> AC||(SD, Dx).
: _ _ _ a3
Do 6 d(AC,SD)=d(AC,(SD, Dx))=d(A,(SD,Dx)) ==

Bai 138. Cho hinh chép S.ABCD, ¢6 day ABCD 1la hinh chit nhat va AB =24, BC =g, cac canh
bén ctia hinh chép bang nhau va bang a2 .
(1) Tinh khoang cach tit S dén mit phang (ABCD)

(2) Goi Eva Flan lwot la trung diém cdc canh AB va CD, goi K 1a diém bat ky thudc
doan AD. Chitng minh khoang cach gifta hai duwong thang EF va SK khéng phu thudc
vao vi tri cia K. Hay tinh khoang cach nay theo a?
= Loi gidi

(1) Tinh khodng céch tiv S dén mat phing ( ABCD)
Goi O la tam cua day ABCD thi ta cé
OA=0B=0C=0D.
Theo dé bai SA=SB=SC=SD.
Do d6, O la hinh chiéu vudng goc cta S trén (ABCD)
, ta c6 SO L (ABCD)

Trong ASAO vuodng tai O, ta co

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

2 2
SO = SAZ—OAzz\/SAZ—Af :\/ZaZ—SL:Q

(2) Chitng minh khodng cich giia hai dwong thang EF va SK khong phu thuc vao vi tri ctia K .
Ta c6 SK<(SAD).
Ma EF|| AD = EF ||(SAD) = d(EF,SK)=d(EF,(SAD))=d(O,(SAD))
Vi khoang cach tir O dén mat phang (SAD)kh@ng d6i nén khoang cach gitra hai
duong thang
EF va SK ciing khong d6i, nghia la khoang cach nay khong phu thudc vao diém K.
Hay tinh khodng cdch giita hai dwong thang EF va SK theo a.?
Dung OI L AD(I € AD), tacé AD 15O va AD 1 OI = AD 1 (SOI)=(SAD) L(SOI):
Hai m4t phang nay vuong goc nhau theo giao tuyén SI.
Dung OH LSI(H eSI)=OH L (SAD).

Vay d(0,(SAD))=0H . Trong ASOI vudng tai O, ta c6

1 1 1 4 1 7 a 21
2 ' 2:_2+_2:_2:>OH:
OH° 0§ 0OI° 3a° a 3a 7

aN 21
Vay d(EF,SK)=
y d(EF,SK)=—

Bdi 139. Cho hinh lang tru tam giac ABC.A'B'C’ c6 tat ca cac canh day déu bang a, goc gitta
canh bén va mat ddy bang 60°. Hinh chiéu vudng géc ctia A trén mit phang (A’B'C ’)
la trung diém H ctia canh B'C'.
(1) Tinh khoang cach hai day.
(2) Tinh g6c gitta BC va AC'.
(3) Tinh géc gitra (ABB’A’) va mat day.

= Loi gidi

(1) Tinh khodng céch hai déy
A'H 1a hinh chi€u vudng goc cia AA’ trén (A'B'C')
Nén goc gitta AA" va (A’B'C') 1a gbc LAA'H =60°,
Trong AAA'H vuong taiH , ta cd

2
AH = A'H.tan 60° = é.\/_ - 3%

Vi AH 1 (A'BC') ma (ABC)//(A'B'C')= AH L(ABC).

Suy ra khoang cach gitta hai mat day la AH = 3—2a

(2) Tinh géc giita BC va AC'
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Vi B'C'//BCnén géc giita BCva AC'béang géc gitta B'C'va AC'la goc ACH.

Trong AAC'H vuong tai H,ta c6 tan AC'H _AH =% 2 _3>0= AC'H =arctan3.
HC' 2 2

(3) Tinh gdc giita (ABB' A') vi mit ddy

Bai 140.

Dung C'Dva HE cung vudng goc voi A'B'lan luot tai Dva E.

A'B' L HE
Ta c6 = A'B' L (AHE)= A'B' L AE.
A'B' L AH

Hai m4t phang (ABB'A’) va (A’B’C ’) c6 giao tuyén A'B’cung vudng goc véi hai duong
thing AEva HE tai diém Enén ((ABB'A'),(A'BC'))=(AE,HE)= AEH.

[

Vi HE la duong trung binh ctia tam giac C'DB’ nén HE = —C D=1

AH 31 a3
EH 2°

Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a.

(1) Chting minh rang khoang cach tit cdc diém B,C,D, A, B/, D' d&&n duong chéo AC’
bang nhau. Tinh khoang cach d6.

(2) Chting minh réng B'D 1 (BA’C') .
(3) Chttng minh B'C L (A'B'CD).

4)
(5)
6)

Trong AAEH, ta c6 tan AEH = = 2\/_ 3 = AEH =arctan 2\/_

Tinh khoang cach giita hai mat phang (BA’C ') va (ACD').

5) Tinh khoang cach gitra hai dwong thang BC'va CD'.

6) Xac dinh va tinh d¢ dai doan vuong gdoc chung cua AB'va BC'.
= Loi giai

(1) Chitng minh rang khodng cdch tie cic diém B,C,D,A’,B, D' dén

dwong chéo AC'bang nhau. Tinh khodng cich do.

(2) Chitng minh ring B'D L (BA'C

Vi ABCD.A'B'C'D'1a hinh lap phuwong nén cac A sau
la A vudng bang nhau va déu nhan AC’'lam canh
huyén: o N P
AABC',AAA'C',AACC',AAD'C',AADC',AAB'C'. W TR
— Khoang cach tir cac diém B,C,D, A, B, D’ dén -l -
duong chéo AC'bang nhau. N
Goi khoang cach tir Bdén AC’ bang h. ; 1Ye
Trong AABC'co 3
3 a\/g

Lt 1 + ! —1+i——:>h——
W BA® BC? & 24° 24 3

™

v
W)
Of
LY
L
¢
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BB=B'A'=B'C'=a .
5 { nén hinh chép B.BA'C’la hinh choép déu.

120N ap—arcr— B a2
= BH L(BA'C’),v6i Hlatam cia ABA'C. (1)
Tuwong tw ta c6 D.BA'C'1a hinh chép déu nén DH L (BA’C ).
Tux (1) va (2) = B'D L(BA'C').
(3) Chikng minh B'C L(A'B'CD).
Vi BCC'B'1a hinh vudng nén ta c6 BC' L B'C.
Ta c6 DC L (BCC'B')nén DC 1 BC'.
Véay BC' L(A'BCD).
(8) Tinh khodng cdch giita hai mdt phing (BA'C")va (ACD').

D’ o' B/
1
2
D O B

Goi O va O' Tan luot la tam cua hai day ABCD va A'BC'D'.

Trong (BDD'B'), goi G, = DB'nBO’, do BO' = (BA'C') nén G, = DB'n(BA'C').
Vay BG, L(BA'C')=d(B',(BA'C'))=BG,.

Hoan toan twong tu d(D,(ACD’)) =DG,.

D& dang chting minh duoc (ACD')//(BA'C') - G,G, =d((ACD’),(BA'C')).

D& thdy GG, =BG, =GG, = %DB’ E @ .

Vay khoang cach gitta hai mit phang (ACD') va (BA'C') la é .
(5) Tinh khodng cdch giita hai dwong thang BC'va CD'.

Ta c6 BC' va CD' Tan luot thudc hai mat phéng (BA'C’) va (ACD').

Theo (4) ta c6 (BA'C')//(ACD').

A ! ! ! Yali \/5
Vay d(BC',CD')=d((ACD'), (BAC')) = 2=
(6) Xdc dinh va tinh dd dai dogn vudng géc chung ciia AB'va BC'.

Goi I va | Ian luot la tam cua hai hinh vuéng BCC'B' va ADD'A’.
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Trong (A'B'CD), dung IK L JB',K e ]B'.

Trong (AB'D'), dung KP//AD',P e AB', suy ra KP//BC'.

Trong (KP,BC'), dung PQ//IK,QeBC'.

W Ta chitng minh PQ la dogn vudng goc chung ciia BC' va AB'.

Tacé BC' L(A'BCD),IK <(A'B'CD) nén IK 1 BC'.

Ma BC'//AD'=IK L AD'. Ngoai ra ta c6 IK L JB' nén IK L(AB'D')=>IK L AB'.

IK L BC'

1k | g M@ PQ//IK nén PQ vubng goc véi BC' va AB’

Tom lai {

Vay PQ la doan vudng goc chung cua AB' va BC'.
Tacé IJ//A'B', ma A'B' L(BCC'B')=1I] L(BCC'B)=1] LIB'.
2

Xét AB'I] c¢6 duong cao IK nén %:%+i2:—2+i2:% IK:ﬁ
IK® IB” IJ* a° a° a 3
Theo cach dung thi IKPQ la hinh cht nhat nén PQ=IK = @ :

Bai 141. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a, mdt bén (SAD) la tam
giac déu va vuong gcos véi mit phang day (ABCD). Goi I, M, F Tan luot la trung diém
cua AD, AB,SB va K la giao diém cua BI va CM.

(1) Chtng minh (CMF) L (SIB) .
(2) Tinh BK va KF.
(3) Dyng va tinh do dai doan vudng géc chung ctia AB va SD.
(4) Tinh khoang cach giita hai duong thang CM va SA.
= Loi gidi

D N C

A M B A M B
(1) Chitng minh(CMF) L (SIB) .
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Ta co AIAB:AMBC(c—g—c): B =C,.
Tt C,+M,=90" = B,+M, =90° = MKB=90° = CM L IB.
CM LIB
Tac6 {CM LSI (SI L(ABCD)) nén (CMF) L (SIB).
CM < (CMF)
(2) Tinh BK wva KF.

a5

ACBM vubng tai B nén CM =
a
BM.BC 7 a5

Ta c6 BK.CM = BM.BC < BK =
CM a[ 5

2
ASIB vuéng tai I nén SB=+/SI’ +BI” = %+% = a2 va cosSBI = g—é - @ :
2
Trong ABKF : FK? = BK? + BF2 —2.BK.BF.cos FBK = — + 2. 0V5 av2 10 _a*
5 2 5 2 4 5
Vay FK = ”\/_
(3) Dung va tinh dg dai d‘oqn vuéng goc chung ciia AB va SD.
Tacd AB L AD va AB_LSI nén AB 1 (SAD).
Trong (SAD), ké AE LSD.
Khi d6, AE la doan vudng goc chung ciia AB va SD.
Vay d (AB,SD) AE = i (Vi AE la duong cao ctia tam giac déu SAD).

(4) Tinh khodng céch giita hai dwong thang CM va SA.
Goi N la trung diém CD.
Tac6 AN//CM=CM//(SAN).

= d(CM,SA)=d(CM,(SAN))=d(K,(SAN)) (do KeCM).

Goi P=ANNBI.Tacoé Bl L AN (vi AN//CM).
Do d6, ANL(SIP). T I ké IQ LSP,QeSP.

Kéthop véi IQ L AN thi IQ=d(I,(SAN)).

2 2
Ta c6 AIAP = AMBK = [P = MK = PMC _a” . a5 ”*/g.
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_ 1,14, 20 64 a3
1Q° AN A T =1Q= 8
d(K,(SAN
Ta c6 IKN(SAN)=P nén AK(5AN)) _ ke —Z:d(K,(SAN)):Zd(I,(SAN)):ﬁ.
d(I,(SAN)) 1P 4

)28,

Bdi 142. Cho hinh chép S.ABCD c6 day la hinh thoi tim O canh a, BAD =60". Duong thang

Vay d(CM,SA

SO vudng goc voi day va SO = 37:1. Goi E, F lan luot la trung diém ctia BC va BE.

(1) Chting minh (SOF) L (SBC).
(2) Tinh khoang cdch tir O va A dén (SBC).
(3) Goi () 1a mat phang di qua AD va vudng géc véi (SBC). Xéc dinh thiét dién ctia
hinh chép voi (a) . Tinh dién tich cta thiét dién nay.
(4) Tinh géc gitta () va (ABCD).
= Loi giai

(1) Chibng minh (SOF) L(SBC).

Vi ABDC déunén DE | BC= OF L BC (OF la duong

trung binh cua ABDE).

BC 150
a cd = BC L (SOF).
BC L OF

Ma BC < (SBC) nén (SOF) L(SBC).
(2) Tinh khodng cich tir O v A dén (SBC).
Trong mit phang (SOF), dung OH LSF,H eSF thi
OH 1 (SBC).
Do d6 d(0,(SBC))=0H..

Trong ASOF vuong tai O ta co 12= 12+ 12=16 10 _o64 OH—3—
OH? 0S* OF 94 32 9a° 8

Vay d(O,(SBC))=0H = % .

Goi I=FONAD.
Trong mit phing (SIF) dung IK L SF tai K thi IK L(SBC) (vi IKIIOH).

Tac6 ADIIBC nén AD!I(SBC).
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Do d6 d(A,(SBC))=d(I,(SBC))=IK = 20H = 374“ (vi I € AD).

(3) Xdc dinh thiét dign ciia hinh chop vdi (o). Tinh dién tich ciia thiét dién nay.

Ta co IKJ_(SBC) nén mit phang (a) chinh la (ADK).
. |Ke(SBC)n(ADK)
Ta c6 = (SBC)(ADK)=Kx, (KxI 1 ADI1BC).
ADI1BC
Goi M =KxNSB,N =KxNSD. Vay thiét dién la hinh thang ADNM.
* Tinh dién tich hinh thang ADNM .

1(AD+NM).IK.

ADNM — E

Tacd S

94°> 34°
ASOF vudng tai O né SF:«/OSZ+OF2 N R
vuong tai O nen TRET

32° 922 a3
ASIK vudng tai K nén SK =+/SI* —IK?* = VERETIRIE
Do do6, Sk_1 = K 1a trung diém SF .
SF 2
n NP N N BC a
Nhu thé, MN la dueong trung binh ASBC. Ttt d6, MN = > 5
1 1 a)3a 9a°
Vay S =—(AD+NM).IK=—|a+— |.—=——.
4 Saome =5 ) 2( 2] 416
(8) Tinh goc giita (o) va (ABCD).
(a)n(ABCD)=AD
Tac6 {FI LAD,KILAD  =((«),(ABCD))=FIK.
FI <(ABCD),KI =(a)
AFIK vudng tai K, c6 cosF1K=%=37f:§=§:»HK=3OO.

Bai 143.

Vay ((@),(ABCD))=30°.

Cho tam gidc déu SAB va hinh vuéng ABCD canh a nam trong hai mit phang vudng
goc voinhau. Goi H, Klan luot la trung diém ctia AB,CD va E, F Tan luot la trung diém
cua SA,SB.

(1) Tinh khoang céch tir A dén (SCD). Tinh tan goc gitta (SAB) va (SCD).

(2) Goi G=CENDF. Ching minh CE 1SA,DF 1 SB. Tinh tan géc giita (GEF) va
(SAB).

(3) Chiing minh G 1la trong tam cua ASHK . Tinh khoang cach tir G dén (SCD).

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VIII.
QUAN HE VUONG GOC

(4) Goi M 1a diém di dong trén doan SA . Tim tap hgp nhitng diém la hinh chiéu vudng
gbéccua S trén (CDM).
= Loi gidi

(1) Tinh khodng cdch tiv A déi (SCD). Tinh tan gdc giita (SAB) vi (SCD).

_ {DC L HK

DC L SH

Trong (SHK), dung HQ 1 SK,(Q e SK). Khi d6,
HQ 1(SCD).
Nhu thé, d(H,(SCD))=HQ.

ASHK vudng tai K nén
1 1 1 4 1

= DC 1 (SHK)=(SCD) L (SHK).

7
= + =—+ —.
HQ?* HS* HK®* 3a* a* 34°

aN2l | a21
Suy ra, HQ === va d(H,(SCD))=—=. |
*) Tinh tan géc gitta hai mat phang (SAB) va (SCD) .
SH 1 AB,SK 1LCD
. . SH 1 Sx
Ta c6 (SAB)N(SCD)=5x,(Sx// AB//CD) va {SH < (SAB),SK = (SCD) = {SK Lo
Sx// AB//CD

= ((SAB),(SCD))=KSH.

HK o 23
HS 43 3 °
2
(2) Goi G=CENDEF . Chitng minh CE L SA,DF 1 SB. Tinh tan géc giita (GEF) va (SAB).

2
AHBC vudng tai B nén HC =+ HB? + BC? :1/%+a2 :é.
2 2
ASHC vudng tai H nén SC =+ HS’ + HC? :,,3%+5% =2

Xét ASAC 6 CA=CS=a/2 nén ASAC cantai C vacé CE la duong trung tuyén,
= CE cling la duong cao.

Vay CE LSA.

Chttng minh twong tw thi DF 1 SB.

P Tinh tan goc gitra hai mat phang (GEF) va (SAB).
Goi I =SHNEF.Khido, I latrung diém ctaa EF .

ASHK vudng tai H nén tanKSH =
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Ta c6 CDEF la hinh thang can va I, F Ian luot la trung diém cta hai day EF va CD
nén IK 1 EF.

(SAB)N(CDEF)=EF
Nhu th& {SH L EF,KI L EF = ((SAB),(CDEF))=HIK .

SH = (SAB),KI = (CDEF)

HK 43

AHIK vuong tai H nén tan HIK = L
H 43 3
4

(3) Chitng minh G la trong tam ciia ASHK . Tinh khodng cich tir G déh (SCD).

Vi CDEF la hinh thang can nén GeKI .
Trong hinh thang can CDEF ta c6 ti 1é dong dang

CF GE_GI _EF 1 i er-tap aB-cD)
GD GC GK DC 2 2
2

Suy ra, GK =2GI > KG=_KI.

Ma KI la duwong trung tuyén ctia ASHK.
Vay G la trong tam cua ASHK
Trong (SHK), goi L=HGNSK.

Ta cd, % = % = % =d(G,(SCD)) = %d(H,(SCD)) = “f .
oA

21
Vay d(G,(SCD))= .
dy d(G,(sCp))==2;
(4) Goi M Ia diéim di dong trén doan SA. Tim tdp hop nhitng diém la hinh chiéy vudng goc ctia S trén
(CDM).

P

; \_/<
Ta c6 CD L (SHK)=>(CDM) L (SHK).
Dung MN //CD,N € SH . Ta dwoc, (CDM)N(SHK)=KN .
Dung SP L KN = SP L (CDM).
Do d6, P 1a hinh chiéu cta S trén (CDM).
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Ta c6 SPK=90° nén P thudc duong tron duong kinh SK trong (SHK).
Mat khac, M di dong trén doan SA nén N di dong trén doan SH.
Ta suy ra diém P chay trén cung SH cta duong tron duwong kinh SK.
Bai 14 4. Hinh chép S.ABCD c6 day 1a hinh vuéng ABCD canh a, céc canh bén déu bang NE]
(1) Tinh khoang cach tir S dén mit phang ( ABCD).
(2) Goi () 1a mit phang qua A va vudng goc voi SC . Hay xéc dinh thiét dién cua hinh
chép véi mit phang (a) . Tinh dién tich cta thiét dién nay.
(3) Goi ¢ 1a goc gitta AB va mit phang (a) . Tinh sine.
= Loi giai
(1) Tinh khodng cich tiv S déh mat phing (ABCD).
Goi O la tam caa hinh vuong ABCD
Thi SO la khoang cach tir S dén (ABCD).

2 2
Ta cé: SO? =SC2 —OC? = 34° _2% _10a

(2) Hay xdc dinh thiét dién ctia hinh chép v6i mdt phing (a) Tinh
dién tich cua thiét dién nay.

Vi BD 1 (SAC) nén BD 1 SC.

Trong (SAC) dung AC' LSC.

Goi H la giao diém cua AC' va SO.

Trong (SBD),du‘&mg thang qua H va song song v6i BD cat SB va SD lan luot tai B’

va D'.

Ta co: B'D' L SC.

Vay SC L(AB'C'D') va (a) la (ABCD').

BD 1(SAC)=BD L AC'=BD' L AC'.

Do d6: S, ;0p = % AC'BD'.
210
., SO.AC 5 a2 a5 a5
Ta co: AC'= = = = ;
SC a3 J3 3
2 2
SC? =SA?— AC" =34° —5i=4i:>sc:'=2—\/‘i.
3
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a3

SC'.SC f 4a

50 a\/_ NN

T hai tam giac vuong dong dang SOC va SC'H, ta c6: SH =

BD' SH 41 2 8 4
BD SO 10 ay10 10 5
1a\/_4 o2 - 2&12\/_

Vay S, pen = 9 \/— 5
(3) Goi ¢ la gbc giita AB va mit phing (a) Tinh sine.

Vi BD'| BD nén — BD' = gaﬁ .

Goi ¢ la géc (AB,(a)). Ta cé: CC'=SC—SC' = 3-2L =ﬁ.

J3 3
Dung OK||CC’ véi Ke AC', thi OKJ_( ) va OK——CC' a\/_
Dung BF=OK thi BFL(a) va BFz%.
a3
Ta c6: (AB, (o)) = BAF = ; inpAF—BE_ 6 V3 _ g 3
BA a 6 6

Bai 145. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, mat bén (SAB) la tam

giac déu. Goi E, F lan luot 1a trung diém ctia AB,CD.

(1) Cho biét ASCD vuéng can tai S. Chung minh: SE 1 (SCD) va SF L (SAB).

(2) Goi H 1a hinh chiéu vudng géc cta S trén EF . Chiing minh: SH 1 AC.

(3) Tinh géc gifta dwong thang BD va mét phang (SAD).

= Loi gidi

(1) Chibng minh: SE 1 (SCD) va SE L (SAB).

P Ching minh SE 1 (SCD):

Do ASCD cantai S co F la trung diém ctia

CD=CD LSF.
Ma CD L EF (theo tinh chét cta hinh vudng)

= CD L (SEF).

Lai c6 SE(SEF)=SE LCD (1).
Ta chirng minh ASEF vudng tai - \
ASCD vuodng tai S ¢6 SF la dwong trung tuyén = z

nén SF=1cp="2.
2 2
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a3

ASAB déu canh a c6 SE la duong trung tuyén nén SE = — EF=a.

2 2
C6 SE2+SF2=[§j +(§j — g% = EF2,

Vay ASEF vudng tai S = SE | SF (2)
Tir (1),(2) suy ra: SE L (SCD).
» Ching minh SF L (SAB):
Ta c6: CD 1 (SEF), ma AB|/CD=> AB L(SEF)=SF L AB (3).
Tix (2) va (3) = SF L (SAB).
(2) Chitng minh: SH 1. AC.
Taco CD L (SEF ) ( theo chttng minh trén), ma SH — (SEF ) =SH 1 CD.
Hon nira, SH L EF (gt) = SH L (ABCD).
Ma AC L(ABCD)=SH L AC.
(3) Tinh géc giira dwong thing BD va mdt phing (SAD).
Goi O la tam cua hinh vuong (ABCD).

Theo tinh chat caa hinh vudéng ABCD, ta c6 AC,BD, EF dong quy tai O.
Vi SE >SF nén H thudc doan OF.
Trong (ABCD), qua H vé duong thang song song véi CD cat AD,OD Tan luot tai

M va K.

Vay (BD,(SAD)) - (KD,(SAD)) .
ApLsy —ADL (SHM)=(SAD) L (SHM)

Ma (SAD)~(SHM)=SM.Vé KP LSM (P eSM)= KP 1(SAD) tai P.

) {AD 1L MH
a Co:

= Hinh chiéu cta K lén (SAD) la P =Hinh chi€u caa KD lén (SAD) la PD.
= (BD,(SAD))= (KD, PD)=KDP

bé tim géc KDP, ta di tim KD va KP:
ASEF vuodng tai S c6 SH la duong cao nén ta co:

1 1 1 1 1 1 1 16 a3
7 - o2 T 2T 2 2+_2:_2:>SH:_'
SH® SE° SF e a 3a° a” 4
T 5 4 4
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ASEH vudng tai H nén ta c6 EH =+/SE* —-SH* = a3 _ _3a
4 16 4
OH=EH-OE=%_%_%  jr_oF-oH=2_%_1%,
4 2 4 2 4 4
= H la trung diém ctia OF , ma HK//DF nén HK la duwong trung binh ctia AFOD
= K la trung diém cua OD:KD—EOD—%éza\/_ (Do BD = \/_)
Hk=1pr=12_9% Mx-Mmr-HK=%_2_°
22 4 2 4 4

= K la trung diém cta MH.
Trong (SHM), vé HQ L SM (QeSM), ma KP LSM = KP//HQ.

Ma K la trung diém caa MH nén KP la duong trung binh cia AMHQ = KP = % HQ.

ASHM vudng tai H c6 HQ la duong cao, ta co:

1 1 1 1 1 1 1 2 21

2 >t 2 2t 2 2+_2:_82:>HQ=61\/_

HQ® HS® HM a\/§ a 3a° a” 3 14

4 2 16 4
:KleHQ:a\/z.
2 28

a3

Trong AKPD vuong tai P, ta c6:sin KDP = KP _ a1 = Va2 = KDP :arcsinE.
N 14

4

Vay (BD,(SAD)) =KDP = arcsin% .
Bai 146. Cho hinh chép S.ABCD c6 ddy ABCD lahinh vudng canh a, SA 1 (ABCD) va SA=2a
(1) Chting minh (SAC) L (SBD);(SCD) L (SAD).
(2) Tinh géc gitta SD va (ABCD), SB va (SAD), SB va (SAC).
(3) Tinh d(A,(SCD)),d(B,(SAC)).

= Loi gidi
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(1) Chitng minh (SAC) L (SBD);(SCD) L (SAD).
P Chiing minh (SAC) L(SBD).
Ta c6: BD 1 AC (hai dwong chéo ctia hinh vuong ABCD);
BD LSA (do SA L(ABCD)).
= BD 1 (SAC), ma BD =(SBD).
= (SAC) L(SBD).
P Chitng minh (SCD) L (SAD).
Ta c6: CD L AD (hai canh ké ctia hinh vudng ABCD);
CD LSA (do SA L(ABCD)).
= CD 1 (SAD), ma CD <(SCD).
= (SCD) L(SAD).
(2) Tinh goc gita SD va (ABCD), SB vi (SAD), SB va (SAC).
P Tinh goc gitta SB va (SAD)
Ta c6 SA L(ABCD) tai A nén hinh chiéu ctia S 1én (ABCD) 1a A.
= Hinh chiéu ctia SD lén (ABCD) la AD.

= (SD,(ABCD)) =(SD, AD)=SDA.

Trong ASAD vudng tai A, tanSDA = % _2_ 2= SDA =arctan?2.

a
Vay (SD,(ABCD))=SDA =arctan2.

P Tinh gbc gitta SB va (SAD)

BA 1SA , n \
Ta co: = BA J_(SAD) tai A nén hinh chiéu ctia B 1én (SAD) la A.
BA 1 AD

= Hinh chiéu ctia SB 1én (ABCD) la SA.
= (SB,(SAD))=(SB,SA) = BSA

Trong ASAB vuong tai A, c6 tan BSA = AB_a _1 = BSA =arctan 1
SA 2a 2 2

5 _ BSA-= 1
Vay (SB,(SAD))=BSA = arctan( 2} .
P Tinh goc gitta SB va (SAC)

Goi O la tam cua hinh vuéng ABCD
Theo chimg minh trén: BD L (SAC) tai O=(SB,(SAC))=(SB,50)=BSO.
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BD:aJE:»BO:%BD:#.

ASAB vubdng tai A nén SB=+SA*+ AD’ :.[(251)2 +a® =a5.
a2
BO o

SB a5 10

Trong ASOB vuodng tai O, c¢6 sin BSO = = BSO = arcsin(

&)
Vay (SB,(SAC))=BSO =arcsin [ij .

J10

(3) Tinh d(A,(SCD)),d(B,(SAC)).

Bai147.

P Tinh d(A,(SCD)).

Goi H 1a hinh chiéu vudng goc ctia A trén SD
Ta co: AH L SD
Theo chiing minh ¢ cau (1), CD 1 (SAD).

Ma AH < (SAD)= AH 1L CD = AH L (SCD)= AH =d(A,(SCD))

A . 1 1 1 1 1 2a

ASAD vuong tai A: T =AD2+ASZ :a_2+4a2 :>AH=£.
2a
Vay d(A,(SCD))= AH=—

P Tinh d(B,(SAC)).
Theo chting minh trén BD 1 (SAC) tai O nén hinh chiéu ctia B lén (SAC) 1a O.

a2
=d(B,(SAC))=BO=——.
(B.(s40)) >
Cho hinh chép A.ABC co6 tam gidc ABCvudng tai A, goc B=60", AB=a, hai mat bén

(SAB) va (SBC) vudng goc voi déy, SB=2a.Ha BH LSA(H eSA); BK LSA(KeSC).
(1) Chting minh SB 1 (ABC) .
(2) Chting minh SB 1 (ABC )-
(3) Chting minh SC L (BHK).
(4) Tinh cbsin cta géc tao boi SA va (BHK).

.....
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(2) Chitng minh SB L ( ABC).

(1) Chitng minh SB L ABC).

Chuong VIII.
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. |(SAB)~(SBC)=SB
faco {(SAB) L (ABC);(SBC) L(ABC) =SB L(ABC).

Ta c6: AC L AB do AABC vuong tai A va AC LSB do
SB 1 (ABC)

= AC L(SAB)=>BH 1 AC do BH =(SAB).
Mat khéc: BH 1L SA=> BH 1 (SAC)=SC L BH do SC =(SAC).
Ta lai c6: SC L BK = SC 1 (BHK).

(3) Chitng minh SC L (BHK),

Ta co: BH 1 (SAC),HK =(SAC)= BH L HK
Vay tam gidc BHK vuodng tai H .

(8) Tinh cosin ciia goc tgo boi SA vi (BHK).

Bdi 148.

Ta co: SC J_(BHK) tai K nén HK la hinh chiéu vudng goéc cua SH trén (BHK)
Do d6: (SA,(BHK)) =(SH,(BHK))=(SH, HK) = SHK

Vi SHK =SCA nén cosSHK =cosSCA = £

SC
Ta cé: ABC vudng tai A, AC = AB.tan60’ = a3, BC =Ja® +2a% = 2a
ASBC vuéng tai B nén SC =+/SC?+BC’ = 202 .

_AC_a3 6

Suy ra: cos(SA,(BHK)) = SC a4
a

Cho hinh chép t gidc déuS.ABCD c6 canh d4y bang a, canh bén bang § .Goi O 1a
tam ctia hinh vuéng ABCD va M la trung diém ctia SC .

(1) Chtng minh (MBD) L (SAC).

(2) Tinh géc gifta SA va mat phang (ABCD).

(3) Tinh goc gitra hai mit phang (MBD) va (ABCD).
(4) Tinh goc gitra hai mit phang (SAB) va (ABCD).

> Loi gidi
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(1) Chibng minh (MBD) L (SAC).
Vihinh chép S.ABCD déu nén SO L(ABCD),
Ma BD <(ABCD) nén BD 1 50.
Talai c6 BD 1. AC = BD L (SAC), ma BD =(MBD),
suy ra (MBD) 1 (SAC).
(2) Tinh géc giita SA va mt phang (ABCD).
Vi SO L(ABCD)
Nén OA 1a hinh chiéu vudng goc cua SA 1én (ABCD).

Suy ra (SA,(ABCD))=(SA, AO)=SAO.

w5 2

Ta c6 SA=— AC=a2 = Ao_”
Tam giac SAO vuodng tai O co6: cosSAO = ?jﬁ) = \/;_O =SA0 = arccos@ .

(3) Tinh géc giita hai mdt phing (MBD) va (ABCD).

Ta c6 (MBD)~(ABCD)=BD. (1)

Ma BD L (SAC), OM =(SAC) =OM L BD. (2)

Va OC LBD. (3)

Tur (1), (2), (3) suy ra ((MBD),(ABCD))=(OM,0C)=MOC (do MOC la géc nhon).
ASOC ¢6 OM la duong trung tuyén nén OM =CM = —SC —% % = #.

Ap dung dinh ly C6-sin trong tam gidc COM , ta c6

=) )
OM?+0C*-CM? | 4 2 4 J10

cos MOC = = = .
20M.OC , a5 a2 5

-T. 2

A PSR,
Vay ((MBD),(ABCD))=COM =arccos =~

(8) Tinh géc giita hai mdt phing (SAB) va (ABCD).
Ta c6 (SAB)~(ABCD) = AB.

Goi E la trung diém AB.
Khi d6 OE L AB ma SO 1L AB=SE 1 AB.

Suy ra ((SAB),(ABCD))=(SE,OE)=SEO (vi SEO nhon).
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Bai 149.

(1) Tinh khodng cich tiv AA" dén mat phing (BCC'B').

(2) Tinh khodng cich tiv A dén (A’

Chuong VIII.
QUAN HE VUONG GOC

ASCO vudng tai O nén SO =+SC*-0C* = [ \2/_] (a\/_} a\/g.

2

ASEO vudng tai O, ta cd tanSEO = (S)—C; = % : % = \/g = SEO =60°.

Vay ((SAB),(ABCD))=60°.

Cho hinh lang tru ABC.A'B'C' c6 AA’ L (ABC ) va AA'=a, ddy ABC latam gidc vudng
tai Acé BC=2a, AB=a\3.

(1) Tinh khoang céch tir AA’ dén mat phang (BCC'B').

(2) Tinh khoang céch tir A dén (A'BC).

(3) Chting minh rang AB L (ACC'A") va tinh khoang céch tir A" dén (ABC').

= Loi giai

C' B
Vi AA'//BB = AA'//(BCC'B') nén
d(AA",(BB'C'C))=d(A,(BB'C'C)).

Vi AA' 1 (ABC) nén (ABC) L(BCC'B')=
Ké AH L BC tai H = AH 1(BCC'B).
Do d¢, d(A,(BB'C'C))= AH. H

=4z

AABC vuodng tai A: AH =

BC. :

—3d* =a. "y

ABAC _aa3 _ J_ ;
JAB +ACE 20 2
)-2.

Tacd AC =+ BC? — AB?

Vay d(AA’,(BBC'C

c).
Cach 1.
Keée AK 1 A'H tai K.

AA' L BC
Ta c6 = (A'AH) L BC= AK L BC.

AH 1 BC
Suy ra AK L(A'BC).Do d6 d(A,(A'BC))=

' a.——
AA'AH vuong tai A: AK= AdAH = 2 _

JAA? + AH? ,
a
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a21
Vay d|A,(A'BC))= .
y ( ( )) 7
Cach 2.
Vi AA', AB, AC d6i mot vudng goc nén goi d 1a khoang cach tir A dén mat phang
(A’BC),tacé iz= L ~+ 12+ 12 =L2:>d:a 21,
= AA” AB° AC° 3 7

(3) Chibng minh ring AB L(ACC'A’) va tinh khodng cdch tir A" déin (ABC').

. |ABL AC
Ta co

AB L AA

Goi O la giao diém cua A'C va AC'.
Taco A'O L AC' (do ACC'A’" la hinh vuong).
Mat khac A'O L AB (do A'O<(ACC'A’) va AB L(ACC'A’)).
= A'O L (ABC') tai O.

= AB L(ACC'A').

Do dé d(A',(ABC'))= 0= AC _al2.
2 2

Bai 150. Cho hinh thang ABCD vuéng tai A va B, c6 AD=2a, AB=BC =a. Trén duong thang Ax
vudng goc voi mét phang ( ABCD) 18y diém S. Goi C' va D' Tan luot 1a hinh chiéu vudng géc
cua dinh A trén SC va SD.

(1) Chitng minh SBC =SCD =90°.

(2) Chting minh ba dwong thang AD’, AC’, AB cting nam trén mit phang. Tt d6 chiing

minh C'D' ludn di qua mot diém c¢6 dinh khi S chay trén Ax.

(3) Xéc dinh va tinh d6 dai doan vudng gdc chung cia AB va SC khi SA = 2.

la hinh chiéu vudng gbc cua dinh A trén SCvaSD.
= Loi gidi

(1) Chitng minh SBC =SCD =90°.
1a hinh chiéu vudng goc ctia dinh A trén SCvaSD.
Ta 6 BC L BA,BC 1 SA (do SA L(ABCD))
= BC 1SB.

Goi I la trung diém AD
= ABCIla hinh vuong = IA=1D=IC = AACD
vuong taiC.
Tac6 CD L AC,CD L SA (do SA L(ABCD))
=CD_15C.
Vay SBC =SCD =90".

(2) Chitng minh ba dwong thing AD', AC', AB ciing ndm trén mdt phing.

Tir d6 chitng minh C'D' luén di qua mot diém c6'dinh khi S chay trén Ax.
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AB 1 AD,AB 1 SA (do SA 1(ABCD)) =ABL1SD (1).
AC' L SC ,
{AC' LD (4D 1 (84C), AC = (s4c)) = A< 5P 2)
AD' L SD (gia thiét)(3).
T (l),(Z), (3) AB,AC',AD' cung nam trén (P) di qua A va vudng géc véi SD.
Do d6 C'D' di qua mot diém c¢d dinh la giao diém I ctia AB va CD khi diém S di
dong trén duong thang Ax.
(3) Xdc dinh va tinh d6 dai doan vuéng géc chung ciia AB vi SC khi SA=aN2.
Ta c6 CI//AB=> AB//(SCI).
Ké AH LS tai H.
Ta 6 AH 1SI,AH 1 CI(doCI L(SAD))
= AH 1(SCI).
Ké HK//CI(K e SC)va ldy diém E e AB: AE=HK.
Khi 46 AHKE la hinh binh hanh= AH//KE .
Suy ra, KE L AB(do AH L (SAD)=> AB L AH)

va KE 1. SC(do AH 1 (SCI)= AH LSC).

Do d6, KE la doan vudng gbc chung cua ABvaSC.
SAAl  a2a a6

Jsa?rarr eatvar 3

a\/6

Vay d(AB,SC)=KE=AH -

Xét ASAI: AH =
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