SO GIAO DUC VA PAO TAO PE THI OLYMPIC 27/4 - NAM HQC 2017- 2018
TINH BA RIA — VONG TAU MON THI: TOAN LOP 11

PE THI CHINH THUC Ngay thi: 06/03/2018
Thoi gian lam bai: 180 phiit, khéng ké thoi gian giao dé

Bai 1 (5,0 diém):
1) Giai phuong trinh 2(cos4 x —sin* x) —(1+2cos2x)sinx =+/3 cos3x .

2) Cho tam giac ABC khong tu va thoa man 2(cos3 A+cos’ B+cos’ C) +3cos Acos BcosC = % :
Chtng minh ABC 14 mot tam giac déu.
Bai 2 (2,0 diém): Cho khai trién sau:
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Hay tinh hé s6 a, vatong S =b, +b, +...+ b, .

Bai 3 (5,0 diém): Cho doan AB vuong goc mat phang (P) tai diém B. Trong (P) liy diém H thoa
BH = BA=a(a>0). V& duong thang d nam trong (P) va qua H, d vudng goc v6i BH. Hai diém

M, N di dong trén d va théa man MAN =90, Puong thang qua 4 va vudng goc mit phang (AMN)
cit (P) tai diém K.

1) Chirng minh rang B 14 tryc tAm cua tam giac KMN .

2) Goi a, 8 lan luot 1a s6 do cac goc tao bdi BM v6i mp(AKN), BN véi mp(AKM). Chimg

. A S
minh cosza+cosz,8:5 va tim gid tri nhd nhat cua o + f.

Bai 4 (4,0 diém): Cho diy sb (a,) xéac dinh bdi cong thirc:

LLa,=2
na,,=03n+2)a,, -2(n+l)a,;n=12;3;..

n+l

1) Tim cong thirc s6 hang tong quat cia diy (a,).

2) Chimg minh \fa, -1 +.fa, =1 +...+Ja, 1 > ”(”2_1);Vn eN".

3) Tinh lim| L+ 224 4% |
303 3"

Bai 5 (4,0 diém):

1) Tim tAt ca céc gi4 tri cia @ dé gioi han lim x(ax x4 2x = 24X + x) c6 gi4 tri hitu han.

2) Tim tat ca cac ham sé / : R — R thoa mén
f(x+y)+f(x)f(y)=Sf(x)+f(x)+ f(y)+2xy véimoi x,y e R.
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Bai Noi dung Piém
21'1 2(c0s4 x —sin? x) - (1 + 2cos 2x)sinx = \/§c0s3x 0,25
2,5d)
o 2(cos2 x — sin? )c)(cos2 X + sin® x) _sinx — 2sin xcos2x = /3 cos3x
= 2cos2x—sinx—sin3x+sinx=\/§cos3x 0,5
3 1. 0,25
= 70053x + Esm3x = CcOoS2Xx
i LT i 0,25x2
= cosgcos3x + smgsm3x = c0s2x < cos| 3x — g = cos2x
3x—£:2x+k2n x:E+k2n
o . = - 2n(k €Z) 0,5x2
3x ——=-2x+k2n xX=—+k—
6 30 5
1.2 i 1
(2,5d) Ta cd cos Acos BecosC = E[COS(A + B) + cos(A4 - B):lcosC 0.25
2
= %[—cos2 C - cos(A - B)cos(A + B)] 0,25
0,25x2
= %[—cos2 C - %(005214 + cosZB)} = —%(cos2 A+ cos’ B + cos* C — 1)
2
Do d6 gt & 2((:0s3 A + cos’ B + cos’ C) - %(cos2 A+ cos’ B +cos’ C — 1) = % 0.25
o (16cos3 A—12cos* 4 + 1) + (16cos3 B —12cos’ B + 1) 0,25
+(16c0s’ C = 12cos” C +1) = 0
= (2c0sA - 1)2 (4cosA + 1) + (2cosB - 1)2 (4cosB + 1) 0,25
+(2cosC - 1)2(4cosC +1)=0
<> cosd =cosB =cosC =—(DodcosA4+1>0,4cosB+1>0,4cosC+1>0).
A B C;D4 A+1>04 B+1>04 C+1>0 0,25x2
< A=B=C=60" < AABC déu (dpcm). 0,25
2 2018
2| Patf(x) = [%j taco £(0)=d, + b + ..t by, = 2. 0,5
(2,0d)
Vay a, + S = 27"%.(1)
R k 2k-2018 0.5
f(x) = (x+1+—x+ 1) =) Crs(x + D™
k=0
1008 Cécms 2018 . s ’
= W+ D Cope(x +1)
k=0 k=1009
by=by=..=by, =0=S=b, +b, +..+ by, = Cons + Coott + . + Chps + Coors 0,25




iy = Clot + it + -+ Cl + Canh = i + S.(doCy = ;) @) 025
! !
T (1) va (2) suy ra: S = 2°°"7 — ﬁ; a, =27 + ﬂ 0.5
1009 1009
- Xac dinh vi tri M, N trén d: Tam giac
3.1 AMN vuong tai A va c6 duong cao AH 0,5
(2,5d) | (MN L AB,BH ) nén M, N khac phia
d6i voi H.
- Xac dinh vi tri K: trong (4BH) dung K
thuge BH va KAH = 90°(BH = BA = a 0.5
nén B 1a trung diém KH), 0.5
- Chirng minh: AK 1 (AMN). A ’
- AM 1 AN,AK = AM 1 KN.Ma AB L (P) = KN L AB vayKN L BM. 0,5
- KH 1 MN(cmt),KH N BM = Bnén B la truc tam tam giac KMN. 0,5
(23'526) AM 1 (AKN) = (BM,(AKN)) = MEA = MAB = o, tuong tw NAB = p. 1,0
’ ABY (A4BY 4B 1
cos’ o + cos’ B = + = = —, (do tam giac ABH vudng can tai B).
b= ) " a2t g g can tai B) 0,5
(Cédch khac: chirng minh, dp dung hé thirc cos” o + cos’ B +cos’y =1, y = KAB = 45°%)
cos’a + cos’ P = % & cos(a + B).cos(a — B) = —%.
- 1 0,5
o,p e (O;EJ = 0 < cos(a —PB) <1.Vay cos(a + ) < —E.(l)
o,p e (O;g] = 0 <o +p<mnvahamsbé y = cosx nghich bién trén (0;7)nén tir (1) ta 0,5
co 0L+B223—R.Kétluan: min(oc+[3)=2?ndatkhi OL=B=§<3HM = HN = av2.
a1 |na,. =0Gn+2a,, 20+ Da, & na,., —a,,)=2n+1)a,, —a,) & 22"l o]
. n+1 ’
(2,0d)
Pat x, =20 " % a6 x =a, —a, =Lx ., =2x:;VneN.Vay (x,)la cAp sb nhan 0.5
n 5
véicong bdi ¢ =2,nén x, = x.q"' =2"";Vn e N.
Suyraa,,, —a, =n2"";VneN =a =a +12°+22" +3.2° + ..+ (n-1)2""
o =24[22' 432 + .t (n—1)2"];Vn e N 0.5
Xét 2a, =4 +[2.2° +32 +..+(n—=2)2"7 + (n—1)2""]
—2a —a =12 =+ 4P ot 2 ) =12 =@ =2 = (| P
4.2 2 =1+ =C L+ C L+ A C 2+ (=) =V > 2
1,0d _ 0,5
( ) =Sa,=n-22"+2>n-2n+2=n-1)’+;Vn=22=Ja, -1>2n-1;Vn =2
0,5

\/a1—1+\/a2—1+...+,/an—120+1+2+...+(n—1):n(nz_l);VneN*.




4.3

. ca, (k=224 2 k(2 (2) 1Y .
Taco =& = =—|=| -|=| +2.|=|;VkeN
(1L,0d) 3 3 213 3 3
1 2 n
:>a—i+a—§+...+a—":lSn -T +2P,vo6i S, :l(gj +2(gj +...+n(%) ;
3 3 3" 2 3 3 3
1 2 n 1 2 n
T =(gj +(3J ++(£j ;P =(1J +(lj ++(lj ; 0,5
3 3 3 3 3 3
2 3 n n+l
XétzSn = (gj +2(zj +...+(n—l)(gj +n(g)
3 3 3 3 3
2 3 n n+l n
:>S,1—2SW=E+z +z +...-|r2 —ng :>S,1:3Tn—2nE .
3 3 3 3 3 3 3
a 1 2 an 2 ’
Vay —+—5+..+==—T +2P —n| -
3 3 3 2
2 1
m7 =—3_ —2;11mP=—3 =l;
n 2 n 1 2
1-— 1-—
3 3
n n 2
) R (ot I o) B INPoct B Ul VA 0.5
2 2 2 2 2
:>0<n(3j <38 ,Vn22:>1imn(gj =0.vay lim| &+ %24 &)=
n-—1 3 3"
5.1 : 2 1
(2,0d) | Neu a =1 thi limx(ax+\/x2+2x—2\/x2+x)= lim x* a+\/l+——2\/l+—
X—>+0 X —>+0 X X
0,25
B +oo khia > 1
~ |-okhia<1’ 0,25
Néu a =1 thi
lim x(ax + \/x2 +2x — 2\/)c2 + x) = lim x(x + \/x2 +2x — 2\/)(2 + x) 0,25
= lim xli(\/xz +2x—(x+1))+(2x+1)—2 x +x} 0,25
. { -1 1 } 0,25
= 1um x +
o X +2x +x+ 1 2x 41+ 24UxT 4+ x
-1 1 1 0,25X2
= lim + =_Z_
\/1+2+1+1 2+1+2\/1+1
X X X X
Vay a = 1 1a gia tri cAn tim. 0,25
5.2 | Giast f(x) la mot ham s6 théa man gia thiét bai toan.
(2,0d)
Sr+p)+ f(2)F () =S () + 7 (x) + 1 (¥) + 20 (1)
<:>f(x+y)—1+|:f(x)—I:H:f(y)—l]:f(xy)—1+2xy+1. 0,25

bat g(x) = f(x) — 1 ta c6 phuong trinh
g(x + y) + g(x)g(y) = g(xy) +2xy+1,Vx,y € R (2)




Kihiéu P(a,b) chiviéc thay x bdi a vathay y boi b vao phuong trinh (2)

P(x.0) = g(x) + 2(x)2(0) = 2(0) +1 = [2(0) +1][g(x)~1]=0 (3).

Néu g(0)+1= 0 thitir(3)suyra g(x)=1Vx € R . Thay vao (2) ta thdy ham s6 nay
khong théa man, do do g(O) =-1.

0,25

P(L-1)= g(0) + g(1)g(-1) = g(-1) -1 = [g(1) - 1]e(-1) = 0
Néu g(l) =1 thi P(x;l) = g(x+1) =2x+1= 2(x+1)—1:> g(x) =2x—-1LVx .Ta

thay ham s6 nay thoa man (2).

0,25

Néu g(1) =1 thi g(-1)=0.Dit a = g(1).
P(x,l) = g(x+ 1) + ag(x) = g(x) +2x+1 < g(x+ 1) = (1 - a)g(x) +2x +1,Vx € K

0,25

P(—x,—l) = g(—x —1) = g(x) +2x+1 < g(x) = g(—x —1) —(2x + 1) .
Thay vao (4) ta dugc
g(x + 1) = (1 - a)[g(—x - 1) —(2x + 1)] +2x+1= (1 - a)g(—x — 1) + a(2x + 1),‘v’x €

(1-a)g(-x)+a(2x-1),VxeR (5)
=(1—-a)g(x)+a(-2x—1),Vx € R. Thay vao (5) ta dugc
—a)[(l—a)g(x)—i—a(—Zx—l):I +a(2x—1) |

= (az — Za)g(x) = 2a’x — (a2 — Za),‘v’x eR (6)

0,25

RO rang tur (6) suyra a # 2.
2a

Néu a = 0 thi tir (6) suyra g(x) = — 5
a—

x—1VxeR

4(612 +a - 2)
(a-2)

= g(x) = —x —1,Vx € R . Ham s6 nay thoa mén (2).

Thay vao (2) ta dugc xy=0Vx,y=a=-2Via=g(l)=1)

0,25

Néu a =0 thitr(5)suyra g(x) = g(-x),vx e R .

P(x,—x) = g(O) + g(x)g(—x) = g(—xz) —2x* +1

=-1+g° (x) = g(xz) -2x" +1 (7)

P(x,x) = g(2x) + gz(x) = g(xz) +2x° +1(8)

T (7) va (8) = g(2x) = 4x> -1 = g(x) = x* — 1, Vx € R. Ham s0 ndy théa man (2).

0,25

Do f(x)=g(x)+1nén cacham s can tim la

f(x)sz,f(x) =—x,f(x):x2,VxeR.

0,25
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