cwone 7 PUGNG THANG VA MAT PHANG
TRONG KHONG GIAN

sit 1. DAl CUONG VE DBUONG THANG VA MAT
PHANG

@ TOMTAT LY THUYET
(1) Mé dau vé hinh hoc khong gian.

— Déi tuong co ban:

. Piém: ki hiéu A, B, C, ... d
. Puong thang: ki hiéu a, b, ¢, d, ... A o
. Mit phang: ki hiéu (P), (@), (), (B), ...
B ’ I
I

— Quan hé co ban:
. Thudc: ki hiéue. Vidu Aed, Me(P) ...
. Chtia, nam trong: ki hiéu c. Vi du: d < (P), b < ().
— Hinh biéu dién ctia mét hinh trong khéng gian:
. Pudng thing dudc biéu dién béi dusng thing. Poan thing biéu dién béi doan thing.
. Hai duong théng song song (hoic cit nhau) dudc biéu dién béi hai dudng thing song song (hodc cit

nhau).
. Hai doan théng song song hoic bing nhau dudc biéu dién béi hai doan thing song song va bang
nhau.

. Dung nét vé lién dé biéu dién cho nhitng duong tréng thay va dung nét dit doan (- - - -) d& biéu dién
cho nhiing duong bi che khuat.

(2) Céc tinh chit thita nhan trong hinh hoc khéng gian.
— C6 mét va chi moét mat phang di qua ba diém phan biét khong thang d
hang cho trude. E G

— Néu mét dudng thang c6 hai diém phan biét thudc mot mét phang
A

thi moi diém ctia duong thang déu thudc mat phang dé.
— Tbn tai bén diém khéng cung thudc mét mit phang.
— Néu hai mit phang phan biét ¢6 mét diém chung thi ching con ¢6

chung thi ching sé ¢6 mot dudng thing chung di qua diém chung
ay. Puong thang chung la duy nhét chia tat ca cic diém chung caa
hai m#t phang d6. Puong thang chung d6 dudc goi 1a giao tuyén
ctia hai mat phing.
— Trén m6i mat phang, cac két qua da biét trong hinh hoc phing déu
4

mot diém chung khéc nita.
T tinh chat nay suy ra: Néu hai mét phang phan biét c6 mot diém /< d
o

dung.

(3 Diéu kién xac dinh mat phang.

. Mit phang dudc hoan toan xac dinh khi biét né di qua ba diém khong thang hang.

. Mit phéng dudc hoan toan xac dinh khi biét né di qua mét diém va chia mot duong thing khong di qua
diém do.

. Mit phang dudc hoan toan xac dinh khi b@ét n6 chita hai duong théng cit nhau.
Mt phang hoan toan c¢6 thé mé rong ra dén vo cuc.
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(@) Hinh chép va hinh ti dién.

— Cho da gidc A1AsAs...A, ndm trong mat phing () va diém S ¢ (). Lan lugt néi diém S véi cac dinh
A1AsA5.. A, ta dudc n tam gidc SA1Ag, SA2A32, ... SA,A1. Hinh gom da giac A1AgAs3...A, va n tam giac
SA1Ag, SA3Ag, ... SA, A dudc goi la hinh choép, ki hiéu hinh chép nay 1a S.A1A9As...A,,. Khi d6 ta goi:

. S la dinh caa hinh chép.

. A1A3A3...A, 1a méat day cua hinh chop.

. Cac tam giac SA1Ag, SA3Ag, ... SA,A; dudc goi la cac mat bén.
Ta goi hinh chép c¢6 day 1a tam giéc, ti gidc, ngii giac,..., 1an lugt 14 hinh chép tam gidc, hinh chép ti giac,
hinh chép nga giac, ....

— Cho bén dié°n} A, B, C, D khong déng phang. Hinh gom 4 tam giac ABC, ACD, BCD, ABD goi 1a hinh tu
dién (hay ngan gon goi la ti dién) va dudc ki hiéu la ABCD.

. Cac diém A, B, C, D 1a bon dinh cta ti dién.

. Céc doan thang AB, BC, CD, DA, CA, BD goi la c4c canh caa ti dién.
. Hai canh khong di qua mét dinh goi 12 hai canh d6i dién ctia ti dién.
. Cac tam giac ABC, ACD, ABD, BCD goi la cac mét cta ti dién.

Hinh ti dién c6 bén mat 14 cac tam gidc déu goi 1a hinh ti dién déu.

S
A
A B
B c
D
D C
Hinh choép tam giac (Tw dién) Hinh chop t& giac
N

s
I
I
I
I
I
|

A B |
I
> B

o
D D C

Hinh chop t& giac c6 day la hinh thang Hinh chép ta giac ¢6 day la hinh binh hanh

(® DANG TOAN VA BAI TAP

(O DANG 1.1. Xéc dinh giao tuyén cla hai mét phéng

— Tim hai diém chung phdn biét ciia hai mdt phang.

— Duong thding néi hai diém doé la giao tuyén ciia ching.
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€ vioy

Vi DU 1. Cho t& diéq SABC. Goi M,N lan luot 1a hai diém trén canh AB va BC sao cho MN khéng song song
v6i AC. Tim giao tuyéen ctaa cac cap mat phang sau

(D (SMN) va (SAC); 2 (SAN) va (SCM).

Loi giai.
(1) Trong (ABC), goi K = MN nAC, ta cé

Se(SMN)N(SAC)S
Ke(SMN)N(SAC).

Vay giao tuyén ctia hai mét phing 1a duong thang SK.
(2) Trong (ABC), goi H=ANNCM, ta c6

S e(SAN)N(SCM)
He(SAN)N(SCM).

Vay giao tuyén ctia hai mét phing 1a duong thing SH.

Vi DU 2. Cho hinh chép S.ABCD, trong d6 mit day ABCD c6 cac céip canh d6i khong song song. Goi diém M
thudc canh SA. Tim giao tuyén cta cic cap méat phang sau

@) (SAC) va (SBD); 2 (SAB) va (SCD); 3) (MBC) va (SAD).

Loi giai.

(@) Trong (ABCD), goi E = ACNnBD, ta c6

S e(SAC)N(SBD)
Ee(SAC)n(SBD).

Vay dudng théng giao tuyén la SE.
(2) Trong (ABCD), goi F = ABNCD, ta c6

S e(SAB)N(SCD)
Fe(SAB)N(SCD).

Vay giao tuyén ctia hai mét phéng 1a SF.

(3) Trong (ABCD), goi K =ADNCB, ta c6

Me(MBC)n(SAD)
K e(MBC)n(SAD).

Vay giao tuyén ctia hai mét phang 1a MK.

Q BAI TAP AP DUNG

BAI 1. Cho tt dién SABC. Goi K, M 1an ludt 1a hai diém trén canh SA va SC. Goi N la trung diém cta canh BC.
Tim giao tuyén cia cac cip mat phang sau

@ (SAN) va (ABM); 2 (SAN) va (BCK).

Loi giai.



314 CHUONG 7. PUONG THANG VA MATPHAJNG TRONG KHONG GIAN

(@ Trong (SBC), goi E = SN nBM, ta c6

Ae(SAN)Nn(ABM)
Ee(SAN)Nn(ABM).

Vay dudng théng giao tuyén 13 AE.

(2 Tacé
{N € (SAN)N(BCK)

K e (SAN)N(BCK).

Suy ra giao tuyén ctia hai mét phang 1a KN.

B
a

BAI 2. Cho hinh chép SABCD c6 day ABCD 14 hinh thang véi AB || CD va AB > CD. Lay diém M trén doan BC. Tim
giao tuyén ctia cac cip mat phang sau day:

@ (SAC) va (SBD); (2 (SAD) va (SBC);
(3 (SAM) va (SBD); (@) (SDM) va (SAB).
Loi giai.

(D Trong (ABCD), goi E =ACNBD, ta c6

S e(SAC)N(SBD)
E e (SAC)n(SBD).

Vay dudng théng giao tuyén la SE.
(2) Trong (ABCD), goi K = AD N CB, ta c6

S e(SBC)N(SAD)
K e(SAD)Nn(SBC).

Vay giao tuyén ctia hai méit phang 1a SK.

(3) Trong (ABCD), goi F =AM DB, ta c6

S e(SAM)N(SBD)
Fe(SAM)n(SBD).

Vay giao tuyén ctia hai mét phéng 1a SF.

(4) Trong (ABCD), goi =DM N AB, ta c6

Se(SDM)n(SAB)
He(SDM)n(SAB).

Vay giao tuyén ctia hai mét phing 1a SH.

BAI 3. Cho t dién SABC. Goi D,E, F 1an lugt 1a trung diém ctia AB,BC,SA.

(D) Tim giao tuyén SH ctia hai mat phéng (SCD) va (SAE);

(2) Tim giao tuyén CI cta hai mit phang (SCD) va (BFC);

(3) SH va CI c6 cat nhau khong? Giai thich? Néu cé, goi giao diém d6 12 O, chiing minh IH || SC. Tinh ti s6

2/
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Loi giai.
(@ Trong (ABC), goi H=AEnCD =H.

Ta c6 giao tuyén caa (SCD) va (SAE) 1a SH.

(2) Trong (SAB), goi I =SD nBF.
Ta c6 giao tuyén ctia hai mat phang (SCD) va (BFC) 1a CI.

(3) Ta ¢6 CI va SH cung nam trong mat phing (SCD).
Xét tam gidc SCD ¢6 I € SD;H € CD nén CI va SH cit nhau tai O.

ID 1
Ta c6 I 1a trong tam tam giac SAB suy ra SD°3 Y
. R . DH 1
H la trong tam tam giac ABC suy ra D -3
ID DH
—=——9oIH .
Suy ra D - CD RN ISC

OH IH ID 1

V&Y 95 “SC " SD 3
O BAI TAP TU LUYEN

BAI 4. Cho hinh chép SABCD c6 day ABCD la tit giac 16i. Trén canh SA 14y diém M. Tim giao tuyén cta céc cip
mit phang sau day:

@) (SAC) va (SBD). 2 (BCM) va (SAD).
3) (CDM) va (SAB). @ (BDM) va (SAC).

BAI 5. Cho hinh chép SABCD c6 day ABCD la hinh binh hanh. Trung diém ctia CD 1a M. Tim giao tuyén cta céc
cap mat phang sau day:

(D (SAC) va (SBD). (2 (SBM) va (SAQ).
(3) (SBM) va (SAD). @) (SAM) va (SBC).

BAI 6. Cho hinh chép SABCD c¢6 day ABCD la hinh thang véi AB || CD va AB > CD. Ly diém M nam trén doan
SA. Hay tim giao tuyén ctia cac cap mat phang sau day:

(D) (BDM) va (SAC). (2) (BCM) va (SAD).
(3) (BCM) va (SCD).

BAI 7. Cho hinh chép SABCD c6 day ABCD la hinh binh hanh tam O. Liy diém M trén canh SA, trung diém CD
l1a N. Tim giao tuyén ctia cac cip méit phang sau day:

(D (BMN) va (SAC). (2) (BMN) va (SAD).
(3) (MCD) va (SBD). (@) (MCD) va (SAB).

BAI 8. Cho hinh chép SABCD cé day ABCD la t gidc c¢6 hai canh d6i dién khéong song song. Lay diém M thuéc
mién trong tam giac SCD. Tim giao tuyén cta cic cap mat phang sau day:

D (SBM) va (SCD). (2) (ABM) va (SCD).
(3) (ABM) va (SAQC).

BAI 9. Cho hinh chép SABCD c6 ddy ABCD la ti giac 16i. LAy I thudc canh SA, J th}l(f)c canh SB sao cho IJ khong
song song véi AB. Lay K 1a mot diém thudc mién trong ti gidc ABCD. Tim giao tuyén cta cac cip méit phang sau
day:

(1) IJK) va (ABCD). (2) IJK) va (SAB).
() (IJK) va (SAD). (@) (IJK) va (SAC).
(® (IJK) va (SBD).

BAI 10. Cho hinh chép SABC. Trén canh SA,SC l4y diém M, N sao cho MN khéng song song véi AC. Goi K 14 trung
diém ctia BC. Tim giao tuyén ctia cic cap mat phang sau day:
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(D (MNK) va (ABC). (2 (MNK) va (SAB).

BAI 11. Cho hinh chép SABC. Trén canh SA,SC lay diém M,N sao cho MN khéng song song véi AC. Goi O 1a diém
thudc mién trong ctia tam gidc ABC. Tim giao tuyén cta cic cip mét phing sau day:

(D (MNO) va (ABC). (2 (MNO) va (SAB).

3) (SMO) va (SBC). (@ (ONC) va (SAB).

BAI 12. Cho ti dién ABCD c6 M 1a diém trén canh AB, N 1a diém trén canh AD sao cho MB =2MA,AN =2ND. Goi
P 13 diém nim trong tam gidc BCD. Tim giao tuyén ctia cac cap mat phang sau day:

@) (CMN) va (BCD). @) (MNP) va (SAD).

® (MNP) va (ABC).

BAI 13. Cho ti dién ABCD. Goi M 1a diém nam trong tam gidc ABC, N 1a diém ndm trong tam gidc ACD. Tim giao
tuyén clia cdc cip mit phang sau day:

(D (CDM) va (ABD). (2 (BCN) va (ABD).

3) (CMN) va (BCD).

BAI 14. Cho tit dién SAC. Lay diém E, F lan lugt trén doan SA,SB va diém G 1a trong tam tam gidc ABC. Tim giao
tuyen cua cac cap mat phang sau day:

@ (EFG) va (ABC). (2 (EFG) va (SBC).

® (EFG) va (SGO).

BAI 15. Cho hinh chép S.ABCD. Hai diém G,H lan luot la trong tam ASAB,ASCD. Tim giao tuyén ciia cic cip
mét phang sau day:

@ (SGH) va (ABCD). @) (SAC) va (SGH).

(3 (SAC) va (BGH). (® (SCD) va (BGH).

BAI 16. Cho hinh chép S.ABCD c6 day ABCD la hinh thang ¢6 AB | CD. Goi I 1a giao diém ctia AD va BC. Lay M
thudc canh SC. Tim giao tuyén ctia cc cdp miat phing sau day:

(D (SAC) va (SBD). (2 (SAD) va (SBC).

(3) (ADM) va (SBC).

BAI 17. Cho hinh chép S.ABCD c6 day la hinh binh hanh tam O. Goi M,N,Q 1an luct 1a trung diém cta cac canh
BC,CD,SA. Hay tim giao tuyén cla cac cip mit phang sau day:

(D (MNP) va (SAB). (2 (MNP) va (SAD).

(3) (MNP) va (SBC). (@) (MNP) va (SCD).

BAI 18. Cho hinh chép S.ABC. Goi H,K lan ludt la trong tdm tam gidac SAB,SBC va M la trung diém canh AC,
Ie€SM sao cho SI>SM . Tim giao tuyén cta cac cap mat phang sau day:

(1) (IHK) va (ABC). (2) UHK) va (SBC).
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(3 DANG 1.2. Tim giao diém clia dudng thdng d va mét phéng ()

— Tim mét mét phing phu (f) chita d sao cho dé tao giao tuyén véi (a). Mdt phang nay thuong xdc dinh
béi d va mot diém ciia ().

— Tim giao tuyén u ciia (a) va (B).

— Trong (B), d cit u tai I, ma u < (a). Vay d cdt (a) tai 1.

€ vioy

Vi DU 1. Cho tt dién SABC ¢6 M 1a diém nam trén tia d6i caa tia SA, O 1a diém nam trong tam gidc ABC.
Tim cac giao diém cia

(1) Puong thang BC va mit phang (SOA);
(2) Puong thang MO va mit phang (SBC);
(3) Puong thang AB va mat phang (MOC);
(@) Puong thang SB va mat phang (MOC).

Loi giai.

(1) Trong mit phang (ABC), kéo dai AO cat BC tai I.

IeBC . . N
Ta co = I la giao diém ctia BC va (SOA).
I€AOc(SOA)

(2) Chon mit phang phu chita MO 1a (SOA), ta ¢6 (SOA)N(SBC) =SI.
Trong (SOA) = (SMI), goi J 1a giao diém ctia ST va MO.

. JJeMO S e <
Ta co = J la giao diém ctia MO va (SBC).
JeSIc(SBC)

(3 Trong mit phang (ABC), kéo dai CO cit AB tai K.

= K la giao diém ctia AB va (MOC).
KeCOc(MOCQ)

(4) Chon mit phang phu chita SB 1a (SAB), ta ¢6 (SAB)n(MOC) = MK.
Trong (SAB) =(MAB), goi H 12 giao diém ctia SB va MK.

. |HeSB e .
Ta cé = H la giao diém cua SB va (MOC).
HeMKc(MOCQC)

Vi DU 2. Cho tt dién SABC c6 hai diém M, N 1an lugt thudc hai canh SA, SB va O 1a diém nam trong tam
gidc ABC. Xac dinh giao diém ctia

(1) Puong thang AB va mit phiang (SOC);
(2) Puong thang MN va mit phang (SOC);
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(3) Puong thang SO va mit phang (CMN).

Loi giai.

(1) Trong mit phang (ABC), kéo dai CO cat AB tai I.

IeAB o N
Ta co = I 1a giao diém ctia AB va (SOCQC).
IeCOc(SOC)

(2) Chon mit phang phu chita MN 1a (SAB), ta c¢6 (SAB)N(SOC) = SI.
Trong (SAB), goi K 14 giao diém ctia SI va MN.
{K € MN

~

Ta c6 = K la giao diém ciia MN va (SOCQ).

KeSIc(S0C)

®3) Chon mit phéng phu chia SO 1 (SIC), ta ¢6 (SIC)n(CMN) = KC.
Trong (SIC), goi H 1a giao diém ctia KC va SO.

HeSO .
Ta cé = H la giao diém cua SO va (CMN).
HeKCc(CMN)

Q BAI TAP AP DUNG

BAI 1. Cho ti dién ABCD. Goi M, N lan luct 14 trung diém cia AC va BC. Liy diém P trén canh BD sao cho
PB>PD. Tim giao diém cta

@ CD va (MNP). ) AD va (MNP).

Loi giai.

. . . NB PB . . ¢ 2 N
(1) Trong mit phang (BCD), xét tam giac BCD c6 NC - 1# pc nen NP va DC cat nhau gia st tai @. Ro rang

Q® € CD theo cach dung. Lai ¢c6 e NP c(MNP)nén Q e MNP). Vaiy @ =CD n(MNP).
(2) Trong mat phang (ACD) ndi @ véi M cit AD tai E. D& thiy E € AD theo cach dung. Lai ¢6 E € MQ c (MNP)
nén E e (MNP). Vay E=ADnN(MNP).
O

BAI 2. Cho tit dién ABCD. Trén AC va AD lan ludt lay cac diém M, N sao cho MN khong song song véi CD. Goi O
la diém thudc mién trong ABCD. Tim giao diém ca

(@ BD va (OMN). (2 BC va (OMN). (3 MN va (ABO). @ AO va (BMN).
Ldi giai.
Trong méit phang (ACD), vi MN khong song song véi CD nén ta gia
st MN cat CD tai E. Trong méat phang (BCD), noi E véi O kéo dai
cat BD va BC lan ludt tai F va G.

(@) Tac6é FeOE c(OMN)va FeBD. Suy ra F=BDn(OMN).

(2) Theo cach dung thi G € BC va G € OE < (OMN). Vay G = BCn
(OMN).

(3) Trong mat phing (BCD) kéo dai BO cat DC tai H. Trong mit
phang (ADC) nbi H v6i A ciat MN tai I. Vi H € BO < (ABO) nén
AH c(ABO). Suy ra I € (ABO). Vay I = MN n(ABO).

(®) Trong mit phang (ABH) ndi B véi I cat AO tai J. Ro rang J € AO theo cach dung va J € BI c (BMN). Vay
J=A0N(BMN).
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a

BAI 3. Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh. Goi M 1a trung diém SB, N la trong tAm ASCD.
X4c dinh giao diém cua

(1) MN va (ABCD). (2) MN va (SAQ). (3 SC va (AMN). (@) SA va (CMN).
Loi giai.
Goi I va J lan ludt 1a trung diém cta céic canh SD va DC. Trong
tdm cta tam giac SCD la N =SJnCI.

(1) Trong mat phéng (ABCD) nbi B véi J cat AC va AD lan lugt
tai E va K. Vi DK | BC nén theo Hé qua cua DPinh ly Talet ta
co

JB JC

J—K—J—D—1:>JC—JD
Vay ASCD va ASBK c6 chung dudng trung tuyén la SJ. Vi
the trong tam N cia ASCD cing la trong tam cua ASBK.
Suy ra K€ MN. Lic d6 K = MN n(ABCD).

(2) Trong mat phang (SBJ) nbi S véi E caAt MN tai F. Ta c6 F =
MNN(SAC).

(3) Trong mit phang (SCD) ndi N véi D kéo dai cat SC tai H. Vi D € AK c (AMN) nén ND c (AMN). Suy ra
He(AMN). Vay H=SCn(AMN).

(@) Theo cach dung ta thiy IK = (CMN)n(SAD). Trong mit phang (SAD) kéo dai IK cit SA tai G. Lic d6 G =
SAN(CMN).

O
BAI 4. Cho hinh chép S.ABCD c6 day hinh binh hanh tAm O. Trén SA, SB 1an ludt 14y hai diém M va N.
(@ Tim giao diém ctia SO va (CMN). (2) Tim giao tuyén ctia (SAD) va (CMN).
Loi giai.
Trong mit phang (SAC) ndi S véi O cat MC tai I. Trong méit phang (SBD) kéo dai
IN c&t SD tai J. Lic d6
@) I=SOn(CMN).

@ J €(SAD)N(CMN). Lai ¢c6 M e (SAD)n(CMN). Vay JM =(SAD)n(CMN).

BAI 5. Cho hinh chép S.ABCD. Goi M, N lan ludt l1a trung diém ctia canh SA, SD va P la diém thudc canh SB sao
cho SP =3PB.

(1) Tim giao diém Q ctia SC va (MNP). (2) Tim giao tuyén ctia (MNP) va (ABCD).
Loi giai.
Goi O 1a giao diém ctia AC va BD. Trong mat phang (SBD) goi I 1a giao diém cua
NP v6i SO. Lucdo I e MNP)va MI <(SACQC).

(1) Trong mit phing (SAC) goi @ 1a giao diém ctia MI va SC. Vi Q € MI nén
Q=SCn(MNP).

(2) Trong mit phing (SAC) goi G la giao diém ctia MI va AC. Lic dé G €
(MNP)N(ABCD). Trong mat phang (SAB), vi

_MS ,PS _

1=ua”pp=3

nén MP va AB cat nhau. Goi H la giao diém cta MP va AB. Ta ¢6 H €
(MNP)N(ABCD). Vay GH =(MNP)n(ABCD). .

BAI 6. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh, M 14 trung diém cia SC, N 1a trung diém cia OB
v6i O 1a giao diém ctia AC va BD.
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0]

. < ST
(@) Tim giao diém I ctia SD véi (AMN). (2 Tinh ti 86 —.

~
S

Loi giai.

@ Trong mat phéng (ABCD) nbi A véi N kéo dai cét DC tai J va cit BC tai L. Trong mat phéng (SDC) nbi J véi
M kéodaicat SDtaiI.ViJe AN c(AMN) nén MJ c(AMN). Suyrale€(AMN). Vay I =SD n(AMN).

(2) Trong mit phang (ABCD), vi AB || DJ nén ANAB dong dang véi ANJD. Suy ra

DJ DN
=2 =2 -3=>DJ=3AB=3DC.
AB-NB 3=>DJ =3 3DC
Trén canh SD lay Qié’m P sao cho I 1a trung diém ctia SP. Ta c¢6 IM la dudng trung binh cia ASPC nén
IM||PC=1IM|IJ.Ap dung Pinh ly Talet trong ADIJ ta cé
DI DdJ
—_— == DI=3DP vaSI=PI=2DP.
DP - DC 3> 3 va S
SI 2

V& 1573

O

BAI 7. Cho hinh chép S.ABC c6é G la trong tam tam gidc ABC. Goi M la diém trén canh SA sao cho MA =2MS, K
14 trung diém BC va D 1a diém d6i xing ctia G qua A.

H

(@ Tim giao diém H ctia SK véi (MCD). (2) Tinh ti s6 K

0
o

Ldi giai.
(1) Trong mit phang (SDK) kéo dai DM cat SK tai H. Lic dé H = SK n(MCD).

(2) Trong mit phang (SDK) vé dusng thang qua A va song song vdi
SK cat DH tai E. Vi AE | SH nén theo Hé qua ctia Pinh Iy Talet ta

co
AE MA 1
S—H——MS —2:>SH—§AE

Trong ADHK ta c¢6 AE || HK nén theo Pinh ly Talet thi
AE DA 2 5
ﬁ_D—K_gsHK—EAE.

1 5 HK 5
Taco SK=SH+HK =—-AE +-AE =3AE. Vay — = —.
acoS SH + 3 +2 3 Vay SKE " 6

BAI 8. Cho t& dién ABCD. Goi I va J lan luct 13 trung diém ctia AC va BC. Trén canh BD lay diém K sao cho
BK =2KD.

(@ Tim giao diém E ctia CD véi (IJK). Chiing minh: DE = DC.

(2) Tim giao diém F ctia AD vé6i (IJK). Chiing minh: FA =2FD va FK || IJ.

(3) Goi M va N 1a hai diém bat ki 1an lugt ndm trén hai canh AB va CD. Tim giao diém ctia MN véi (IJK).
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Loi giai.

(1) Trong mat phang (BCD) kéo dai JK cat CD tai E. Liic d6, dé thay E € CD theo cach dung. Lai c6 E € KJ c (IJK).
Suy ra E =CDn{JK).

Trong mit phing (BCD) lay diém E’ thudc duong thing DC sao cho D 1a trung diém ctia E'C. Xét AE'BC c¢6
BD va E'J la cac duong trung tuyen. Vi BK =2KD nén K la trong taim AE'BC. Suy ra E’, K, J thang hang. Tu
day c6 E'=DCnKJ.VayE'=E. Suyra DE =DC.

(2) Trong mat phéng (ACD), nbi I véi E cat AD tai F. Liic d6 ré rang F € AD va vi F € EI c (IJK) nén F € (IJK).
Vay F = AD n(IJK).

Trong AAEC, Vi cac }iiém D, I 1an lugt 1a trung diém ctia EC va AC nén F = AD nEI chinh 1a trong tam cuaa
AAEC. Theo tinh chat trong tam tam giac ta c6 FA =2FD.

., N . . DK DF 1 . .
Vi IJ la dudng trung binh ctia tam giac ABC nén IJ | AB. Mat khac, vi — = — = = nén theo Dinh ly Talet

: L DB DA 3
taco FK|AB. Tudé suyra FK || IJ.

(3) Trong mit phang (BCD) ndi B véi N cit KJ tai Q. Ta c6 @ € (IJK). Trong mét phing (ADC) nf3i A V6i N cat ET
tai P. Vi(IJK)=(UEJ)nén Pe EI c(IEJ)= P € (IJK). Trong mat phang (ABN) noi P v6i @ cat MN tai H. Luc
d6,vi He PQ c(IJK)nén He (IJK). Vay H=MN n(IJK).

a

BAI 9. Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang v6i AD || BC va AD =2BC, E 1a trung diém ctia SA. Goi
N la diém thuéc doan AB sao cho NB=2NA va M la diém thudc doan CD sao cho MD =2MC.

(1) Tim giao tuyén ctia hai mat phing (EMN) va (SAD).
(2) Tim giao tuyén ctia hai mat phang (EMN)va (SCD).
(3) Tim giao diém L ctia duong thang EM va mit phang (SBC).

(@ Tim giao tuyén cia (CDE) va (SAB). Giao tuyén nay cat SB tai P va cat AB tai I. Chitng minh: 2SB = 3SP va
SaIpE =3Sarcp.
Loi giai.

(1) Trong mit phang (ABCD) kéo dai MN va AD cét nhau tai J. Liic d6 J € AD c(SAD) va J e MN c (EMN). Vi
thé J € (SAD)N(EMN). Dé thay E € (SAD)n(EMN). Vay EJ = (EMN)N(SAD).

(2) Trong mit phang (SAD) kéo dai JE cat SD tai Q. Vi JE c (EJM) = (EMN) nén Q € (EMN). Lic d6 QM =
(EMN)N(SCD).

(® Trong mat phéng (SAB) kéo dai NE va SB cét nhau tai K. Lic d6 K € (EMN)n(SBC). Trong mat phéng
(ABCD) kéo dai MN va BC cat nhau tai H. Ta ¢c6 H € (EMN)n(SBC). Suy ra GH = (EMN)n(SBC). Trong mit
phang (EMN) kéo dai KH va EM cat nhau tai L. Vi KH c(SBC) nén L € (SBC). Vay L = EM n(SBC).

(@) Trong mit phang (ABCD) kéo dai CD va AB cat nhau tai



322 CHUONG 7. PUONG THANG VA MATPHAJNG TRONG KHONG GIAN

I.Lac d6 IE =(CDE)N(SAB).
Trong mit phang (ABCD) vi BC | AD nén ap dung Pinh
ly Talet v6i ATAD ta c6

IB IC BC 1
—=—=—==-=>IB=ABvalD=2IC.
IA ID AD 2 va ¢
Trong mit phang (SAB) xét ASIA c6 B va E lan ludt 1a

trung diém cac canh IA va SA. Lic d6 P = IENnSB la trong
tam ASIA. Theo tinh chat trong tam thi

IE = gIP va 2SB =3SP.
Ta co

1 — 1 3 —
SAIDE = QIE'ID-SinEID =3 §IP'ZIC-sinEID

1 s
=3-§-IP-IC-sinPIC=3SA1(;p.

Vay Saipe =3Sarce.

a

BAI 10. Cho hinh chép S.ABCD c6 day ABCD la hinh thang, AB day 16n va AB = 3CD. Goi N 1a trung diém cta
CD, M 1a diém trén canh SB théa SM = 3MB, diém I trén canh SA va théa AI = 3IS.

(1 Tim giao diém ctia dudng thang MN véi (SAD).

0 . .. .. z HB
(2) Goi H 1a giao diém ctia CB véi (IMN). Tinh ti so e

Loi giai.
1 IS MS

Trong mit phang (SAB) vi 3= a1 # UB - 3nén IM va AB cat nhau. Goi J la giao diém ctia IM va AB. Trong mét

phing (ABCD) nbi J, N cit AD tai P. Trong mat phing IMN) néi M, N cét IP tai K.

() Theo cach dung, d& thdy K e MN. Vi K € IP < (SAD) nén K € (SAD). Vay K = MN n(SAD).

(2) Vi H la giao diém ctia CB v6i IMN)nén H=CBnNJ.
. 1 1
Taco NC==-DC==-AB.
2 6
Vi NC | BJ nén theo Hé qua ctia Pinh ly Talet ta co:

HB BJ HB BJ BJ 61
JA
<
BJ

—_— > —— =6-——=6" =
HC NC HC AB JA-BJ
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Trong mat phang (SAB) vé dudng thang qua B
va song song véi SA cit IJ tai O.
Vi BO || SI nén ap dung Hé qua Pinh ly Talet
ta co

BO BM 1

SI  MS 3
Vi BO || AI nén ap dung Dinh ly Talet trong
AJAI ta co

JB BO 1 BO 1 JA

—_— = = —=9

JA TIA 3 SI 9 BJ

TfidécéHB—G ! =6 L
HC "~ JA U 9-1
BJ

| w

O BAI TAP REN LUYEN

BAI 11. Cho hinh chép S.ABC. Trén canh SA lay M sao cho SA = 3SM, trén canh SC 14y diém N sao cho SC =2SN.
Diém P thudéc canh AB. Tim giao diém cua:

@) MN va (ABC). ) BC va (MNP).

DS:

1) MNn(ABC)=1. M
(2 BCN(MNP)=.

I

BAI 12. Cho hinh chép S.ABCD c6 déy hinh binh hanh tdm O. Goi G 14 trong tAm tam gidc SAB. Hay tim:

@ (SGC)N(ABCD) =?. (2 AD N (SGC) =2. (3) SON(SGB) =2. (@ SDN(BCG)=?.

(1) (SGC)N(ABCD)=MC.
(2 ADN(SGC)=N.
(3) SON(SGB)=S.
() SDN(BCG)=.

BAI 13. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang, day 16n AB. Goi I, J lan lugt 1a trung diém SA va SB.
Ly diém M tuy y trén SD. Tim giao diém cta

(@) IM véi (SBC). (2 JM véi (SAC). (3 SC véi IJIM).

DS:
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1 IMn(SBC)=H.
(2 JMN(SAC)=K.
3) SCnUIJIM)=P.

BAI 14. Cho tit dién OABC. Goi M, N, P lan ludt 1a trung diém ctia OA, OB va AB. Trén canh OC lay diém @ sao
cho 0Q > QC. Goi G 1a trong tAm tam gidc ABC. Tim giao diém

@ E =BCn(MNQ). @ F =CPn(MNQ). 3) K =BG n(MNQ).

DS:

BAI 15. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M 1a trung diém ctia SB va G 1a trong
tam ctia tam giac SAD. Tim giao diém:

@) K =GM n(ABCD). @) F =ADn(OMG). B3) E=SAn(OMG).

DS:

BAI 16. Cho tit dién S.ABC, 14y diém M la trung diém SA, 14y diém N la trong tam ASBC va P nam trong AABC.

(@ Tim giao diém cta MN va (ABC). (2 SBN(MNP)=2.

3) SCN(MNP)=2. (@ NPN(SAB)=?.

(5) T giac ABIC 1a hinh gi ?

DS:
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O MNNn(ABC)=1.
(2 SBN(MNP)=4.

3) SCN(MNP)=K.

(@) NPn(SAB)=0.

(5) T gidc ABIC 1a hinh binh hanh.

BAI 17. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh, M 14 trung diém cta SD.
(@ Tim I = BM n(SAC). Ching minh: BI =2IM.

(2 Tim E = SA n(BCM). Ching minh: E 12 trung diém ctia SA.
bS:

BAI 18. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat tam O. Goi M 1a trung diém ctia SB, N la diém
thudc doan SD sao cho SN =2ND.

(1) Tim giao tuyén ctia hai mat phang (SBD) va (SAC).

. . e . . 2 .. 2 . EN
(2) Tim giao diém E ctua duong thang MN va mit phang (ABCD). Tinh iR
JK

(3 Tim giao diém K ctia duong thing SC va mat phing (AMN). Goi J giao diém ctia AK va SO. Tinh ti sb: i

(D (SBD)N(SAC)=SO0.
EN 2

EM 3
JK 2

JA 5

BAI 19. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N, 1an ludt 14 trung diém ctia SA va CD.
(D Tim giao diém E ctia AD véi (BMN).

(2) Tim giao diém F cta SD va (BMN). Chiing minh rang: FS = 2FD.
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DS:

E

BAI 20. Cho ti dién ABCD. Goi I, M lan lugt 1a trung diém ctia AB va BC, G la trong tAm tam giac ACD.

o . PC
(D Tim giao diém P ctia CD va (IMG). (2 Tinh ti so: 3D
bs:
A

PC 1

PD Z

B D
M
P
(o}

BAI 21. Cho tt& dién ABCD. Goi I va J 1an ludt 1a trung diém ctia AC va BC. Trén canh BD lay diém K sao cho
BK =2KD.

(D Tim giao diém E ctia dudng thang CD va (IJK). Chiing minh: DE = DC.

(2) Tim giao diém F cta dudng thdng AD va (IJK). Tinh ti sb

’11|'11
(]

FA
FD ~

(3 DANG 1.3. Tim thiét dién cla hinh chép khi ct bdi mat phéng (a).

Phuong phdp gidi: Ta tim cdc doan giao tuyén néi tiép nhau cia mdt phang () véi cde mét ciia hinh chép cho
den khi khép kin thanh mot da gidc phang. Pa gidc do la thiét dién can tim va cdc doan giao tuyén chinh la
cdc canh cua thiet dién.
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@ vioy

Vi DU 1. Cho tit dién ABCD, trén cac doan CA, CB, BD lay lan lugt cac diém M, N, P sao cho MN khéong
song song vii AB. Goi (a) 12 mit phang xac dinh béi ba diém M, N, P. Xac dinh thiét dién tao bdi (a) va ti
dién ABCD?

Lai giai.

Trong miét phang (ABC), do MN va AB khéng song
song nén ching cat nhau gia st tai E. Khi d6 diém E
nim ngoai doan AB.

Trong miét phing (ABD), goi @ 1a giao diém cta EP
va AD. Ta cé

(MNP)N(ABC)=MN.

(MNP)N(BCD)=MP.

(MNP)Nn(ABD)=PQ.

(MNP)N(ACD)=@QN.

Vay thiét dién cat t& dién ABCD béi mit phéng
(MNP) la ti giac MNQP. Hay hiét dién cat ti dién
ABCD béi mat phang (a) 1a ti gidc MNQP.

Vi DU 2. Cho tit dién SABC va O 1a mét diém thudc mién trong tam gidac ABC. Goi M, N 1an ludt 12 hai diém
nam trén canh SA va SC sao cho MN khong song song v6i AC. Xac dinh thiet dién cat ti dién SABC béi mat
phang (MNO)?

Lai giai.

Trong mat phing (SAC), do MN va AC khéng song song nén ching cit nhau
gia st tai E. Khi d6 diém E ndm ngoai doan AC.

Trong mit phang (ABC), goi P, @ 1an ludt 12 giao diém ctia EO véi BC va AB.
Ta cé

(MNO)N(SAC)=MN.

(MNO)N(SBC)=NP.

(MNO)N(ABC)=PQ.

(MNO)N(SAB)=QM.

Vay thiét dién cit ti dién SABC béi mat phang (MNO) 1a ti gidc MNPQ.

Q BAI TAP AP DUNG

BAI 1. Cho hinh chép S.ABC. Trén céc canh SA, SB 1an lust lay cac diém M, N sao cho MN khong song song véi
AB. Goi P 1a diém thudc mién trong tam gidc ABC. X4ac dinh giao tuyén ctia (MNP) va (ABC) tit d6 suy ra thiét dién
khi cit hinh chép S.ABC béi mat phang (MNP).

Lai giai.

Trong mat phang (SAB), do MN khéng song song véi AB nén ching cat nhau gia st
tai E. Khi d6 E nam ngoai doan AB.

Trong mit phang (ABC), goi K, H 1an ludt 1a giao diém ctia EP véi cac doan BC, AC
(Vi P thudc mieén trong tam giac (ABC)). Khi d6 ta cé

« (MNP)N(SAB)=MN.
« (MNP)N(SBC)=NK.
« (MNP)n(ABC)=KH.
« (MNP)N(SAC)=HM.
Vay thiét dién cit hinh chép S.ABC béi mat phéng (MNP) 1a ti gidc MNKH.
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BAI 2. Cho ti dién SABC. Goi K, N lan ludt 1a trung diém ctia SA, BC va M la diém thuéc doan SC sao cho
3SM =2MC.

(1) Tim thiét dién ctia hinh chép va mit phang (KMN).

. : . TA IA 2
(2) Mit phang (KMN) cat AB tai I. Tinh ti s6 B psS: B3

~

Loi giai.

SM2SM21SK
MC3SC52SA

(1) Trong mit phang (SAC), vi —

cia KM va AC.
Trong mét phang (ABC), goi I 1a giao diém ctia EN va AB, khi d6 I 1a giao diém ctia AB v6i (KMN). Ta c6

én KM khong song song v6i AC. Goi E 1a giao diém

e (KMN)N(SAC)=MK.
e (KMN)Nn(SAB)=KI.
e (KMN)N(ABC)=1IN.
e (KMN)N(SBC)=NM.
Vay thiét dién cit ti dién SABC béi mat phing (KMN) la ti giac MNIK.
(2) Trén SC lay diém P sao cho M 1a trung diém ctia SP. Khi d6 ta c6

AC PC 1
« AP | KM theo tinh chit dudng trung binh ctia tam gidc SAP nén AP | EM = AE-PM-3

e Goi H la trung diém cua AB, khi do NH || AC (Tinh chéit dudng trung binh).

. IH NH 4 AI 2

a

BAI 3. Cho hinh chép S.ABCD c6 day ABCD la hinh thang théa man AB | CD, AB > CD. Goi I, J theo thit tu la
trung diém cta cac canh SB, SC.

(1) Xéac dinh giao tuyén ctia hai mit phang (SAD) va (SBO).
(2) Tim giao diém ctia duong thing SD véi (AI).
(3) Xac dinh thiét dién ctia hinh chép S.ABCD cat bdi mat phang (AIJ).

Loi giai.
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(1) Hai mit phang (SAD) va (SBC) c6 S 1a mot diém chung.

Lai c6 AD | BC theo gia thiét va S ¢ (ABCD) nén giao tuyén ctia (SAD) va (SBC) la dudng thang d di qua S va
song song véi AD, BC.

(2 Do IJ 1a duong trung binh cia tam gidc SBC nén IJ | BC ma I ¢ (ABCD)=IJ | AD. Vivay A, D, I, J xac dinh
mat phang (ADJI) hay D € (AIJ).

Mait khéc D € SD nén D 14 giao diém ctia SD véi (AIJ).
(3 Ti két qua trén ta cé
e (AIJ)Nn(ABCD)=AD.
e (AIJ)N(SCD)=DJ.
e (AIJ)N(SBC)=JI.
e (AIJ)N(SAB)=1A.

Vay thiét dién ctia hinh chép S.ABCD cat béi mat phang (AIJ) 1a hinh thang ADJI.

a

BAI 4. Cho hinh chép S.ABCD. Lay mot diém M thudc mién trong tam gidc SBC. Liy diém N thudc mién trong
tam giac SCD.

(1) Tim giao diém ctia MN va mit phang (SAC).
(2) Tim giao diém ctia SC va mit phang (AMN).

(3) Tim thiét dién cta hinh chép S.ABCD cit béi mat phang (AMN).
Loi giai.

(1) Trong mit phang (ABCD), goi O 1a giao diém ctia AC va EF. Khi d6 SO = (SAC)N(SEF).
Trong mit phang (SEF), goi {I}=MNNSO.Tac6 eSO =1ec(SAC). MaIeMN nén {I}=MN n(SAC).

(2) Theo chitng minh trén ta suy ra AI =(AMN)N(SAC).

Trong mat phing (SAC) goi P 1a giao diém cia AI va SC. Khi d6 do P € AI = P € (AMN). Ma P € SC nén
{P}=SCN(AMN).

(3) Do M,P € (SBC) nén trong mit phang (SBC), goi R la giao diém ctia PM véi SB. Ta ¢6 PM c (AMN) nén
Re(AMN).
Tuong tu, trong mat phang (SCD), goi @ 1a giao diém ctia PN véi SD ta ¢6 @ € (AMN). Vi vay
e (AMN)N(SAB)=AR.
e (AMN)N(SBC)=RP.
e (AMN)N(SCD)=PQ.
« (AMN)N(SAD) =QA.

Vay thiét dién ct hinh chép S.ABCD béi mét phing (AMN) 1a ti gidc ARPQ.

a

BAI 5. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M 1a trung diém ctia SB va G la trong
tam tam giac SAD.
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(1) Tim giao diém I ctia GM v6i (ABCD). Chiing minh I thudc duong thang CD va IC = 2ID.

C e , . c e s JA JA

(2) Tim giao diém J ctia AD va (OMG). Tinh ti s6 —. DS: —=2
JD JD
. . KA KA

Tim giao diém K cta SA va (OMG). Tinh ti s0 — DPS: —=2
KS KS

(@) Tim thiét dién cét hinh chép S.ABCD bdi mat phang (OMG).

Loi giai.

(1) Goi E, N lan lugt la trung diém ctia AD, SA. Ta ¢6 M 1a trung diém ctia SB, G 1a trong tam ctia tam giac SAD.

. SM 1 2 8G .
Trong mat phang (SBE) c6 SBE -3 #—= SE suy ra MG va BE khong song song. Do d6 MG va BE cat nhau.

Lai do BE c(ABCD), {I}=MGn (A%CD) nén I € BE.

Vay giao diém I cia MG va (ABCD) la giao diém I ctia MG va BE.

Do MN la dudng trung binh ctia tam gidc SAB nén MN | AB = MN | CD. Suy ra MN, CD xéc dinh miat phang
(MNDC).

Lai do G 1a trong tdm tam giac SAD nén Ge ND =>Ge(MNDC), I e MG=>1e(MNDC).

Mat khac (MNDC)N(ABCD)=CD, Ie(MNDC),Ie(ABCD)nén IeCD.
; A ID ED 1 ~
Ma AD |BC nén ED | BC > IC-BC-3 =1C=2ID.
(2) Dé thay I € (OMG). Trong mat phang (ABCD), goi J' 1a giao diém ctia AD va OI. Vi O c (OMG) = J' € (OMG)
nén ADN(OMG) =1{J"}.
Ma J 1a giao diém ctia AD va (OMG) (gt) nén J' = J. Vay J la giao diém cta IO va AD.

<1z JA
De thay J 1a trong tam AIAC nén 7D - 2.

(3 Trong mit phang (ABCD), goi F 1a giao diém caa BI va AC suy ra (SBI)n(SAC)=SF.

Trong mit phang (SBI), goi H 14 giao diém cta MI va SF. Tacé H e MG > s

OH < (OMG) va H thudc (SAC).

Trong mét phang (SAC), goi K’ 1a giao diém ctaa OH va SA. Khi d6 do

K'eOH =K' e (OMG)=SAN(OMG)={K'Y hay K' =K. Vay K la giao diém K

ctia OH véi SA. @
Lai ¢6 K, G, J 1a cac diém chung caia hai mat phang (OMG) va (SAD) nén

K, G, J thing hang.

Goi @ 1a trung diém cta SD, vi J 1a trong tam ATAC. Xét ASAD c6

AG 2 AJ
AQ 3 AD

KA JA
D=>K D> —=—=2. A E J D
=>GJ||SD=>KJ|S :>KS 7D

(@) Tu chiing minh trén ta suy ra
e (OMG)N(SAB)=KM.
» (OMG)N(SBC)=MP.
e (OMG)N(ABCD)=Pd.
e (OMG)N(SAD)=JK.

Vay thiét dién ct hinh chép S.ABCD béi mét phing (OMG) 1a ti gidac KMPJ.
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a

BAI 6. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M, N, P lan ludt 13 trung diém ctia SB,
SD va OC.

(1) Tim giao tuyén ctia mat phang (MNP) véi cac mat phang (SAC) va (ABCD).

(2) Tim giao diém ctia SA véi mit phang (MNP).

(3) Xac dinh thiét dién ctia hinh chép S.ABCD véi mat phang (MNP). Tinh ti s6 ma mét phang (MNP) chia cac
ES 1 HB KD

canh SA, BC va CD. DS:ﬂzg,H—C_K—C:

Loi giai.

(1) Do M, N lan lugt 1a trung diém ctia SB, SD nén MN la duong trung binh ctia tam gidc SBD, suy ra MN || BD.
Ta c6 (PMN)N(SBD)=MN.
Trong mat phing (SBD), goi I 1a giao diém cta MN va SO. Khi @6 vi I € SO = I € (SAC), P AC = P € (SAC)
suy ra (PMN)N(SAC)=PI.
Hai mét phing (PMN) va (ABCD) ¢6 P 1a mét diém chung. Ma MN | BD, P ¢ MN, P ¢ BD nén giao tuyén cta
(PMN) va (ABCD) la dudng thing qua P, song song v6i MN va song song véi BD, cit cic canh BC, CD 1an lugt
tai H va K.

(2) Trong mit phang (SAC), goi E la giao diém ctia PI va SA. Ta c6
e E€cPI,PIc(PMN)=>E€c(PMN).
e« MAa E e SA nén E 1a giao diém ctia SA véi (PMN).
(3) Ta c¢6 (PMN) lan lugt giao véi cac canh SA, SB, BC, CD, SD tai cac diém E, M, H, K, N nén

e (PMN)N(SAB)=EM.
e (PMN)N(SBC)=MH.
e (PMN)N(ABCD)=HK.
(PMN)N(SCD)=KN.
(PMN)Nn(SAD)=NE.

Vay thiét dién ctia hinh chép S.ABCD véi mét phang (PMN) 1a ngii gidc EMHKN. Vi MN la duong trung binh
trong tam gidc ABD nén I 14 trung diém caa SO.

Trong tam giac SOC c¢6 IP la dudng trung binh nén IP | SC.
Do d6 trong tam giac SAC c6 PE || SC suy ra TA - ;;—i = %
Lai c6 P 1a trung diém ctia OC, HK qua P va HK | BD nén HK la duong trung binh ctia tam gidc BCD.
Do do HB _KD _ .
HC KC

a

BAI 7. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Trén céc canh SB, SD ta lan ludt 1ay céc

. SM 1 SN 2
iém M ho — == ==~ _2
diém M, N sao cho 3 3’ 3
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(1) Tim giao tuyén ctia hai mit phang (AMN) va (SCD).
(2) Tim giao diém I ctia SC va mit phang (AMN). Suy ra thiét dién ctia mit phang (AMN) va hinh chép S.ABCD.

. . KC KC
Goi K la giao dié ua IN va CD. Tinh ti sO0 —. DS: — =5
(3 Goi K 1a giao diém ctia IN va inh ti s0 — %D

Loi giai.

. SM 1 SN 2 SM SN y
T at pha SBD). Theo bai tac) —==, —=—-=>—# —.Dod6 MN cat BD gid st tai E.
(1) Trong mit phang ( ). Theo bai ra ta c6 SB "3'SD ~3° SB # 5p - Do dé ca gia st tai

Hai mat phang (AMN) va (ABCD) c6 hai diém chung A va E nén (AMN)n(ABCD) = AE.
Trong mat phang (ABCD), goi K 1a giao diém ctia AE va CD. Khi dé

e KeAE=>Ke(AMN).
e KeCD = K €(SCD). Suy ra K 12 mét diém chung ctia (AMN) va (SCD).
o Mit khac (AMN) va (SCD) ¢6 diém N chung (vi N € SD).
Vay giao tuyén ctia hai mét phang (AMN) va (SCD) 1a dudng théang KN.
(2) Trong mit phang (SCD), goi I 1a giao diém cta KN va SC. Khi d6 I e KN = I e (AMN). Vay I 1a giao diém cta
SC va (AMN).
Do (AMN) cat cac canh SA, SB, SC, SD lan luot tai cac diém A, M, I, N nén

e (AMN)N(SAB)=AM.
e (AMN)N(SBC)=MI.
e (AMN)N(SCD)=1IN.
e (AMN)N(SAD)=NA.
Suy ra thiét dién ctia mit phang (AMN) va hinh chép S.ABCD la t gidc AMIN.

(3) Tacé KeCD va K, I, N thang hang.

LAy diém P trén canh SB sao cho PD | MN. S
SM SN 2 MP 1 MP 1

Kh' 3 j— = == _ = _— \BM:2M
1ddtaco or = gp =3~ MM 2 MB D4V;VIP 1S "
Xét t iAc BME, ta ci 0 PD | ME nén — = — = —
ét tam giac , ta cling ¢o I o ne;leEB1 i P N
Xét tam giac ABE, ¢c6 KD || AB nén AB-EB-1

KD KD 1 KD KD 1 1 KC
Suyra —=—=-">—= = == _Z_5

DC AB 4 KC KD+DC 1+4 5 KD B D E

Q BAI TAP TV LUYEN

BAI 8. Cho tit dién ABCD. Trén AB lay diém M. Trén canh BC lay diém N thoa man BN = 2NC. Goi P la trung
diém ctia CD. Xac dinh thiét dién cta ti dién ABCD khi cit béi mat phing (MNP). bS:
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Thiét dién 14 t& gidc MNPQ.

BAI 9. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thang déy 16n AD. LAy diém M trén canh SB. Tim thiét dién
cta hinh chép cit béi mat phang (AMD). bS:
Thiét dién 12 hinh thang AMND. s

B (o}

BAI 10. Cho hinh chép S.ABCD cé day ABCD 1a hinh binh hanh. Goi M, N, P la cac diém lan ludgt nam trén céc
canh BC, CD, SA. Tim thiét dién ctia hinh chép S.ABCD cét béi mit phang (MNP). bS:
Thiét dién 1a ngi gidc MNHPG.

BAI 11. Cho hinh chép S.ABCD c6 day ABCD la hinh thang day 16n AD. Goi H, K 1an ludt 14 trung diém cua céc
canh SB va AB va M 1a mét diém nam trong hinh thang ABCD sao cho duong thang KM cat hai dudng thang AD
va CD. Tim thiét dién ctia hinh chép S.ABCD khi cit béi mat phang (HKM). bsS:
Thiét dién 1a ngii gidc HKPQJ. H

BAI 12. Cho hinh chép S.ABCD c6é ddy ABCD la hinh thang day 16n AB. Lay cac diém M, N 1an lugt trén cac canh
SC va SD. Tim thiét dién ctia hinh chép S.ABCD véi cic mét phing (ABM) va (AMN). bS:



334 CHUONG 7. PUONG THANG VA MATPHAJNG TRONG KHONG GIAN

— Thiét dién cét béi (ABM) 1a hinh thang ABMP.

SM SN

— Néu SC > D thi thiét dién cit hinh chép S.ABCD béi (AMN) 1a ti gidc ANMQ (Hinh 1).

,SM SN

— Néu SC S thi thiét dién cit hinh chép S.ABCD béi (AMN) la ti giac ANMQ (Hinh 2).

BAI 13. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi H, K 1an ludt 1a trung diém ctia BC va CD.
Lay diém M bat ky trén canh SA. Tim thiét dién ctia hinh chép S ABCD v6i mat phang (MHK). bsS:
Thiét dién 14 ngii gidc PMQKH.

BAI 14. Cho ti dién déu ABCD c6 canh bang a. Goi I 14 trung diém ctia AD, J 1a diém d6i xting véi D qua C, K 1a
diém d6i xting véi D qua B. Xac dinh thiét dién cta ti dién ABCD khi cat béi mét phang (IJK) va tinh dién tich
cua thiet dién nay. bS:
— Thiét dién 1a tam gidc IEF céan tai I. 4
2
a
— SaIEF = 5

BAI 15. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi K 14 trong tam citia tam giac SAC. Goi I, J
lan luot 14 trung diém ctia CD va SD.

(1) Tim giao diém H ctia duong thang IK véi mit phang (SAB).
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(2) Xac dinh thiét dién ctia hinh chép véi mit phang (IJK).

@ {H}=SPnIK.

(2) Thiét dién cta hinh chép véi mat phing (IJK) la ngi gidc
IJGMF.

BAI 16. Cho hinh chép S.ABCD c6 day ABCD khéng 1a hinh thang, diém P n3m trong tam gidc SAB va diém M
thudc canh SD sao cho MD =2MS.

(1) Tim giao tuyén ctia hai mit phang (SAB) va (PCD).
(2) Tim giao diém ctia SC véi méit phang (ABM).
(3) Goi N la trung diém ctia AD. Tim thiét dién tao béi mat phing (MNP) va hinh chép S.ABCD.
bS:

E
Hinh 1. Hinh 2.
(1) Giao tuyén ctia hai mat phang (SAB) va (PCD) la duong thang PE.
(2 Giao diém ctia SC v6i mat phang (ABM) la diém F.
(3 Thiét dién tao béi mat phing (MNP) va hinh chép S.ABCD la ngii gidc MNHQR.

(3 DANG 1.4. Chirng minh ba diém thdng hang

Phuong phdp giai
Gid st ching minh ba diém I, J, K thang hang.

— Xét hai mdt phing (P) va (Q). Chiing minh ba diém I, J, K la ba diém chung ciia (P) va (Q).
— Khi dé I, J, K thudc giao tuyén ciia (P) va (Q) hay I, J, K thing hang.

0 viby

Vi DU 1. Cho ti& dién SABC. Trén cac canh SA, SB, SC lan ludt 14y M, N, P sao cho MN cét AB tai I, NP
cat BC tai J va MP cat AC tai K. Chiing minh réng ba diém I, J, K thing hang.

Loi giai.
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Xét hai mat phang (ABC) va (MNP). Ta c6

I ABc(ABC)

J— { =Ie€(ABC)N(MNP). (1
Ie MN c(MNP)
JeBC c(ABC)

S { = Je(ABC)Nn(MNP). (2)
JeNP c(MNP)
KeAC c(ABC)

S { = Ke(ABC)Nn(MNP). 3
KeMP c(MNP)

T (1), (2), (3) suy ra I, J, K cung thudc dudng thing giao tuyén cta
(ABC)va (MNP).
Vay ba diém I, J, K thang hang.

Vi DU 2. Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh tdm O hai diém, M, N 1an luct 1a trung
diém ctia SB, SD, diém P thudc SC va khéng 1a trung diém cta SC.

(1) Tim giao diém I ctia SO véi mat phing (MNP).
(2) Tim giao diém Q ctia SA v6i mat phang (MNP).

(3) Goi F, G, H lan lugt 1a giao diém ctia QM va AB, QP va AC, QN va AD. Chiing minh ba diém F, G, H
thang hang.

(1) Trong mit phang (SBD), goi I =SONMN.
| IeSO
Ta cé =>I=SOn(MNP).
Ie MNc(MNP)
(2) Trong mit phang (SAC), goi @ =SANIP.
QReSA

Ta cé{ =>Q=SAN(MNP).
Q e IP < (MNP)

(3) Xét hai mit phang (ABCD) va (MNPQ). Ta c6

FeABc(ABCD)

 |FeQMc(MNPQ)
= F e(ABCD)n(MNPQ). 1)

GeACc(ABCD)

" |GeQPc(MNPQ)
= G € (ABCD)N(MNPQ). 2

HeAD c(ABCD)

" |HeQNc(MNPQ)
= H e (ABCD)N(MNPQ). 3)

Tit (1), (2), (3) suy ra F, G, H cung thudc duong thang giao
tuyen cua (ABCD) va (MNPQ).
Vay ba diém F, G, H thang hang.

Q BAI TAP AP DUNG
BAI 1. Cho ti dién ABCD c6 G la trong tAm tam giac BCD. Goi M, N, P 1an luot 1a trung diém cta AB, BC, CD.

(D Tim giao tuyén ctia (ADN) va (ABP).

(2 Goi I =AGNMP va J =CMnAN. Chiing minh D, I, J thidng hang.
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Loi giai.

@) Ta c6 A € (ADN)N(ABP).

GeDNe(ADN)

Mat khac
G eBP e(ABP)
=>Ge(ADN)Nn(ABP).

Tu (1) va (2) suy ra (ADN)N(ABP) = AG.

(2) Xét hai mat phang (CDM) va (ADN). Ta c6
+De(CDM)n(ADN).

IeJDc(CDM)

*\IcAGcAND)
— Ie(CDM)n(ADN),

JeCMc(CDM)

" \J AN c(AND)
— J € (CDM)(ADN).

Tit (3), (4), (5) suy ra D, I, J thang hang.

1

(2

3)

4)

(%)

337

BAI 2. Cho tit dién ABCD c¢6 K 14 trung diém ctaa AB. Ly I, J 1an lugt thudc AC, BD sao cho IA = 2IC va JB = 3JD.

(@) Tim giao diém E ctia AD va (IJK).

(2) Tim giao tuyén d caa (IJK) va (BCD).

(3) Goi O 1a giao diém ctia d v6i CD. Chiing minh I, O, E thing hang.

. OI ocC
Tinh cdc t s X .
(@) Tinh céc ti s0 0 " 0D

Loi giai.
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EcAD

T ABD , 1 AD KJ:E. T 6
(@ Trong ( ), go1 AD N aco {E eKJ c(JK)

=>E=ADnJK).

(2) Trong (ABC), goi KInBC =F. Ta c6

Je(JK)

=>Je(IJK)n(BCD). (1)
Je€BD < (BCD)
FeKIc(JK)

=>Fe(IJK)n(BCD). (2)
FeBCc(BCD)

Tu (1) va (2) suy ra IJK)N(BCD)=FJ hay d =FJ.

(3 Trong (BCD), 0 =FJnCD.
Xét hai mat phing (IJK) va (ACD). Ta c6

Ie(IJK)

{ =>ITe(IJK)n(ACD). 3)
IeACc(ACD)
OeFJc(JK)

{ =>0e€(lJK)n(ACD). 4)
OeCDc(ACD)
EFeKJc(JK)

{ =>Ee(lJK)n(ACD). (5)
Ee€ADc(ACD)

Tit (3), (4), (5) suy ra I, O, E thang hang.

@ Ap dung dinh 1i Menelaus trong cac tam gidc sau.

Tam giac ABC c6 K, I, F thang hang

FCKB IA e F012 . FC 1
~ FB KA IC FB FB 2

= C 14 trung diém ctia BF.
Tam giac BCD ¢6 F, O, J thang hang

OC JD FB _ e oc 1 Sl oc 3
~ 0D JB FC oD 3 oD 2
Tam giac ABD c6 K, J, E thang hang
ED KA JB ED ED 1
s s e~ 1816 — ==,
EA KB JD EA EA 3
Tam giac AIE ¢6 C, O, D thang hang
OI DE CA e or 1 3ole o1 2
OE DA CI OE 2 OE 3'
or 2 ocC
Vay—:—va—:—.

OE 3 OD 2
a

BAI 3. Cho hinh chép S.ABCD c6 day ABCD la hinh thang, AD 1a ddy 16n va AD = 2BC. Goi M, N 1an ludt 12 trung
diém ctia SB, SC va O = AC nBD.

(D Tim giao tuyén ctia (ABN) va (SCD). DS: (ABN)N(SCD)=EN v6i E=ABNCD

(2) Tim giao diém P cta DN va (SAB). DS: P=DNNSE
. . K K

(3) Goi K = AN nDM. Ching minh S, K, O thang hang. Tinh ti so K_g bS: K_g = g

Loi giai.
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(@) Ta c6 N € (ABN)n(SCD).
Trong (ABCD), goi ABNCD =E = E € (ABN)Nn(SCD).
Suy ra (ABN)N(SCD)=EN.

(2 Trong (SCD), goi DN nSE =P
=>P=DNn(SAB).

(3) Xét hai mat phéng (SAC) va (SBD) c6
+ S e(SAC)N(SBD). (1)

KeANc(SAC)

"\KeMDc(SBD)
- K e(SAC)n(SBD). 2)

OcACc(SAC)

"0 eBD c(SBD)
= 0e(SAC)N(SBD), 3)

Tit (1), (2), (3) suy ra S, K, O thang hang.

Vi AD | BC nén AOAD ~ AOCB
OoC BC 1

“0A 4D 3 ,

Ap dung dinh li Menenalus vao ASOC ¢6 A, K, N thang hang
KS AO NC KS 2 KS 3

> - T ole—.Z.l=le_—==",
KO AC NS KO 3 KO 2

a

BAI 4. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M, N 1an lugt 1a trung diém cta SA,
SC.

(1) Tim giao tuyén ctia (BMN) véi cic mit phang (SAB) va (SBC). PS: (BMN)n(SAB)=BM va
(BMN)n(SBC)=BN

@) Tim I = SO n(BMN) va K = SD n(BMN). PS: SONMN =1 va SDnBI =K

@ Tim E=ADnN(BMN)va F =CDn(BMN). PS: MKNnAD=EvaNKnCD=F

(@) Chitng minh rang ba diém B, E, F thang hang. PS: B, E, F 14 diém chung ctia (ABCD) va (MNP)
L3i giai.

(1) Ta c6 (BMN)N(SAB)=BM va
(BMN)N(SBC)=BN.

(2) Trong (SAC), goi SONMN =1
=>I=SONnBMN).
Trong (SBD), goi SDNBI =K
=>K=SDn(BMN).

(3 Trong (SAD), goi MKNAD =E
=>E=ADnN(BMN).
Trong (SCD), goi NKnNnCD =F
=>F=CDn(BMN).

(@) Xét hai mat phang (ABCD) va (BMN) c6
Be(ABCD)
+
Be(BMN)

EcAD c(ABCD)

" EeBMN)
= E € (ABCD)n(BMN). @)

FeCDc(ABCD)

"\Fe®MN)
= Fe(ABCD)N(BMN). 3)

Tu (1), (2), (3) suy ra B, E, F thing hang.

=>Be(ABCD)N(BMN). (1)
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BAI 5. Cho hinh chép S.ABCD. Goi I va J 1a hai diém trén hai canh AD, SB.

(1) Tim giao tuyén cta (SBI) va (SAC). Tim giao diém K ctia IJ va (SAC).

(2) Tim giao tuyén ctia (SBD) va (SAC). Tim giao diém L ctia DJ va (SAC).

(3) Goi 0 =AD NBC, M =0J nSC. Chiing minh ring A, K, L, M thang hang. PS: A, K, L, M 1a diém chung ctia

(SAC) va (AOJ)

Loi giai.

(D Ta c6 S e (SBI)n(SAC).
Trong (ABCD), g0i BINAC =E
= E €(SBI)n(SAC)
Suy ra (SBI)n(SAC)=SE.
Trong (SBI), goi IJNnSE =K
=>K=IJn(SAC).

(2) Tac6 S e(SBD)N(SAC).
Trong (ABCD), goi ACNnBD =F
= F e(SBD)N(SAQ).
Suy ra (SBD)N(SAC)=SF.
Trong (SBD), goi DJNSF =L
=>L=DJn(SAC).

() Xét (SAC) va (A0J) ¢6
+A€(SAC)N(AOY). 6h)

KeSEc(SAC)

* KeldJc(AOJ)
=>Ke(SAC)n(AOJ). 2)

LeSFc(SAC)

"\LeJdD ca09)
= Le(SAC)N(AO). 3)

MeSCc(SAC)

"M ecoJ a0
>Me(SAC)N(AOJ). 4)

Tu (1), (2), 3), @) suyra A, K, L, M
thang hang.

a

BAI 6. Cho tt dién ABCD. Trén cac canh AB, AC, BD lan luct lay ba diém E, F, G sao cho AB = 3AE, AC = 2AF,

DB =4DG.

(1) Tim giao tuyén cta hai mat phing (EFG) va (BCD).

H

Q

(2) Tim giao diém H cta duong thang CD véi (EFG). Tinh ti s6 —.

>

(3 Tim giao diém I cia dudng thang AD véi (EFG). Tinh ti sb

NN~
S|E

(@ Chitng minh ba diém F, H, I thang hang.

. N <2 2 4 . - o A AK
(5) Goi J 1a trung diém ctia BC, AJ cit EF tai K. Tinh ti s6 WE

Loi giai.

bS:

DS:

bS

HC

HD

N W

IA

ID

N

(AK 2

"AJ 5
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(@ Trong (ABC), goi EF nBC =M = (EFG)n(BCD) = MG.

(2) Trong (BCD), goi MGNCD =H = H =CD n(EFG).

Ap dung dinh 1i Menenalus véi cdc tam gide sau.
Tam giac ABC ¢6 E, F, M thang hang

MC EB FA MC MC 1
s>~ e~ .2 1=l =",
MB EA FC MB MB 2

Tam giac BCD c¢6 M, H, G thang hang
HC GD MB HC 1 HC 3
> — —=1le c—- & —=—.
HD GB MC HD 3 HD 2
(3) Trong (ABD), goij ADNEG =1=1=ADn(EFG).

Tam giacs ABD cos E, G, I thiang hang
IA GD EB IA 1 IA §

== . o= .2.2=1le-—-=

ID GB EA ~ID 3 ID 2
(@) Xét hai mat phang (ACD) va (EFG) c6

FeACc(ACD)

+{ = Fe(ACD)N(EFG). (@))
Fe(EFG)
HeCDc(ACD)

. { = H e (ACD)n(EFG). @
He(EFG)
I€eADc(ACD)

. { — I (ACD)N(EFG). 3)
Ie(EFG)

Tt (1), (2), (3) suy ra F, H, I thang hang.

(5) Tam gidc AJC c6 K, F, M thang hang

KA MJ FC KA 3 KA 2

— Y — =]l ——1l=1l — =—

KJ MC2FA KdJ 2 KJ 3
AJ 5

0 BAI TAP REN LUYEN
BAI 7. Cho hinh chép S.ABCD c¢6 AD khéng song song véi BC. LAy M thudc SB va O la giao diém AC véi BD.

(@ Tim giao diém N cta SC véi (AMD).

(2) Goi I =ANnDM. Chitng minh S, I, O thang hang.

Loi giai.

(@) Trong (ABCD), goi ADNBC =E.
Trong (SBC), goi SCNME =N
=>N=SCn(AMD).

(2) Xét (SAC) va (SBD) ¢6
+ S e(SAC)N(SBD).
I€ANc(SAC)
+
IeDMc(SBD)
=>IT1e(SAC)Nn(SBD).
OeACc(SAC)
+
O eBD c(SBD)
=>0e(SAC)Nn(SBD).
Suy ra S, I, O thang hang.

BAI 8. Cho hinh chép S.ABCD. Goi E, F, H 1an ludt 14 cac diém thudc canh SA, SB, SC.

(1) Tim giao diém K = SD n(EFH).
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(2) Goi 0 =ACNBD va I =EHnFK. Chitng minh S, I, O thang hang.
(3) Goi M =AD NBC va N =EKnFH. Chiing minh S, M, N thang hang.

(@) Goi P=ABNCD va Q@ = EF nHK. Chitng minh S, P, @ thing hang.

Loi giai.

(@ Trong (SAC), goi I =EHNSO.
Trong (SBD), goi FINSD =K
=>K=SDn(EFH).

(2) Hién nhién S, I, O thang hang.

(3) Chitng minh S, M, N 1a diém chung ctia (SAD)
va (SBC).

(@) Chitng minh S, P, @ 1a diém chung cta (SAB)
va (SCD).

a

BAI 9. Cho t dién ABCD. Goi M, N, P lan lugt la céc diém thudc canh AB, AC, BD va MNNBC =1, MPNAD =,
NJ NIP =K. Ching minh C, D, K thang hang.

Ldi giai.

Chiing minh C, D, K 1a diém chung cia hai mit phang (ACD)
va (BCD).

1 J
a

BAI 10. Cho tt gidc ABCD c6 cac canh dbi d6i mét khong song song va diém S ¢ (ABCD). Lay diém I thuéc canh
AD, lay diém J thuoc canh SB.

@ Tim K =IJ N (SAC).
@) Tim L=DJ n(SAC).

(3) Goi 0 =AD NBC, M =0J nSC. Chiing minh ring K, L, M thang hang.

Loi giai.
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@ Goi ACNBI=E;IJnSE =K
=K =IJn(SAQ).

(2 Goi ACNBD=F;DJnSF=L
=>L=DJN(SAC).

(3) Chitng minh K, L, M 1a diém chung ctia (SAC)
va (AOJ).

BAI 11. Cho hinh chép S.ABCD. Goi M, N 14 2 diém 1an ludt nam trén 2 canh BC va SD.

(1) Tim giao diém I cta BN va (SAC).

(2) Tim giao diém J ctia MN va (SAC).

(3) Chitng minh I, J, C thang hang.

(@) Xac dinh thiét dién ctia mat phang (BCN) véi hinh chép.
Lgi giai.
@ Goi ACNBD =0; BNNSO =1
=>I=BNnN(SAQC).

(2 Goi ACNMD =E; MNnSE =J
=>J=MNN(SAC).

(3) Chitng minh I, J, C 1a diém chung ctia (SAC) va (BCN).

(@) Goi CINnSA =P.
Thiét dién ctia mat phéng (BCN) véi hinh chép 1a ti giac BCNP.

BAI 12. Cho hinh chép S.ABCD c6 dday ABCD 1a hinh binh hanh tdm O. Goi M, N lan ludt 1a trung diém ctia SA,
SC. Goi (P) 1a mat phang qua M, N va B.

(1) Tim giao tuyén ctia (P) v6i cac mat phang (SAB), (SBC), (SAD), (SDC).

@ Tim I=SON(P),K=SDn(P), E=DAN(P), F=DCn(P).

(3) Chitng minh rang ba diém E, B, F thang hang. DS: E, B, F 1a diém chung ctia (P) va (ABCD)

Loi giai.
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(@ Ta ¢6 (P)N(SAB) = BM; (P)n(SBC) =BN;
(P)Nn(SAD)=MK; (P)n(SCD)=NK.

@) 1=SONMN; K =BInSD; E=DANMK;F=DCn
NK.

(3) Chitng minh E, B, F 1a diém chung cta (P) va
(ABCD).

a

BAI 13. Cho hinh chép S.ABCD cé ddy ABCD la ti giac ¢ cac cap canh déi khong song song nhau. Goi M, E la
trung diém SA, AC va F € CD sao cho CD = 3CF.

(1) Tim giao tuyén ctia (SAB) va (SCD).

. . NS NS 1
Ti i ie Ga SD va (MEF). Tinh ti s0 —. bS: —=-
(2) Tim giao diém N ctia SD va ( ). Tinh ti so D S ND "3
(3) Goi H=SENCM va K = MF nNE. Chiing minh D, H, K thing hang.
HM HS KM KN KH HM 1 HS
@Tlnhcactlsosau HC Iﬁ ﬁ ﬁ ﬁ DS.H—C—E,ﬁ—z,
KM 1 KN KH 1

=1 =
KF 2KE KD 4

Loi giai.

(@) Goi ABNCD =1
= (SAB)N(SCD)=SI.

2 Goi ADNEF =,
SDnNnJM =N
=>N=SDn(MEF).
NS 1
ND 2

(3) Chitng minh D, H, K 14 diém
chung ctia (MCD) va (SED).

(@) Ta c6
HM_1.HS_2.
HC 2 HE 7
KM_l‘KN_l_
KF 2 KE 7
KH 1
KD 4

03 DANG 1.5. Chirtng minh ba dudng thdng déng quy

Phuong phdp: Tim giao ciia hai duong thang, sau dé chitng minh duong thing thit ba di qua giao diém dé.
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@ vioy

Vi DU 1. Cho t& dién ABCD. Lay M,N,P 1an ludt trén cic canh AB, AC, BD sao cho MN cét BC tai I, MP
cat AD tai J. Ching minh PI, NJ, CD dong quy.

Loi giai.

KePI,PIc(MIJ)
KeCD,CD c(ACD)
> KeMIJ)n(ACD)
= KeNd.

Trong(BCD): GoiK =PInCD = {

Vay PI, NJ, CD dong quy tai K.

Q BAI TAP AP DUNG

BAI 1. Cho hinh chép S.ABCD c6 AB khong song song CD. Goi M 1a trung diém SC va O la giao diém ctia AC va
BD.

(@ Tim giao diém N cta SD va (MAB).
(2) Chiing minh ba dudng théng SO, AM, BN dong quy.

Loi giai.

(@ Trong (SAC): Goi K =AM N SO.

N eBK,BK c(MAB)
NeSD
= N=SDn(MAB).

Trong(SBD): GoiN =BKnSD = {

(2 Tac6 K=AMnSO = SO, AM di qua K.
Ma N=BKnSD = BN cung di qua K.
Vay ba duong thang SO, AM, BN dong quy tai K.

BAI 2. Cho hinh chép S.ABCD. Trén canh SC 1y mot diém E khéng trung véi S va C.
(1) Tim giao diém F cta duong thang SD va (ABE).
(2) Gia stt AB khong song song CD. Chiing minh ba dutng thang AB, CD, EF déng quy.

Loi giai.
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(@ Trong (ABCD): Goi I = ACNnBD.
Trong (SAC): Goi J =AENSI.

FeBdJ,BJ c(ABE)
FeSD
= F=SDn(ABE).

Trong(SBD): GoiF =BJnSD = {

(2 Tacé

{E € (ABE)n(SCD)

= (ABE)n(SCD)=EF.
Fe(ABE)N(SCD)

KeAB,ABc(ABE)
KeCD,CD <(SCD)
= Ke(ABE)n(SCD)

= KeEF.

Trong(ABCD): GoiK =ABnCD = {

Vay AB, CD, EF dong quy tai K.
a

BAI 3. Cho hinh chép S.ABCD c6 day ABCD la ti giac 16i. Ly diém M trén canh SC. Goi N la giao diém ctia SB
va (ADM). Goi O la giao diém ctia AC va BD. Ching minh SO, AM, DN dong quy.

Loi giai.

Ta ¢6 S € (SAB)N(SCD). (1)
IeAB,ABc(SAB)

Trong(ABCD): Goil=ABnCD =
IeCD,CDc(SCD)

= I e(SAB)Nn(SCD). (2)
Tu (1) va (2)=>(SAB)Nn(SCD)=8SI.
Trong (SID): Goi J =DM nSI.

NeAJ,AJ c(ADM)
NeSB
= N=SBn(ADM).

Trong(SAI): GoiN=AJnSB = {

_ [Se(SAC)N(SBD)
Ta { = (SAC)N(SBD) = SO.

‘10 e (SAC)N(SBD)

KeAM,AM c(SAC)
KeDN,DN c(SBD)
= Ke(SAC)n(SBD)

= KeSO.

Trong(AJD): GoiK=AMnNDN = {

Vay SO, AM, DN dong quy tai K.
O

BAI 4. Cho hinh chép S.ABCD ¢6 ABNCD =E va ADNBC =K. Goi M,N,P lan lugt 14 trung diém ctia SA,SB,SC.
(1) Tim giao tuyén ctia (SAC) va (SBD).
(2) Tim giao tuyén ctia (MNP) va (SBD).
(3 Tim giao diém @ cta SD va (MNP).
(@) Goi H=MN nPQ. Chitng minh S,H,E thang hang.
(5) Chitng minh SK, QM, NP dong quy.

Loi giai.
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@ Ta c6 S € (SAC)N(SBD). 1

I€AC,AC c(SAC)

Trong(ABCD): I=ACnBD =
IeBD,BD c(SBD)

=>1e(SAC)N(SBD). (2)
Tu (1) va (2)=> (SAB)N(SCD)=8S1I.

@) Ta ¢6 N € (MNP)n(SBD). 3) S e Sty

J e MP, MP c (MNP)

Trong(SAC): Goid =MPnSI =
JeSI,SI<(SBD)

=>J e(MNP)N(SBD). 4
Tu (3) va (4)= (MNP)N(SBD)=N.

®

. QeNJ,NJc(MNP)
Trong(SBD): GoiQ =NJNnSD =

QeSD
=> @=SDn(MNP).

@

HeMN,MN c(SAB)
Trong(MNPQ): H=MNNPQ =

HePQ,PQc(SCD)
= He(SAB)N(SCD)
= HeSE.

Suy ra S,H,E thang hang.

(5) Tacé S e(SAD)N(SBC). 5)

KeAD,AD c(SAD)

Trong(ABCD): K=ADnBC =
KeBC,BCc(SBC)

=> K e(SAD)n(SBC). (6)
Tu (5) va (6) = (SAD)N(SBC)=SK.

FeQM,QMc(SAD
Trong(MNPQ): GoiF =QMnPN { €QM,QM <( )

FePN,PN c(SBC)
= Fe(SAD)n(SBC)
= FeSK.

Suy ra SK, QM, NP dong quy tai F.

€) BAITAPREN LUYEN

347

BAI 5. Cho ti dién S.ABC véi I 1a trung diém ctia SA, J 1a trung diém ctia BC. Goi M la diém di dong trén IJ va

N la diém di dong trén SC.
(1) Xac dinh giao diém P ctia MC va (SAB).
(2) Tim giao tuyén ctia (SMP) va (ABC).
(3 Tim giao diém E ctia MN va (ABC).
(@ Goi F = INNAC. Chiing minh duong thang EF luén di qua mét diém c6 dinh khi M,N di dong.
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BAI 6. Cho tit dién ABCD. Goi I,K 1an ludt 1a trung diém ctia AB,CD. Goi J 14 mét diém trén doan AD sao cho
AD =3JD.

(1) Tim giao diém F cta IJ va (BCD).

. 2 . EB EB

(2) Tim giao diém E ctia (IJK) va dudng thang BC. Tinh ti so Tk PS: el 2
. . . 2 A aee ... < HC HC

(3) Chiing minh ba dudng thang AC, KJ, IE dong quy tai diém H. Tinh ti s6 A bS: A" 2

(@) Chitng minh EJ | HF va duong thing IK di qua trung diém cta doan HF.

() Goi O la trung diém IK va G la trong tam ctia tam giac BCD. Chitng minh ba diém A,0,G thing hang. Tinh
ti 56 0A PS: oA =3
0G’ 0G



CHUONG 8

DUONG THANG VA MAT PHANG
TRONG KHONG GIAN. QUAN HE
SONG SONG

HAI BUONG THANG SONG SONG.

BAI 1.

@ TOMTAT LY THUYET

(1) Vi tri tuong ddi ctia hai dudng thang phan biét
Cho hai dudng thing phan biét a, b.

a
\
Dinh nghia 1.

« Hai duong thang goi la dong phang néu ching cing nam trong mét mét phang.
« Hai dudng thang goi 1a chéo nhau néu ching khong déng phéng.
« Hai dudng thang goi 12 song song néu ching déng phang va khong c¢6 diém chung.

(2) Tinh chit hai duong thing song song

Pinh li 1. Trong khoéng gian, qua mot diém khéng nam trén duong thding cho trude, c6 mét va chi mot
duong thang song song vdi duong thang da cho.

Pinh li 2 (Dinh li vé giao tuyén ctia ba mat phéng). Néu ba mdt phing phdn biét doéi mot cat nhau
theo ba giao tuyén phdn biét thi ba giao tuyén ay hodc dong quy hodac déi mét song song véi nhau.

Hé qua 1. Néu hai mit phing phan biét 1an ludt chita hai duong thang song song thi giao tuyén cia
ching (néu c6) cing song song véi hai duong thang dé hoac trung véi mét trong hai duong thang do.

Pinh li 3. Hai duong thing phdn biét cung song song véi duong thing thit ba thi song song vdi nhau.

B

d"

\

T

d/
d//

\

349
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(® DANG TOAN VA BAI TAP

(3 DANG 1.1. Chitng minh hai dudng théng song song.

Phuong phdp gidi:

Cdch 1. Chiing minh hai dudng thing a, b dong phéing, rbi dung cdc dinh li trong hinh hoc phéng, ching
han dinh li duong trung binh, dinh li ddo Thales, ...dé chiing minh a || b.

Cdch 2. Chitng minh hai duong thang dé cung song song véi duong thing thit ba. Ching han, chiing minh

cla
=>al|b.
cl|lbd

Cdch 3. Ap dung dinh li vé giao tuyén ctia ba mdt phdng va hé qué ciia né. Chang han, chiing minh

ble alblc
bco(a), cc(f)=> |a=b
(@)n(PB)=a a=c.

0 vipy

Vi DU 1. Cho ti dién ABCD ¢6 I, J 1an lugt 1a trong tam cta tam gidc ABC va ABD. Ching minh ring
IJ|CD.

Loi giai.

. . e . |IeCE . R . A
Goi E 1a trung diém AB. Ta c6 JcDE = IJ va CD dong phang.

Vi I, J 1an ludt 14 trong tam ctia tam giac ABC va ABD nén
EI EJ 1 E

EC ED 3
Theo dinh 1i dao Thales suy ra IJ || CD (dpcm). B D

VI DU 2. Cho ti& dién ABCD. Goi M, N, P, @, R, S lan ludt la trung diém cta AB, CD, BC, AD, AC, BD.
Chiing minh MPNQ 14 hinh binh hanh. Tt d6 suy ra ba doan thang MN, PQ, RS cat nhau tai trung diém G
ctia moi doan.

Loi giai.



1. HAI PUONG THANG SONG SONG. 351

MP | AC

Vi MP la dudng trung binh ciia AABC nén { (@)

MP = %AC.
NQ | AC

Vi N@ la duong trung binh cia AACD nén { (2)

1
NQ=AC.
MP|NQ
MP = NQ.

Do d6, MPNQ la hinh binh hanh. Suy ra MN, PQ cit nhau tai trung diém
G ctia moi doan. ’
Chung minh tuong tu ta duge PSQR la hinh binh hanh nén PQ, RS cat
nhau tai trung diém G ctia moéi doan.

Vay MN, PQ, RS cat nhau tai trung diém G ctia mbi doan.

Tu (1) va (2) suy ra {

a

Nhan xét. Piém G ndi trén dudc goi la trong tam cta tu dién.
Trong tam ciia ti dién la diém déng qui ctia cde doan nbi trung diém ciia cdc canh dbi, né ciing la trung diém cia
cdc canh nay.

Q BAI TAP AP DUNG

BAI 1. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M, N 1an lust 14 trung diém cta SA,
SD. Chiung minh

(1) MN | AD va MN || BC; (2) MO || SC va NO | SB.
Loi giai.

(1) Xét tam gidec SAD c6
— M la trung diém ctia SA (gia thiét);
— N la trung diém ctia SD (gia thiét).
Suy ra MN la duong trung binh ciia ASAD. Do do

MN | AD.
Ta {MN | AD (chiing minh trén)
c6

MN
BC | AD (ABCD 12 hinh binh hanh) = 2N |

BC.
(2) Xét tam giac ASC c6

— M la trung diém ctia SA (gia thiét);
— 0 la trung diém ctia AC (O 1a tam cta hinh binh hanh ABCD).

Suy ra OM la duong trung binh cia ASAC. Do dé MO | SC.
Tuong tu, NO la duong trung binh cia ASDB nén NO | SB. O

BAI 2. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Goi M, N 1an lugt 14 trung diém cta AB,
AD. Goi I, J, G lan lugt la trong tAm cta cac tam giac SAB, SAD va AOD. Ching minh

QO 1J | MN; (@ 1J|BD vaGJ|SoO.

Loi giai.
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(1) Xét tam giac SMN c6
2
— SI= §SM (I 1a trong tdm cta ASAB);
2
— SJ = gSN (J 1a trong tam ctua ASAD).

suy ra IJ | MN (dinh ly Ta-1ét dao).

(2 Vi MN la dudng trung binh cia AABD nén MN | BD.
Ma IJ | MN (ching minh trén) nén IJ || BD.
Xét tam giac SON co6

1

— NG = gNO (G la trong tam ctia AAOD);
1

— NJ = §SN (J la trong tdm ctia ASAD).

suy ra GJ | SO (dinh ly Ta-l1ét dao).

Q BAI TAP REN LUYEN

BAI 3. Cho hinh chép S.ABCD c6 day ABCD 14 hinh binh hanh tdm O va I 1a mét diém trén canh SO.
(D) Tim giao diém E va F cta mat phing (ICD) 1an lugdt véi cac duong SA, SB. Chitng minh EF || AB;
(2) Goi K la giao diém ctia DE va CF. Ching minh SK | BC.

Loi giai.

@ ViIeSO ma SO c(SBD) nén I € (SBD). Do d6
F=DINnSBvaE=CInSA.
Ta c6
— (CDI)n(ABCD)=CD;
— (SAB)Nn(ABCD)=AB;
— (CDI)n(SAB)=EF.
Ma AB | CD (ABCD la hinh binh hanh) nén

EF | AB || CD (tinh chit giao tuyén ctia ba mit
phang).

(2 Cdch 1. Ta c6

KeEDc(SAD) s gee A C L e S
— = K la diém chung tha nhat cta hai mat phang (SAD) va (SBC).
KeFE c(SBC)

S e(SAD)
S e(SBC)
Suy ra SK 1a giao tuyén ctia hai mét phéng (SAD) va (SBC).
(SAD)Nn(ABCD)=AD
. | (SBC)n(ABCD)=BC
Ta co =>SK | BC| AD.
(SAD)N(SBC)=SK

AD |BC
Vay SK | BC.
Cdch 2. Trong ASCD c6 EF || CD nén theo dinh ly Ta-1ét ta c6

KF EF
KC CD’

= S 1a diém chung thi hai ctia hai mat phang (SAD) va (SBC).

(1)

Tuong tu, trong ASAB ¢6 EF | AB nén

SF EF EF
§B-aB " cp “B=CD> ®
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Tu (1) va (2) suy ra
KF _SF _KF SF

KC SB T FC FB
Xét AFSK va AFBC c6
KF _SF

— 7C 7B (chiing minh trén);

— SFK = BFC (d6i dinh).
Do d6 AFSK «~ AFBC (canh - géc - canh) suy ra SK | BC.
O

BAI 4. Cho hinh chép SABCD c6 day ABCD la hinh thang d4y 16n AB. Goi E, F 1an ludt 1a trung diém ctia SA va
SB.

(D Chitng minh EF | CD. (2 Tim I = AF n(SCD). (3) Ching minh SI | AB||CD.

Loi giai.

C

(1) Ta c6 EF 1a duong trung binh ctia tam gidc SAB nén EF || AB
ma AB | CD (hai day cta hinh thang)
nén EF || CD.

(2) Hai mat phéng (SAB) va (SCD) c6 AB || CD nén giao tuyén la duong thing Sx || AB | CD.
Kéo dai AF cét Sx tai I.
Ta thay I 1a diém chung ctia AF va (SCD).

(3 Theo y (2).

(3 DANG 1.2. Tim giao tuyén ctia hai mdt phéng chira hai duéng thdng song song.

Phuong phdp gidi:
Ae(a)n(P)
ac(a), bc(f) >(@)n(f)=Axvdi Ax|lal b.
alb

0 ViDU

Vi DU 1. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Piém M thuéc canh SA. Piém E, F 1an
luot 14 trung diém ctia AB va BC.

@ Tim (SAB)N(SCD). 2 Tim (MBC)N(SAD).
() Tim (MEF)N(SAC). @) Tim AD N(MEF).

() Tim SD n(MEF). (6) Tim thiét dién cta hinh chép cat boi (MEF).




354 CHUONG 8. PUONG THANG VA MAT PHANG TRONG KHONG GIAN. QUAN HE SONG SONG.

Loi giai.

S e(SAB)N(SCD)
(1) {ABc(SAB), CD =(SCD)

AB|CD
= (SAB)N(SCD)=Sx v6i Sx | AB | CD.

M e(MBC)n(SAD)
2 {BCc(MBC), AD c(SAD)
BC | AD
= (MBC)n(SAD) =My véi My | BC | AD.
M e (MEF)n(SAC)
(3) { EF c(MEF), AC < (SAC)
EF | AC
= (MEF)n(SAC) =Mz véi Mz | EF | AC.

(@) Trong (ABCD), goi I =EF nAD.
Ma EF c(MEF)nén ADN(MEF)=1.

(5) Trong (SAD), goi N=SDnIM.
Ma IM c(MEF)nén SDNn(MEF)=N.

(6) Thiét dién ctia hinh chép cat béi (MEF) la ngi giac
MNKFE.

Vi DU 2. Cho hinh chép S.ABCD. Mat day 1a hinh thang c6 canh d4y 16n AD, AB cat CD tai diém K. Goi M
12 diém n3m trén canh SD.

(@ Tim d =(SAD)N(SBC) va N =KM n(SBC).
(2) Chitng minh rang AM, BN va d dong qui.

Loi giai.

S e(SAD)N(SBC)
(@) «{ AD c(SAD), BC =(SBC)

AD | BC
= (SAD)Nn(SBC)=d v6i Sed, d | AD | BC.
e Trong (SCD), goi N=KMnSC.
Ma SC c(SBC)nén N =KM n(SBC).

(SBC)N(SAD)=d
@ {(SBC)n(MAB)=BN
(MAB)Nn(SAD)=AM
Theo dinh li vé giao tuyén ctia 3 mat phing, suy ra AM, BN

va d hodc déng qui hodc d6i mot song song.
Ma AM, d cat nhau nén AM, BN va d phai dong qui.

€ BAITAP AP DUNG

BAI 1. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi M, N 1an lugt 14 trung diém ctia SA, SB. Goi
P 12 mot diém trén canh BC. Tim giao tuyén cta

(D (SBC) va (SAD); (2) (SAB) va (SCD); (3) (MNP) va (ABCD).

Loi giai.
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@ Tacé
— (SBC)n(ABCD) = BC;
— (SAD)Nn(ABCD)=AD;
— AD | BC (ABCD la hinh binh hanh).

Ma S la diém chung ctia 2 mét phéng (SBC) va (SAD)
nén giao tuyén ciia 2 mat phéng (SBC) va (SAD) la
duong thang Sx | BC | AD.

(2) Giao tuyén ctia hai mét phang (SAB) va (SCD) la dudng thang Sy | AB || CD.

(3) Vi MN || AB (MN la dudng trung binh cia ASAB) nén qua P ké PQ | AB (Q € AD). Khi d6 giao tuyén cta hai
miét phang (MNP) va (ABCD) 1a duong thang PQ.

a

BAI 2. Cho tit dién SABC. Goi E va F lan ludt 13 trung diém ctia cac canh SB va AB, G 1a mét diém trén canh AC.
Tim giao tuyén ctia cac cip mat phang sau

@) (SAC) va (EFC); @) (SAC) va (EFG).
Loi giai.
S
X

@) Tacé H

— (SAC)Nn(SAB)=S8A;

— (EFC)N(SAB)=EF;

— SA | EF (EF la duong trung binh cia ASAB).

Do d6 giao tuyén ctia 2 mat phing (SAC) va (EFC) sé song

song v6i SA va EF.

Ma C la diém chung cia 2 mét phang (SAC) va (EFC) nén

giao tuyén ctia ching 1a duong thiang Cx | SA | EF. A c
(2 Vi EF || SA (EF la duong trung binh ctia ASAB) nén qua G 7

ké GH | SA (H € SC). Khi dé6 giao tuyén cua hai mat phang

(SAC) va (EFG) la dusng thing GH. 5

O

BAI 3. Cho hinh chép S.ABCD c¢6 O 1a tAm ctia hinh binh hanh ABCD, diém M thuéc canh SA sao cho SM =2MA,
N la trung diém ctia AD.

(1) Tim giao tuyén ctia mat phing (SAD) va (MBCQ).
(2) Tim giao diém I ctia SB va (CMN), giao diém J cta SA va (ICD).

SE

(3 Chiing minh ba duong thing ID, JC, SO dong quy tai E. Tinh ti sb S0

Loi giai.
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M e (MBC)n(SAD)
(1) Vi{BCc(MBC)va AD c(SAD)
BC | AD
nén (SAD)N(MBC)=MP | BC | AD (véi P € SD).
S e(SAD)N(SBC)
(2 Vi{ AD c(SAD) va BC c(SBC)

AD | BC
nén (SAD)N(SBC)=St| AD | BC.
Goi F=MNnNSt;I=CFnSB.
IeSB .
1 nén I =SBn(CMN).
IeCFc(CMN)

Qua I ké dudng théng song song véi AB cit SA tai oJ.

JeSA
1 R nén J =SAnUCD).
JedJIc(ICD)vilJ|CD=IJCD)={ICD))

(3) Xét 3 mat phang (SAC), (SBD) va (CDJI), ta c6

SO =(SAC)n(SBD)
ID =(SBD)n(CDJI)
JC=(SAC)N(CDJI).

Do d6 ba dudng thang ID, JC, SO dong quy. Goi diém dong quy 12 E.
Trong mit phang (SFAD), ap dung dinh 1y Thales (d€ ¥ rang AN || SF) ta ¢

MA _AN 1
MS SF 2
Suy ra SF = AD = BC va SFBC la hinh binh hanh.
I=SBNCF nén I la trung diém ctia SB.
ASBD c6 DI va SO la trung tuyén nén E la trong tdm cua ASBD.
vay SE _2
Vs0 s
O

BAI 4. Cho hinh chép S.ABCD c6 day ABCD 1a hinh thang véi AD 1a day 16n va AD = 2BC. Goi M, N, P lan luct
thudc cac doan SA, AD, BC sao cho MA=2MS, NA=2ND, PC =2PB.

(1) Tim giao tuyén ctia cac cip mat phang sau: (SAD) va (SBC), (SAC) va (SBD).
(2) X4c dinh giao diém Q ctia SB véi (MNP).
(3 Goi K 1a trung diém ctia SD. Chiing minh CK = (MQK)n(SCD).

Loi giai.
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S e(SAD)N(SBC)

(1) Vi{AD c(SAD) va BC c(SBC)

AD | BC
nén (SAD)N(SBC)=St || AD | BC.
0OecACCc(SAQ)

GoiO=ACnBD > suy ra SO =(SAC)N(SBD).
O eBD c(SBD)

€SB
(2 Goi E=NPNnABva@Q=EMnSB.Vi {geME (MNP) nén @ =SBN(MNP).
C

357

(3) Goi F = MK NSt va F' =QC nSt. Dua vao cac vi tri cac diém @, C, M va K clia gia thiét cho, dé thay F va F’

cing nam vé mot phia so v6i mét phéng (SAB).
Trong mit phang (SF'BC), ap dung dinh ly Thales (d€ y rang SF' || BC) ta c6

QS _BC 1

QB SF 2

. MK' 1
Goi K’ la trung diém cta SA. suy ra S "o
Trong méit phang (SFAD), ap dung dinh 1y Thales (d€ y rang SF | KK') ta ¢

MK KK 1

MS ~ SF 2

Tt (1), (2) va AD =2BC suy ra SF =SF’. Do d6 F = F/, suy ra bén diém @, C, M va K d6ng phéng.
Vay CK = (MQK)n(SCD).

0 BAI TAP REN LUYEN
BAI 5. Cho tit dién ABCD. Goi G, J lan lugt 1a trong tam tam giac BCD va ACD.
(1) Chitng minh GJ || AB. (2 Tim (ABD)Nn(GJD).

Loi giai.

(1

(2)
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A

@ Goi M la trung diém CD.
MG MJ 1
Xét tam giac ABM ¢c6 —— = —=—

MB MA 3
Suy ra GJ | AB.

(2) Hai mat phéng (ABD) va (GJD) ¢6 diém D chung va GJ || AB nén giao tuyén la duong thang Dx || GJ || AB.

O
BAI 6. Cho tit dién ABCD. Goi I, J 1an ludt 1a trong tAm AABC, AABD va E, F lan lust 1a trung diém BC, AC.
(D Chiing minh IJ | CD. @ Tim (DEF)n(ABD).
Lai giai.
A x
B D
E
c
(@ Goi M 1a trung dié’rz IBD'AJ .
Tam giac AEM ¢c6 — =——=—-nén IJ | ME.
Maé Mg;'al(lz CD (dlj;)ng%runénginhzs) e
Suyrald| CD.
(2) Hai mat phéng (DEF) va (ABD) c6 diém chung D va EF || AB nén giao tuyén la duong thang Dx | AB | EF.
O

BAI 7. Cho hinh chép SABCD c6 day ABCD la hinh binh hanh. Goi M la trung diém ctia SC va N la trong tam tam
giac ABC.

@ Tim I =SD n(AMN). 2 Ching minh NI || SB. ®3) Tim (AMN) N (SAD).

Loi giai.
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@ Goi O la giao diém AC va BD, E la giao diém SO va AM.
Khi d§ NE va SD cat nhau tai I.
Tathay Ie SDvale NEc(AMN)nén I =SDn(AMN).

. ,OE ON 1
(2) Tam giac SOB c6 035 - 0B "3 "en NE | SB.

Suy ra NI | SB.
(3) Hai mat phang (AMN) va (SAD) c6 hai diém chung A, I nén (AMN)N(SAD)= Al

a

BAI 8. Cho hinh chép SABCD c6é day ABCD la hinh thang (AB || CD) v6i CD = 2AB. Goi O la giao diém ctia AC va
BD, K la trung diém SC, G 1a trong tam tam giac SCD.

(@ Chitng minh OG | BK. (2 Tim (ACG)n(SBC).

Loi giai.

Suyra@—%—%—
OB OA AB
Suy ra 0D=§DB.
DG DO 2

Tam giac DBK c6 DE-DB-3 nén OG | BK.
(2) Hai mat phang (SBC) va (ACG) ¢6 diém C chung va OG | BK nén giao tuyén la duong thang Cx | OG | BK.

a

BAI 9. Cho hinh chép S.ABCD ¢6 day ABCD 1a hinh binh hanh va O 1 giao diém hai dudng chéo AC va BD. Lay
diém E trén canh SC sao cho EC = 2ES.
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(1) Tim giao tuyén ctia hai mit phang (SAB) va (SCD)

(2) Tim giao diém M ctia duong thang AE va mit phang (SBD). Chitng minh M 1a trung diém ctia doan thang
SO.

Loi giai.

S e(SAB)N(SCD)
(1) Vi{ ABc(SAB)va CD c(SCD)

AB|CD
nén (SAB)Nn(SCD)=St | AB| CD.

(2 Goi M=AENSO.

MeAE R
1 nén M = AEnN(SBD).
MeSOn(SBD)
C s e EI 1
Goi I la trung diém SC, suy ra ZS- 32
Goi F = 0I n AE. Trong mat phang (SAC), ap dung

dinh 1y Thales (d€ y rang OI || SA)

FI _EI 1
SA ES 2

SA X ax .
Suy ra FI =01 = - ti d6 dan den SFOA la hinh binh hanh. Vay M la trung diém caa SO.

a

BAI 10. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh, goi M, N, P lan ludt 1a trung diém cta SD, CD,
BC.

(1) Tim giao tuyén clia cac cip mit phang sau: (SAC) va (SBC), (AMN) va (SBC).
(2) Tim giao diém I ctia (PMN) va AC, K cia (PMN) va SA.
(3) Goi F la trung diém ctia PM, chitng minh ba diém K, F, I thang hang.

Loi giai.

(1) Dé thay SC =(SAC)N(SBC).
Goi E=BCnAN
E €(SBC)Nn(AMN)
Ta ¢6 { SC c(SBC) va MN c (AMN)
SC|MN
suy ra (SBC)N(AMN)=Et||SC| MN.
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) IeAC
2 Goi I=ACNPN = =1=ACN(PMN).
IePNc(PMN)
Goi K 1a giao diém ctia SA véi dudng thang di qua I va song song véi SC.

KeSA
1 . nén K =SAn(PMN).
KelIKc(PMN) (Vi MN | SC)

(3) Theo cach dung ta c6 IK | MN. (@}
ABCD la hinh binh hanh nén AC va BD cét nhau tai trung diém méi dudng. Ma PN la dudng trung binh caa
ACBD nén AC ciing cit PN tai I 14 trung diém ctia PN.

Suy ra IF la duong trung binh chia APMN = IF | MN. (2)
(1) va (2) suy ra K, F, I thang hang.

a

BAl2. DUONG THANG SONG SONG VG| MAT PHANG

@ TOMTAT LY THUYET

1 Vi tri tuong d6i ctia hai dudng thang phan biét Cho dudng thing d va mit phing (P). Cé ba truong
hop xay ra:
— DPuong thing d va (P) ¢6 2 diém chung phan biét = d < (P).
— Puong thang d va (P) ¢6 1 diém chung duy nhat = d n(P) = A.
— Puong thing d va (P) khéng c¢6 diém chung nao = d || (P).
Pinh nghia 1. Pudng thing d va mat phing (P) goi 1a song song véi nhau néu ching khong c6 diém chung.

2 Cac dinh ly
Pinh li 1. Néu duong thing d khéng ndm trong mdt phing (a) va d song song vdi duong thing d' ndm
trong (a) thi d song song vdi (a).
Pinh li 2. Cho duong thdng a song song vdi mdt phing (). Néu mdt phding (B) chita a va cdt (a) theo giao
tuyen b thi b song song véi (a).
Hé qua 1. Néu hai mét phéng phén biét cit nhau va cung song song véi mot duong théng thi giao tuyén
cua chung (néu cé) ciing song song véi duong thang dé.
Pinh li 3. Cho hai duong thing chéo nhau. Cé duy nhit moét mat phing chita duong thing nday va song
song vdi duong thing kia.

(® DANG TOAN VA BAI TAP

(3 DANG 2.1. Chirng minh dudng thdng a song song véi mdt phdng P)

allbd
Phuong phap: Chiing minh { b <(P) =>a || (P).
a¢(P)

€ vioy

Vj DU 1. Cho tit dién ABCD. Goi M vaN lan ludt 1a trong tam cta cac tam giac ACD va BCD. Ching minh
rang MN song song v6i cac mat phang (ABC) va (ABD).

Loi giai.
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Goi P, @ lan lgc}i“; l1a thzl\lfng fié’m cia BC va CD.
Khi do, ta co m=ﬁ=§=>MN||AB-
MN ¢ (ABC)
Vi{ ABc(ABC) nén MN | (ABC).
MN | AB
MN ¢ (ABD)
Tuong tu, ta c6 { AB<(ABD) nén MN || (ABD).

MN |AB

A

canh AB va CD.

Vi DU 2. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N 1an lugt 14 trung diém cta cac

(1) Chitng minh MN song song véi cac mat phing (SBC) va (SAD).

(2) Goi E la trung diém ctia SA. Chiing minh SB va SC déu song song véi mat phang (MNE).

Loi giai.

(1) T gia thiét, ta suy ra MN | BC va MN || AD.
MN ¢ (SBC)
Vi {BC c(SBC) nén MN | (SBC).
MN | BC
MN ¢(SAD)
Tuong tu, ta ¢6 { AD <(SAD) nén MN | (SAD).
MN || AD

N .2 , AE _ AM _ 1
(2) Tu gia thiet, ta c6 AS-AB "3 = ME | SB.
SB¢Z(MNE)
Vi{ ME c(MNE) nén SB || (MNE).

ME | SB
Tuong tu, goi O la tAm cta hinh binh hanh.

SC ¢ (MNE)
Vi{ EOc(MNE) nén SC | (MNE).
EO|SC

(3 DANG 2.2. Tim giao tuyén ctia hai mét phdng

Phuwong phap: Ap dung mét trong hai cdch sau

all (P)

(@ Cach 1: {a (@) =>(P)N(Q)=Mx | a.
Me(P)n(@Q)
al P)

(2 Cach 2:{a | (@) = (P)N@)=Mx | a.

Me®P)n(@)
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VI DU 1. Cho tt dién ABCD c6 G 1a trong tam AABC, M € CD véi MC =2MD.

(1) Chitng minh MG | (ABD). (2 Tim (ABD)n(BGM). (3 Tim (ABD)n(AGM).
Lgi giai.
A
. N Lo o .. . CM CG
(D Goi N la trung diém ctia AB. Trong tam giac CDN, ta c6 CD-CN-

; =>GM | ND.ViND c(ABD), GM ¢ (ABD) nén GM | (ABD).

GM || (ABD)
@ Vi = (ABD)n(BGM)=Bx||GM | ND.
Be(ABD)N(BGM)

GM | (ABD)

=>(ABD)Nn(BGM)=Ay||GM | ND.
Ae(ABD)n(AGM)

@w{

[ DANG 2.3. Tim thiét dién song song v&i mét duong thdng

Phwong phadp: Dé tim thiét dién ciia mdt phdng song song véi mdt phing (a) di qua mét diém va song song
v0i hai duong thang chéo nhau hodc (a) chita mét duong thang va song song véi mot duong thang st dung
M e(a)n(p)

tich chét sau: { d || (a) >(@nP)=al d,(vdiM €a).
dc(p)

Vi DU 1. Cho tit dién ABCD. Goi M, I 1an lust 1a trung diém ctia BC, AC. Miat phang (P) di qua diém M,
song song véi BI v?a/ SC. Xac dinh trén hinh vé cic giao diém ctia (P) véi cac canh AC, SA, SB. Tu d6 suy ra
thiét dién cua (P) cat hinh chép.

Loi giai.
®P)|sc S
i = (P)n(SBC)=MN |SC,NeSB (1)
M e(P)n(SBC)
Tuong tu P) I BI = (P)N(ABC)=MH |BI, He AC 2)
S we@)naBO) B ’ K
I (C21 1 1o .
Mat khac, = (P)N(SAC)=HK | SC, K€ SA (3) Tu (1), (2)
N e(P)cap(SAC)

va (3) ta c6 thiét dién ctia (P) véi tu dién ABCD la tit gidc MNKH.

4) BAITAP AP DUNG
BAI 550. Cho hinh chép S.ABCD ¢6 day ABCD 1a hinh binh hanh tam O. Goi M, N 1an ludt la trung diém SA, SD.
Ching minh rang:

(O BC | (SAD). (2 AD | (SBO). (3) MN || (ABCD).

(@) MN | (SBO). (5) MO | (SCD). ® NO | (SBC).
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Loi giai.
O BC | (SAD)
BC | AD
Ta c6 { AD c(SAD) = BC || (SAD).
BC ¢(SAD)
AD | BC
(2) Tacé { BC<(SBC) = AD || (SBC).
AD ¢ (SBC)
SM SN 1 MNAD
(3) Ta cé SA-Sp "3 MNIAD. Khi d6 { AD c(ABCD) = MN | (ABCD).
MN ¢ (ABCD)
MN || BC
. SM SN . . e
(@) Ta c6 SA=35D = MN | AD, vi AD | BC nén MN | BC Khi d6 { BC <(SBC) = MN || (SBC).
MN ¢ (SBC)
AM A0 1 Molsc
(5) Ta c6 A5 " Ac "3 = MO | SC.Vi{SCc(SCD) = MO | (SCD).
MO ¢(SCD)
DN DO 1 NOISE
(6 Tacé 55 " DC "2 = NO | SB.Vi{SBc(SBC) = NO | (SBC).
NO ¢ (SBC)

a

BAI 551. Cho hinh chép S.ABCD c6 didy ABCD la hinh chit nhat. Goi G la trong tAm tam gidc SAD va E 1a diém
trén canh DC sao cho DC =3DE, I 14 trung diém AD.

(1 Chitng minh OI | (SAB) va OI || (SCD).

(2) Tim giao diém P cta IE va (SBC). Chiing minh GE || (SBC).

Loi giai.
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OI | AB
(1) Tac6 { AB<(SAB) = OI | (SAB).
OI ¢ (SAB)
OI|CD
Tuong tu, { CD <(SCD) = OI || (SCD).
OI #(SCD)

@vi % = % # % = g—g nén IE khong song song véi AC. Trong hinh
chit nhat ABCD, goi P =IEnBC = P = IEn(SBC).
Goi K 1a trllmg diém cﬁla BC, G' 1a trong tam tam giac SBC.
Khi 36 Z—?{zi—fz%z%,sny ra G'G | KI | CE va = G'G =
gKI = ;CD = CE. Do dé ti& gidc G'GEC la hinh binh hanh, suy
raCG' | CE = CG || (SBC).

BAI 552. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N 1an lugt 1a trung diém AB va CD.

(1) Chitng minh MN || (SBC) va MN | (SAD).

(2 Goi P la trung diém canh SA. Ching minh SB | (MNP) va SC | (MNP).

(3) Goi G, I 1a trong tam ctia tam gidc ABC va SBC. Chiing minh GI | (MNP).

Loi giai.

(1) Tt gia thiét, ta c6 MN | AD || BC. Vi MN ¢ (SBC), MN & (SAD)
nén MN || (SBC) va MN || (SAD).

AP AM 1
(2 Ta c6 5 _AA? _E: 5119 |PM = SB | (MNP).
Tuong tu, AC-AS 3 = PO | SC vi OP c (MNP) nén SC |
(MNP).

®

BAI 553. Cho hinh chép S.ABCD cé day 1a hinh thang day 16n AB, véi AB = 2CD. Goi O la giao diém ctia AC va

BD, I 12 trung diém ctia SA, G 14 trong tam ctia tam gidc SBC va E 12 moét diém trén canh SD sao cho 3SE =2SD.
Ching minh:

(O DI | (SBC). (2 GO || (SCD). (3 SB[ (ACE).

Loi giai.
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. 1
(1) Goi N la trung diém SB, khi d6 IN | AB va IN = EAB' Suy ra
IN | CD, IN = DC suy ra ta giac INCD la hinh binh hanh, do
d6 ID | NC. Vay ID | (SBC).

@ GO ||(SCD)
Goi P 1a trung diém ctia SC, khi d6 GO || PD, suy ra GO || (SCD).

(3) Tacé EO || SB, suy ra SB | (ACE).

S
I RN S (I
p
’
’
/
’
AlsT o h - -b-N\----D B
S o N ! _-"
/ _ -
SO ‘\ / _-"
~ N / -~
SO M
,,5'\\
/// \\\
- N
D C

a

BAI 554. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tdm O. Goi M, N la trung diém cta cdc canh AB,AD.

SI SJ 2

Goi I,J thuoec SM,SN sao cho SM-SN-3 Ching minh
(D MN || (SBD). @2 I1J | (SBD).
Loi giai.
®

Ta ¢6 M,N la trung diém ctia cac canh AB,AD.
Suy ra MN | BD, ma BD < (SBD).
Nén MN || (SBD).

SI SJ 2
Taco —=—==—=I1J|MN.Hay IJ | BD.
@ acd 5= 171 ay IJ |

Ma BD < (SBD). Nén IJ | (SBD).

(3 Trong mit phang (ABCD), goi H la giao diém ctia MN va
AC.
Trong mit phang (SMN) goi K 1a giao diém cta IJ va SH.

X A - R o HO 1
Dé thay H la trung diém ciia AO, suy ra — = =

uk w1 B¢ %
Lai 6 IJ | MN = IK | MH > —— = 222 _
alcoHK” H: 1” T SH SM 3
Dodé = =29 _ 2k .
0d0 o = F¢ =3 = KOISC

Ma KOc(IJO)=SC|UIJO).

3 SC | (1JO).

a

BAI 555. Cho tit dién ABCD, G 1a trong tam ctia tam giac ABD va I 1a diém trén canh BC sao cho BI =2IC. Chiing

minh IG || (ACD).

Lgi giai.

Goi H la trung diém ctia BD. Trong mét phing (BCD), goi K 1a
giao diém ctia HI va CD.

. . ., BH IC KD 1 KD
TheodmhlyMenelauscoﬁ-E-K—C_ Ql-E-K—C_la
KD _,
KC . )
Suy ra C la trung diém cua KD, suy ra BC la trung tuyen ctaa
ABDK. B

Ma BI =2IC, suy ra I la trong tAm caa ABDK.

1 C s A . HG 1
Suy ra AE- 3 szu ¢6 G la trong tam ctia AABD = AE-3
Do d6, GI | AK, ma AK c (ACD)= IG | (ACD).

A

D
a

BAI 556. Cho tit dién ABCD. Goi G va P 1an ludt 1a trong tdm cta tam gidc ACD va ABC. Chiing minh ring

GP | (BCD), GP | (ABD).
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Ldi giai.
Goi K, H lan lugt 1a trung diém ctia BC va CD. Suyra KH | BD (). A
Ta c6 G,P lan lugt la trong tam caa AACD,AABC.
AP 2 AG 2
Suyra —=-,—= 3 = PG |HK (2).
Tu (1) va (2), suy ra GP || BD.
Ma BD < (BCD),BD < (ABD), suy ra GP | (BCD),GP | (ABD).

C
a

BAI 557. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh, O 1a giao diém ctia AC va BD, M 1a trung diém ctia SA.
(1) Ching minh OM | (SCD).

2 Goi (@) 1a mat phéng di qua M, dong thoi song song véi SC va AD. Tim thiét dién ctia méit phang (@) véi hinh
chép S.ABCD.

Loi giai.

@

Ta c6 M,0 la trung diém ctia SA va AC, suy ra MO || SC.
Ma SC c(SCD)= OM || (SCD).

@ ViMO||SC=O0¢(a).
Oe(a)n(ABCD)
Tacé{ AD | (a) = (@)Nn(ABCD) =PQ.

AD c(ABCD)
Véi PQ | AD,0 € PQ,Q € AB,P € CD.
Pe(a)n(SCD)

Laico { SC | (a) = (a)n(SCD)=PN, v6i PN | SC.
SC c(SCD)
Co (@)n(SAD)=MN,(a)Nn(SAB)=MQ.
Nhan thiy P,Q 1a trung diém ctia CD va AB. Suy ra N la trung diém
cia SD.
Suy ra MN | PQ. Vay thiét dién 14 hinh thang MNPQ.

a

BAI 558. Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang day 16n AB. Goi M la trung diém cta CD, () 1a mat
phang qua M, dong thoi song song véi SA va BC. Tim thiét dién cta (@) v6i hinh chép S.ABCD. Thiét dién 12 hinh

gi?
Lai giai.
Me(a)n(ABCD)
Ta c6 { BC | (a) = (a)n(ABCD) = MK, S
BC c(ABCD)
véi MK | BC,K € AB.
Ke(a)n(SAB)
Co<SA | (a) > (@)n(SAB)=KH, v6i KH | SA. I
SA c(SAB)
H e (a)n(SBC) A B
Lai c6 { BC || (a) =>(@)n(SBC)=HI,v6i HI | BC.
BC c(SBC)
Do d6, an(SCD)=IM, ma MK,HI déu song song véi BC.
Vay thiét dién cia hinh chép 1a hinh thang MKHI.

D M C
a

BAI 559. Cho hinh chép S.ABCD. Goi M, N thudc canh AB, CD. Goi (a) 1a mat phéng qua MN va song song véi SA.

(1) Tim thiét dién ctia () véi hinh chép.
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(2) Tim diéu kién ctia MN dé thiét dién 14 hinh thang.

Loi giai.
®
M € (a)n(SAB)
Ta c6 { SA | (a) = (a)N(SAB)=MP, véi MP || SA. S
SAc(SAB)
Trong mit phéng (ABCD), goi R = MN nAC.
Re(a)n(SAC)
Tacé < SA | (a) = (@)n(SAC)=RQ, v6i RQ || SA.
SAc(SAC)
Ta ¢6 ()N(SCD) = @N. Vay thiét dién la ti gidc MNQP.
(2) Ta c6 MNQP 1a hinh thang = MPQN (1) 4 D
MN | PQ (2)
Xét (1) ta cé {SA | MP = SA | QN. N
MP | QN M
. |SAI@N A s
Do d6 {QN < (scp) = SA1SCD) o Iy). ) c
BC =(ABCD)N(SBC)
Xét (2) ta ¢c6 { MN c (ABCD) = MN | BC.
PQ c(SBC)
PQ =(a)n(SBC)
Ngudc lai, néu MN | BC thi { MN c(a) = MN | PQ.

BC <(SBC)
Vay dé thiét dién 1a hinh thang thi MN | PQ.

a

BAI 560. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M 1a trung diém ctia canh SC. (P) la mat
phang qua AM va song song v6i BD.

(1) Xac dinh thiét dién ctia hinh chép khi cit béi mat phang (P).

(2) Goi E,F lan lugt 1a giao diém ctia (P) v6i cac canh SB,SD. Tim ti s6 dién tich cia ASME véi ASBC va ti sb
dién tich chia ASMF véi ASCD.

(3) Goi K 1a giao diém ctia ME va CB, J la giao cia MF va CD. Chiing minh K,A,J nam trén dudng thang song

. EF
61 EF va tim ti so —.
song vol va tim 1SOKJ
Loi giai.

€y

Trong mat phang (ABCD) goi
ACNBD =0,
trong mit phang (SAC), goi
AMNnSO=1.

I€(P)n(SBD)
Ta c6 { BD || (P)

BD c(SBD)
= (P)Nn(SBD) = EF, v6i I €
EF,EcSB,FeSD.
Ta c6 (P)Nn(SAB) = AE,(P)n
(SBC)=EM,(P)n(SCD)=MF.
Vay thiét dién 1a ti gidc AEMF.

K

2 SE SF EF 2
= — = — = — = — (]_)'
SO 3 SB SD BD 3

. ., ST
(2) Trong ASAC, c¢6 I 1a trong tAm ctia tam giac = —
1 Sasmr _2 1 1

S
Do d6 —2AME _

SasBC

1
2 3 Spscp 3 2 3

2
3
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(MEF)Nn(ABCD)=AK > .
(3) Tacé = K,A,J thang hang.
(MEF)N(ABCD)=AdJd
MS EB KC 1 KC
Th h ly Menel ASB ————=1lo1l--—=1
eo dinh ly Menelaus, xét ASBC ta co YUC ES KB 5 KB
Hay B la trung diém ctia KC. Tuong tu, ta c6 D la trung diém cta CJ.
BD | KJ
Do d6, BD la duong trung binh caa AKCJ = 1 .
BD = 3 ‘KJ (2)

MaBD |EF. Vay A,K,J n

EF 2
Tu (1) va (2 — ==
()va(),suyraKJ 3

m trén duong song song véi EF.
1 1
273

369

a

BAI 561. )Cho ti dién ABCD. Goi M va N 1a hai diém lan ludt ndm trén canh BC va AD. Xac dinh thiét dién caa
t dién cat bdi mat phang (@) qua MN va song song véi CD. Xac dinh vi tri cta hai diém M,N dé thiét dién 12 hinh

binh hanh.
Loi giai.
M =(a)n(BCD)
Taco<CD | (a) =>(a)n(BCD)=MI,v6i MI | CD.
CD < (BCD)
N=(a)n(ACD)
CD || () = ()" (ACD) = NK, véi NK | CD.
CD < (ACD)
Ta c6 (a)n(ABD)=NI,(a)n(ABC)=MK.

Vay thiét dién 1a hinh thang MINK, (vi MI | NK).
MI BM

MI|CD cD _CB
Lai c6 {KN | CD = KN _ AN
CD ~ AD
Dé thiét dién MINK 1a hinh binh hanh khi va chi khi MI = NK & ]Z]g 211\)’
BM AN
M,Nlanludtlah B ADva — = —
Vay M, N lan lugt 1a hai diém ném trén BC va va D - AD"

a

BAI 562. Cho ti dién ABCD. Goi I, J 1an lugt 1a trung diém ctia AB va CD, M 1a mét diém trén doan IJ. Goi (P) la

mét phang qua M va song song véi AB va CD.
(1) Tim giao tuyén ctia mat phang (P) va (ICD).
(2) Xac dinh thiét dién cta ti dién véi mét phang (P). Thiét dién 1a hinh gi?
Lai giai.
@) Goi Ay =(P)n(ICD), ta c6
M e (P)
Meld,IJc(ICD)
(P)ICD
CD c(ICD) = A1 | CD.
(P)nICD)=A\,
Vay A; 1a duong thang qua M va song song véi CD.
Goi E=A{nIC,F=A1nTD, ta dudc (P)n(ICD)=EF.

(2 Goi Ay =(P)n(ABD), ta c6
{F €(P)

=>MEel;.

=>Fe Az.
FelD,ID c(ABD)

(P)IIAB
ABc(ABD) = Ay | AB.
(P)N(ABD) = Ag
Vay Ag 1a duong thing qua F va song song véi AB.
Goi G=A3nNBD,P=Ay3nAD, ta dudc (P)n(ICD)=GP.
Goi Az =(P)n(ABCQC), ta c6
Eec(P)
=>FEe€A;.
EclIC,ICc(ABC)
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Ta c6
(P)||AB

ABc(ABC) = Ag | AB.
(P)N(ABC) = A3
Vay Az 1a duong thing qua E va song song vdi AB.
Goi H=A3nBC,Q = A;nAC, ta dudc (P)n(ABC) = HQ.
Giao tuyén ctia (P) v6i cac mit phang (BCD), (ABD),(ACD),(ABC) lan ludt 1a GH, GP,PQ,QH. Do dé thiét
dién cta ti dién v6i mat phang (P) la ti giac HGPQ.

Ta co
(P)IICD
CD c(ACD) =PQ | CD
(P)n(ACD)=PQ

va

@)1 CcD
CD c(BCD) =>HG| CD.

(P)Nn(BCD)=HG
HG || PQ (cung song song v6iCD
Ta c6 { | PQ (cung song song ), t& gide HGPQ 13 hinh binh hanh,

HQ | PG (cung song song v6iAB)
a

BAI 563. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi K va J lan lugt 1a trong tam cta céc
tam giac ABC va SBC.

(@ Chiing minh KJ | (SAB).

(2 Goi (P) 1a mit phang chita KJ va song song véi AD. Tim thiét dién ctia hinh chép cit béi mit phang (P).

Loi giai.

(1) Goi H la trung diém BC, theo tinh chat trong tam ta

(2 Goi A; =(P)N(ABCD), ta cé

,HK HJ 1 . , (r 3s )
c6 HA-HS -3 => KJ | SA (Pinh ly Ta-lét dao). Ta co

KJ||SA

SA c(SAB) => KJ | (SAB).

KJ ¢(SAB)

KeKdJ,KJ c(P)
:>KEA1.

Ke(ABCD)

P)IAD

AD c(ABCD) = A1 | AD.

(P)N(ABCD) = A,
Vay A; 1a duong thing qua K va song song véi AD.
Goi E=A1nAB,F=A1nCD, ta dudc
(P)N(ABCD)=EF.

Goi Ag =(P)n(SBC), ta cé

JeKJ,KJ c(P)
3K€A2.

J € (SBC)

Va

(P)||AD |BC

BC c(ABCD) = Ag | BC.

(P)N(ABCD)= Ay
Vay Ay 1a dudng thang qua J va song song véi BC.
Goi M =AynSB,N = A1 nSD, ta dudc (P)n(SBC)= MN.
Ta c¢6 giao tuyén cua (P) v§i cac mat phang (ABCD),(SCD),(SBC),(SAB) lan lu¢t la EF, FN,NM, NE, do dé
thiet dién cta hinh chép cat béi mat phang (P) la ti giac MNFE.

a
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BAI 564. Cho ti dién ABCD. Goi G1, G2 1an lugt 14 trong tAm cta céc tam gidc ACD va BCD. Chiing minh rang
G1G2 ” (ABC) va G1G2 ” (ABD).
Lai giai.
Xét tam giac ABM ta cé
MG.
MB
MG, 1, . )
A -3 (G 1a trong tam AACD).
MGy MG, . . s
B - MA > G1Gse | AB (Pinh ly Ta-1ét dao). B D
G1G2 | AB
Tac6 { AB<(ABC) = G1Gq|(ABC).
G1G2 £ (ABC)
G1G2 || AB C
Ta c6 { ABc(ABD) = G1Gs | (ABD).
G1G2 ¢ (ABD)

A

1
=3 (Gg la trong tam ABCD).

Suy ra

a

BAI 565. Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh. Goi G 1a trong tam ctia ASAB,I la trung diém
AB, lay diém M trong doan AD sao cho AD =3AM.

(1) Tim giao tuyén ctia hai mit phang (SAD) va (SBQ).
(2) Puong thang qua M va song song véi AB cat CI tai N. Chitng minh NG || (SCD).
(3) Chiing minh MG | (SCD).

Loi giai.
(D) Goi A=(SAD)N(SBC), tacé SeA.
AD | BC
_|AD c(SAD)
Ta co =>A| AD.
BC c(SBC)

(SAD)N(SBC)=A
Vay A la dudng thing qua S va song song véi AD.

. ) _IN _AM 1
(2) Hinh thang AICD c¢6 MN || AI | CD nén C-AD "3
(Pinh 1i Ta-1ét).
P N N . IG 1
ASAB c¢6 G la trong tam nén 5=3
JIN IG 1 . . (0 32
AISC co Ic-Is"3 = NG || SC (Pinh ly Ta-1ét dao).
NG| SC
Ta c6 { SCc(SCD) = NG | (SCD).
NG ¢(SCD)
. . e , N N JIM AM 1 . . ,
(3 Goi E la giao diém ctia IM va CD. Vi AI | DE nén ta o E =D " 3 (Pinh 1y Ta-1ét).
. IG IM 1
Xét AASE cb ﬁ—ﬁ—gf»’GM”SE-
MG | SE
Taco { SE c(SCD) = MG | (SCD).
MG £(SCD)

a

BAI 566. Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi day 1én AD va AD = 2BC. Goi O 1a giao diém ctia
AC va BD, G la trong tam cua tam giac SCD.

(1) Chiing minh OG | (SBC).
(2 Cho M la trung diém ctia SD. Chitng minh CM | (SAB).
(3) Goi I 1a diém trén canh SC sao cho 2SC = 3SI. Chiing minh SA || (BDI).
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Lgi giai.
RN e PN R . NG 1
(@ Goi N la trung diém SC, vi G 1a trong tam ASCD nén GD -2
) BO CO BC 1, . ..,

Ta c¢6 BC ||;31G) :I@ = flO =D "3 (Pinh 1li Ta-lét).

ABND c6 GD-0D" 3 = OG | BN (Dinh li Ta-1ét dao).
OG | BN

Ta ¢6 { BN < (SBC) = OG || (SBC).
OG ¢ (SBC)

2 Goi E 1a trung diém ctia SA, theo tinh chit duong trung binh
1
taco ME | AD va ME = EAD.

= T giac MEBC la hinh binh hanh.

ME |BC(| AD)

Suy ra CM | BE.
CM | BE

Tac6{ BEc(SAB) = CM || (SAB).
CM ¢ (SAB)

{ME:BC: %AD

(3) Ta ¢6 2SC =3SI « 2SI +2IC =3SI & SI =2IC.

) . CI_CO 1 e
Xét ASAC ¢6 IS"0A-3 = OI | SA (Pinh 1i Ta-l1ét dao).

SA | BI
Ta c6 { BI c(BDI) = AB| (BDI).
AB ¢ (BDI)

a

BAI 567. Cho hinh chép S.ABCD, day ABCD la hinh binh hanh. Goi M, N, P lan ludt 1a trung diém ctia cac canh
AB, AD, SB.

(1) Chitng minh BD | (MNP).
(2) Tim giao diém ctia (MNP) véi BC.
(3 Tim giao tuyén ctia hai mat phang (MNP) va (SBD).
(@) Tim thiét dién ctia hinh chép véi (MNP).
Loi giai.

(1) AABD c6 MN la duong trung binh nén MN | BD va MN = %BD.
BD | MN
Tac6{ MN c(MNP)=BD | (MNP).
BD £(MNP)
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(2) Trong (ABCD), dung H=MN nBC, ta c6

HeBC
= H=(MNP)nBC.
HeMN,MN c(MNP)
. . |Pe(SBD)
(3) Goi A=(MNP)N(SBD), ta cé =>PeA.
Pe(MNP)
Ta cé
MN | BD

MN c(MNP),(BD)c(SBD) = A|| MN.
(MNP)N(SBD)=A

Vay A 1a duong théng qua P va song song véi MN.
Goi @ =ANnSD, ta dugc (MNP)n(SBD) =PQ.

(@) Trong (SBC), dung K = HPNSC. Giao tuyén ctia (MNP) véi cac mat phang (ABCD), (SAB), (SBC), (SCD),(SDA)
lan lugt la MN,PM,PK,KQ,QN. Vay thiet dién cta hinh chép véi (MNP) la nga giac PMNQK.

a

BAI 568. Cho tit dién ABCD. Goi M la diém thudc BC sao cho MC =2MB. Goi N, P 1an lugt trung diém ctia BD va
AD.

(@ Chiing minh NP || (ABC).
> . < , A A “ A o ~ ~ . g o
(2) Tim giao diém Q ctia AC véi (MNP) va tinh g—c Suy ra thiet dién cta hinh chép bi cat béi (MNP).

(3) Chiing minh MG | (ABD), véi G la trong tam ctia tam giac ACD.

Loi giai.
@ ?ABD c6 NP la duong trung binh nén NP | AB va NP = A
—AB.
2
NP | AB
Ta co { ABc(ABC) => NP | (ABC).
NP ¢ (ABC) D
@) Goi A=(MNP)N(ABC), ta c6
M e (SBD)
=>MeA.
MeBC,BCc(ABC)
NP | (ABC) B D
NP c(MNP) = A| AB.

(MNP)N(ABC)=A
Vay A la duong thing qua M va song song véi AB.
Trong (ABC) dung @ =ANnAC, ta c
{Q eAC C

=Q=ACN(MNP).
QeA,Ac(MNP)

MB 1
Ta c6 MC =2MB & MC+MB=3MB & BC=3MB & - = =.
) ) QA BM 1
Xét AABC ¢6 QM | AB = X2 -B¥% _ 2
© COQMIAB=F =363

Ta ¢6 giao tuyén ctia (MNP) véi cac mat phang (ABC), (ACD), (ABD), (BCD) lan lugt 1a @M, QP, PN, MN. Vay
thiet dién cua hinh chép bi cat béi (MNP) la ti giac MNPQ.

PG 1
(3 Vi G la trong tam AACD nén C°-3
PG BM 1
MG | BP
Ta c6 { BP c(ABD) = MG | (ABD).
MG ¢ (ABD)
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BAI 569. Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh.
(1) Tim giao tuyén ctia (SAC) va (SBD); (SAB) va (SCD).

(2) Mét mét phang qua BC va song song véi AD cit SA tai E,(E #S,E # A), cat SD tai F, (F #S,F # D). Tt giac
BEFC 1a hinh gi?

(3) Goi M thudc doan AD sao cho AD =3AM va G la trong tam tam gidc SAB, I 1a trung diém AB. Puong thang
qua M va song song AB cat CI tai N. Chiing minh NG || (SCD) va MG || (SCD).

Loi giai.

(1) Tac6é S e(SAC)N(SBD)
Trong (ABCD), dung O =ACnBD, ta co

= 0e(SAC)N(SBD).

0O e AC,AC c(SAC)
O eBD,BD c(SBD)

Vay (SAC)n(SBD)=S0.
Goi A=(SAB)N(SCD),tac6 SeA
AB| CD
_|ABc(SAB)
Ta ¢ = A| AB.
CD c(SCD)
(SAB)N(SCD)=A

Vay A la dudng thang qua S va song song véi AB.

(2 Tacé
BC | AD
BC c(BCFE)
AD c(SAD)
(BCFE)N(SAD)=EF

=EF | AD | BC.

Vay ti gidc BCFE la hinh thang.

AM 1 1
(3) Xét hinh thang AICD c6 MN | AI = - % =3 (Pinh 1i Ta-1ét).
. . IG 1
Vi G la trong tam tam giac SAB nén — = —

IS 3’
Xét AISC ta co
IG _IN 1

S=Ic-3> GN || SC(Pinh li Ta-1ét dao).
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Ta co
GN | SC
SC c(SCD) = NG | (SCD).
NG £(SCD)
IM AM 1
T = . & P
1jong (ABCD),/dung H=IMnCD. Vi AI | DM nén ta cé TH-AD -3
Xét AISH taco

(Pinh li Ta-1ét).

% _ % _ % — GM || SH (inh 1i Ta-1ét d4o).
Ta co
MG | SH
SHc(SCD) = MG | (SCD).
MG ¢(SCD)

a

BAI 570. Cho hinh chép S.ABCD c6é day ABCD la hinh binh hanh tdm O. Goi M, N, P 1an ludt 1a trung diém cta
SA, BC, CD.

(1) Tim giao tuyén ctia hai mit phang (SAC) va (SBD).
(2) Tim giao tuyén ctia hai mit phang (SAB) va (SCD).
(3) Tim giao diém E ctia SB va (MNP).

(4) Chiing minh NE | (SAP).

Loi giai.

OcACCc(SAC)

1 Tac60=ACNnBD >
O eBC c(SBD).

Do d6 O 1a diém chung ctia hai mat phang (SAC) va (SBD)
ma S 1a diém chung thi hai ctia hai mét phang (SAC) va (SBD)
nén SO =(SAC)N(SBD).

AB|CD

_ |ABc(SAB) .
(2 Tacé =(SAB)N(SCD)=Sx | AB va Sx | CD.
CD = (SCD)

S e(SAB)N(SCD)

(3) Goi @ =NPNAB = Q la diém chung ciia (SAB) va (MNP)
ma M 1a diém chung thit hai nén (SAB)n(MNP)=MQ.
Trong mat phang (SAB) goi E =M@ nSB.

_[EeSB
Ta co =>E=SBnNn(MNP).
EeMQ c(MNP)
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(@) Ta c6 N la trung diém cta BC va BQ || CP nén BQ =CP va NQ =NP (1).
. CD
Goi F la trung diém cua AB, ta c6 AF =BF = 5 -5 - CP =BQ.
Ta c6 M, F 12 trung diém ctia SA va AB nén MF la duong trung binh tam gidc SAB nén MF || SB.
Trong tam gidc QMF c6 B 1a trung diém QF va BE | MF nén E 1a trung diém M@ (2).
Tu (1) va (2) ta ¢6 EN la duong trung binh tam giac QMP = EN | MP.
Mat khac, do MP c(SAP) nén NE || (SAP).

a

BAI 571. Cho tt dién ABCD. Lay diém M trén canh AB sau cho AM = 2MB. Goi G 1a trong tAm ABCD va I 1a trung
diém CD, H 1a diém d6i xting cta G qua 1.

(1 Chiing minh GD || (MCH).

e

(2) Tim giao diém K ctia MG véi (ACD). Tinh ti s6
Lai giai.

(1) Tac6 IC =ID va IG = IH nén GDHC 12 hinh binh hanh.
Do d6 GD | CH
ma CH c(MCH) nén GD || (MCH).

KeAIc(ACD)

T ABI i K=AINnMG, ta cé
(2) Trong mp(ABI), goi NMG, ta c6 {KEMG

=>K=MGn(ACD).
Trong mp(ABI), ké GE | AB, (E € AI).
IG 1 GE 1

GE
Xé iac ABI, c6 GE | AB — === —— =
ét tam giac , O GE | ,suyraAB 1B 3:>AM 3
KG GE 1 GK

Xét tam giac AKM, c6 GE | AM, suy ra W:A—M_isG—M:I.

BAI 572. Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh. Goi I, K 1an ludt 14 trung diém ctia BC va CD.
(1) Tim giao tuyén ctia (SIK) va (SAC), (SIK) va (SBD).

(2) Goi M 1a trung diém ctia SB. Chitng minh SD || (ACM).
. . .0 . N . . 2 MF
(3) Tim giao diém F ctia DM va (SIK). Tinh ti s6 UD"

Loi giai.
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1) — Tacé Se(SIK)N(SAC).

. Ee€IK c(SIK)
Trong mp(ABCD), goi E=IKnAC > =>Ee(SIK)N(SAC).
EcACc(SAC)

Suy ra SE =(SIK)n(SAC).

S e(SIK)N(SBD) i
— Taco = (SIK)N(SBD)=Sx, (v6i Sx | BD | IK).
BD €(SBD),IK €(SIK),BD | IK

(2) Trong mp(ABCD), goi O =ACnBD, tacé SD | MO. Ma MO c(ACM), suy ra SD || (ACM)

3 T (SBD), goi F =SxnDM SeDM F=DMn(SIK)
— lrong m = N = >0 = n .
o8 MPISBL, goL =8 S e Sxc(SIK)
MF MS
_TaCOSF”BD:>m—m .
O

BAI 573. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi G la trong tam ASAB, trén AD lay
diém E sao cho AD =3AE. Goi M 1a trung diém AB.

(@ Chiing minh EG | (SCD).
(2) Puong thang qua E song song AB cat MC tai F. Chiing minh GF | (SCD)

(3 Goi I 1a diém thudc canh CD sao cho CI =2ID. Ching minh GO || (SAI)

Loi giai.

(1 Goi H 1a trong tam tam gidc SCD, ta c6 GH | MN va WN -3
ED _ED 2

\

Laico ED | MN v =D
Suy ra GH | ED va GH =ED. Suy ra GHDE la hinh binh hanh.

_|EG|DH
T = EG || (SCD).

DH c(SCD)

AE 1

(2) Tacé MA | EF | CD, 51;;7;3%% ‘%_D 3
X M — === F .
ét tam giac SCcoMC 7S 3,suyraG | SC

Ma SC c(SCD). Vay GF | (SCD).

(3) Trong mp(ABCD), goi K =AINMN. Ta c¢6 SK =(SMN)N(SAI)
Goi L 1a trung diém cta A, ta c6 OL 1a dudng trung binh ctia hinh thang AMNI, suy ra

cD AB AM
oL AMeNT AMtTem AMrTe AMY TS sam oL 2
o2 2 2 2 I AM 3’




378 CHUONG 8. PUONG THANG VA MAT PHANG TRONG KHONG GIAN. QUAN HE SONG SONG.

KO oOL 2
Xét tam giac AKM, co ZI(;II A]lKlOsqura KM= AM -3
Xét tam giac SMK, cé —,suy ra GO | SK.

3’
Ma SK <(SAI). Vay GO | (SAI).

a

BAI 574. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M 1a trung diém ctia SC va N la trong tam
tam giac ABC.

(1) Chitng minh SB || (AMN).

(2) Tim giao tuyén (AMN) va (SAB).

(3 Tim giao diém I ctia SD véi (AMN). Tinh ti s6 %

(@) Goi @ la trung diém ctia ID. Chitng minh QC || (AMN).

Loi giai.

(@) Trong mp(ABCD), goi O = ACnBD.

OE 1
Trong mp(SAC), goi E =AM NSO, ta c6 E la trong tam tam giac SAC. Suy ra 0S -3
ON 1
Ta c6 N la trong tam tam giac ABC nén 0B-3

OE ON 1
Xét tam giac OSB c6 0S-0B-3 Suy ra NE | SB.

Ma NE c(AMN). Vay SB | (AMN).

Ae(SAB)N(AMN) .
(2 Tacé = (SAB)N(AMN) = Ax, (v6i Ax | SB).
SBc(SAB),SB | (AMN)

. Ie NEc(AMN)
(3) Trong mp(SBD), goi I = NEnSD = 1¢SD =>I=SDnNn(AMN).

2BO
IS BN BN 3 1

2BO ~ 2’
ID ND BD-BN 9BO d 9

Taco6 NE|SB=NI|SB=

(@ Trong mp(SBD), goi F = NENBQ.
Trong mp(ABCD), goi G = AN nBC, vi N la trong tam tam giac ABC nén G la trung diém ctia BC.
Ta co FG=(AMN)N(BQC).
Ké QT |FN,(TeBD). (1)
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. > . NT IQ 1
Xett;a}rvnglzlicDNI c60 QT | NI, suy ra DN-DI-2
Ma D "2 nén BN = NT, hay N la trung diém ctia BT. (2)

Tu (1) va (2), ta ¢6 F 14 trung diém cta BQ.

Do d6 GF la duong trung binh ctia tam giac BQC. Suy ra QC | GF.
Ma GF c(AMN). Vay QC || (AMN).

O
BAI 575. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N lan luct 1a trung diém ctia BC, CD.
(1) Tim giao tuyén ctia (SMD) va (SAB).
(2) Tim giao tuyén ctia (SMN) va (SBD).
. N g A N . .2 o N - 2 A KH
(3) Goi H la diém trén canh SA sao cho HA = 2HS. Tim giao diém K cia MH va (SBD). Tinh ti so XM
(@) Goi G la giao diém ctia BN va DM. Chitng minh HG | (SBC).
Lgi giai.
@ T (ABCD) iE=MDnNAB EeMD <(SMD) Eec(SMD)n(SAB)
= = = € .
rong mp > 801 " EcABCc(SAB) "
ma S e (SAB)N(SMD)= SE =(SAB)Nn(SMD).
MN | BD
@ Ta c6 { MN c(SMN),BD c(SBD) = (SMN)n(SBD)=Sx | BD | MN.
Se(SMN)N(SBD)
(3) Trong mp(ABCD), goi F=AMnNBD.
. KeSF c(SBD)
Trong mp(SAM), goi K=MHNSF = =K =MHN(SBD).
KeMH
., N . . 2 A N A < as ,GC 2 GC 1
(@) Trong tam giac BCD, BN va DM 14 hai trung tuyén nén G la trong tam. T d6 ta c6 CO-3 => AC-3
HS 1 GC HS
Mat khac, do HA=2HS nén —=->-—=—>HG | SC > HG | (SBC).
at khac, do nen o =37 ac ~sa HGISC=HGISBO)
O

BAI 576. Cho hinh chép S.ABCD c6 day ABCD la hinh thang véi AD la day 1én va AD = 2BC. Goi O la giao diém
cua AC va BD, G la trong tdm ctaa tam giac SCD.
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(@ Chiing minh OG | (SBC).
(2) Goi M 1a trung diém ctia canh SD. Chitng minh CM | (SAB).

(3) Gia st diém I trén doan SC sao cho 2SC = 3S1. Ching minh SA | (BID).

. KB

(@) Xac dinh giao diém K cta BG va mit phang (SAC). Tinh ti s6 — G

Ldi giai.

OD AD

(1) Tac6é AD | BC = 0B-BC "

. < N . GD
Mt khéc, goi N 1a trung diém SC. Vi G 1a trong tam ASCD nén OGN - 2
GD OD

=~ GN-O0B = OG | BN = OG | (SBC).

(2) Goi P la trung diém SA, ta c6 ngay PM la dudng trung binh ctia ASAD.
AD
Suy ra PM = - =BCvaPM|AD |BC. Do do PMCB la hinh binh hanh.
Vay CM | BP = CM || (SAB).

OA
(3 Tacé AD ||BC:~%=2.
s _SI___SI_OA
Mat khace, vi 25C = 3SI nén 16 2= I6-0C =>0I|SA=SA|BID).
(@) Trong mp(BCMP), goi K = BGNCP
ma CPe(SAC)=K=BGn(SAC).
BP CM 3

KB
TalalCOCG”BP3-K—G @ CG 5

a

BAI 577. Cho hinh chép S.ABC Goi M, P, I lan lugt 1a trung diém ctia AB, SC, SB. Mot mit phang (@) qua MP va
song song vdi AC va cat cac canh SA, BC tai N, Q.

(@ Chiing minh BC | (IMP).
(2) Xac dinh thiét dién ctia (@) véi hinh chép. Thiét dién nay la hinh gi?
(3 Tim giao diém ctia duong thing CN va mit phang (SMQ).

Loi giai.
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x D S

(1) Ta c6 IP la dudng trung binh ctia tam giac SBC nén IP | BC = BC | (IMP).

) Ta c6 (a) cat BC tai @ nén (a)n(SBC)=PQ va (a)n(ABC) = MQ.

Ta lai ¢6 (@) cat SA tai N nén (a¢)N(SAB)=MN va (a)n(SAC)=PN.
Vay thiéet dién can tim la ti giac MNPQ.

(| AC .
Mat khac, do ol > (@)N(ABC)=MQ | AC > @ 1a trung diém BC.

ACc(ABC)
Tuong tu ta chiing minh dudec NP || AC va N la trung diém SA.

AC

Lac nay NP va M@ la dudng trung binh tam giac SAC va ABC nén NP = M@ = - va NP | MQ.
Suy ra MNPQ la hinh binh hanh.

AC|MQ
(3) Tacé { AC<(SAC),MQ c(SMQ) = (SAC)N(SMQ)=Sx || AC.

S e(SAC)N(SMQ)
Trong mp(SAC), goi D=CNnSx. Taco DeSxc(SMQ)vaDeCN nén D =CNn(SMQ).

a

BAI 578. Cho hinh chép S.ABCD c6 day 1a mét hinh tit giac 16i. Goi M, N 1a trung diém ctia SC va CD. Goi (a) 1a
mét phang qua M, N va song song véi duong thang AC.

(1) Tim giao tuyén cta (a) véi (ABCD).
(2) Tim giao diém ctia SB va (a).
(3 Tim thiét dién ctia hinh chép cit bdi mat phéng (a).

Loi giai.
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AC | ()
(1 Tac6{ AC<(ABCD) = (a)n(ABCD)=Nx| AC.Ggi P=NxnAD tacé (e)n(ABCD)=NP.
N e(a)n(ABCD)

(2) Ta c6 MN la dudng trung binh ctia tam giac SCD nén SD | MN = SD = SD | (a).
SD || (@)

Goi K=NPNBD, tacé{SDc(SBD) = (a)n(SBD)=Ky|SD.Goi H=KynSB.

K e(a)n(SBD)
Taco HeKyc(a) va He SB= H =SBn(a).

SD | (a)
(3) Tac6{SD<c(SAD) = (a)n(SBD)=Pz|SD.Goi @ =PznSA.

Pe(a)n(SAD)

(@) va (SAB) c6 H, Q 1a diém chung nén giao tuyén 1a QH.

() va (SAD) c6 P, @ 1a diém chung nén giao tuyén la PQ.

(@) va (ABCD) ¢6 P, N 1a diém chung nén giao tuyén la PN.

(@) va (SCD) ¢6 M, N 1a diém chung nén giao tuyén 1a MN.

(@) va (SBC) ¢6 H, M 1a diém chung nén giao tuyén 1a HM.

Vay thiét dién can tim 14 ngii gidc MNPQH.

O
BAI 579. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh thang véi AB || CD. Goi M, N, I, 1an ludt 1a trung diém cta

AD, BC, SA.
(1) Tim giao tuyén ctia hai mit phang (IMN) va (SAC); IMN) va (SAB).
(2) Tim giao diém cta SB va (IMN).

(3 Tim thiét dién ctia mit phang (IDN) véi hinh chép S.ABCD.

Lai giai.

(1) Tim giao tuyén ctia hai mit phang (IMN) va (SAC); (IMN) va (SAB).

(a) Tim giao tuyén cta (IMN) va (SAC).
Taco6 Ie(SAC)NIMN).
Trong (ABCD) goi E=ACNMN =>E €(SAC)n(IMN).
Vay IE =(IMN)n(SACQ).

(b) Tac6 I e IMN)N(SAB) va MN la dudng trung binh cta hinh thang
ABCD nén MN | AB. Nén giao tuyén cia IMN) va (SAB) la duong
thang a di qua I song song véi AB.

2 Ta thiy SB < (SAB) va a = IMN)n(SAB). Goi J = SBna, vay J =SBn
(IMN).

(3) Ta thay

IJ=(SAB)N(IDN), ID =(SAD)N(IDN), DN =(ABCD)n(IDN), NJ =(SBC)n(IDN).

Vay thiét dién ctia (IDN) va hinh chép S.ABCD la ti giac IJND.
Od

BAI 580. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi G 1a trong tAm ASAB; N 1a méot diém
A 1 .
thudc doan AC sao cho % = 5; I la trung diém cta AB.

(1) Chiing minh OI || (SAD) va GN || SD.

2 Goi (a) 12 mat p}}éng di qua O, song song véi SA va BC. Mit phang (a) cat SB, SC 1an ludt tai L va K. Xac
dinh thiét dién cat béi mit phang («) v6i hinh chép.

Loi giai.
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(1 Ching minh OI | (SAD) va GN || SD.

(a) Chiing minh OI || (SAD).
Ta ¢6 OI | BC (OI la duong trung binh trong AABC) nén OI ||
AD (vi AD | BC) ma AD < (SAD) suy ra OI || (SAD).

(b) Ching minh GN || SD.

AN 1 AN 2 N N NI
DOI‘?V_C —1 3 7GE =3 suy ra N la trong tam AABD. Tu 46 ta
COE=§=E3GN”SD

(2) Xéac dinh giao diém L =SB (a).
Ta thay (@) 1a (KIH) véi H, K lan ludt 1a trung diém CD, SC. Ta
thay SB c (SBC), K = (a) n(SBC) va IH | BC nén giao tuyén cta
(@) va (SBC) 1a duong thing d di qua K song song véi BC. Khi d6
L=dnSB suy ra L la trung diém SB.
Ta thay

(@)n(ABCD)=HI, (a)n(SBC)=KL, (a)n(SAB)=LI.

Vay thiét dién cfia (@) véi hinh chép 1a hinh thang LKHI.
O
BAI 581. Cho hinh chép S.ABCD c¢é day ABCD 1a hinh binh hanh tdm O. Goi H, K 1an ludt 14 trung diém céc canh
SA, SB va M 1a diém thudc canh CD, (M khac C va D).

(D Tim giao tuyén ctia (KAM) va (SBC), (SBC) va (SAD).

(2) Tim thiét dién tao béi (HKO) véi hinh chép S.ABCD. Thiét dién 1a hinh gi?

(3 Goi L 1a trung diém doan HK. Tim I = OL n(SBC). Chitng minh ST || BC.
Loi giai.

(1) Tim giao tuyén ctia (KAM) va (SBC), (SBC) va (SAD).

— Tim giao tuyén caa (KAM) va (SBC).
Ta c6 K e (KAM)N(SBC). Trong (ABCD) goi F = AMnBC, nén
Fe(KAM)Nn(SBC). Suy ra KF =(KAM)n(SBC).

— Tim giao tuyén cia (SBC) va (SAD).
Ta thay S € (SBC)Nn(SAD), ma BC | AD nén giao tuyén caa
(SBC) va (SAD) 1a duong thang d di qua S song song véi AD
va BC.

(2) Tim thiét dién tao béi (HKO) véi hinh chép S.ABCD. Thiét dién 1a
hinh gi?
Ta thiy (HKO) va (ABCD) chita ¢6 chung diém O va 1an ludt chia
HK va AB song song véi nhau nén giao tuyén 1a duong thing o di
qua O song song véi AB cit AD va BC lan ludt tai E va G. Ta thay
(HKO)Nn(ABCD)=EG, (HKO)n(SAD)=HE,
(HKO)N(SAB) = HK,(HKO)N(SBC) = KG. Vay thiét dién ctia (HKO)
va hinh chép 1a hinh thang HKGE do HK | AB ma AB | EG nén
HK | EG.

(3 Tim I =OLn(SBC). Chiing minh ST | BC.
Trong (HKGE) goi I =OLNGK
ma GK c(SBC)=1€0OLN(SBC).
Trong (SAB) goi J = SLnAB khi dé L 1a trung diém ctia AB do
HK | AB.
Xét (SJO) va (SBC) ta thiy c¢6 S 1a diém chung va OJ || BC nén giao
tuyén 1a dudng thang di d di qua S va song song véi BC. Mat khac
Ie(SJO)N(SBC)nén SI=d. Vay SI | BC.

BAI 582. Cho tit dién ABCD, c¢6 M, N lan ludt 14 trung diém ctia AB, BC va G 1a trong tam ctia tam gidc ACD.

(1) Tim giao diém E ctia MG va (BCD).
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(2 Tim d =(MNG)N(BCD). Gia stt d nCD = P. Chiing minh GP || (ABC).
(3) Goi (a) 1a mat phang chita MN va song song véi AD. Tim thiét dién cla () véi ti dién.
Lgi giai.

(1) Tim giao diém E ctia MG va (BCD).
Ta thiy (ABF) chiia MG véi F la trung diém ctia DC va BF = (ABF)n
(BCD). Goi E=MGnNBF =>E=MGn(BCD).

(2 Tim d =(MNG)N(BCD). Gia stt d nCD = P. Chiing minh GP || (ABC).
Ta ¢6 N € (BCD)N(MNG) va E € MG «c (MNG); E € BF c(BCD). Suy ra
d=NE =(MNG)n(BCD).
Ta thay

P
(ABC)N(EMN)=MN, (DAC)N(ABC)=AC, (EMN)Nn(DAC)=GP
A C
ma MN | AC nén GP | AC = GP | (ABC).
N

(3 Goi K 1a trung diém cta BD, do () chita MN va song song v6i AD nén
(@) di qua K. Ta thay
B
(a)Nn(ABD)=NK, (¢)n(ABC), (a)n(BCD)=KN.

Vay thiét dién ctia (a) va hinh chép 14 tam gidc MNK. -
BAI 583. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Piém M thudc canh SA théa méan 3MA =2MS.
Hai diém E va F lan ludt 1a trung diém ctia AB va BC.
(1) Xac dinh giao tuyén ctia hai mit phang (MEF) va (SAC).

. . . KS
(2) Xéac dinh giao diém K ctia mit phang (MEF) v6i canh SD. Tinh ti s6 D"

. o , . ;1. 2 IM
(3) Tim giao diém I ctia MF véi (SBD). Tinh ti s6 7

(@) Tim thiét dién tao béi mat phing (MEF) véi hinh chép S.ABCD.
Loi giai.

(1) Xéac dinh giao tuyén ctia hai mit phang (MEF) va (SAC).
Ta thay M e  MEF)n(SAC) va EF | AC v6i EF c (MEF), AC || (SAC)
nén giao tuyén cua (MEF) va (SAC) la duong thang d di qua M
song song v6i AC.

(2) Xac dinh giao diém K ctia mat phang (MEF) véi canh SD. Tinh ti

+ KS

SO I{_D
Ta thay SD < (SBD), goi H=EFnBD, O = ACnBD, L =dnSO. Khi
d6 HL =(MEF)n(SBD), goi K=HLNSD > K =SDn(MEF).

. MA LO 3
DOML”ACHGHM—S—E—E. »
Xét tam giac SOD trong (SBD) vi K, L, H thang hang nén theo
SK HD LO SK 3 SK 2
inh 1i Menel 0 — — - —=1>—-3 —==1> —=—.
dinh 1i eneaustacoKD 7O IS :>KD 3 3 :>KD 5

e . o e 2 IM
(3 Tim giao diém I ctia MF v6i (SBD). Tinh ti s6 7

Trong (MEF) goi I =HLNMF ma HL c(SBD)=1=MF n(SBD).

IM ML
Do ML | AC vAaEF |AC nén ML |EF. Tudétasuyra — = — =

IF ~ HF
HL HF 2 1 4

(@) Tim thiét dién tao bdi mat phang (MEF) véi hinh chép S.ABCD.
Goi N = MLNSC. Ta thay (MEF)n(SAB)=EM,
(MEF)N(ABCD)=EF, (MEF)n(SAD) = MK,

(MEF)N(SCD) = KN, (MEF)n(SBC) = NF. Vay thiét dién cta
(MEF) v6i hinh chép la nga gidc EMKNF.
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BAI 584. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tadm O. Goi M, N 14 trung diém caa SA, SD.

(1) Xac dinh giao diém cia NC va (OMD).

(2) Xéac dinh thiét dién ctia hinh chép véi mat phang (P) qua MN va song song véi SC.

Lgi giai.
K

(1) X4c dinh giao diém ctia NC va (OMD).
Ta thdy CN c (SCD), OM | SC ma OM < (OMD), SC c (SCD) va
0 € (OMD)n(SCD) nén giao tuyén ctia (OMD) va (SCD) la dudng S
thang d di qua D va song song véi OM, SC. Goi K=dnNC =K = /
NCn(OMD). )

1

(2) Xac dinh thiét dién ctia hinh chép véi mat phang (P) qua MN va Y N
song song véi SC. /,«'e\—\ —————
Ta thdy (P)= (OMN). AN
Xac dinh giao tuyén ctia (OMN) va (SCD). N T
Ta thdy N € (OMN)N(SCD) va OM || SC nén giao tuyén ctia (OMN) y \\ N\
va (SCD) 1a dudng thang di qua N song song v6i SC cit CD tai I 1a ,’,A‘C L
trung diém CD. N AT
Goi J =0INAB. Ta thay (OMN)n(SAB)=JM, ,5 o N
(OMN)n(SAD)= MN, (OMN)n(SCD) = IN, (OMN)n(ABCD). Vay p -
thiét dién cia mat phang (P) véi hinh chép 14 hinh thang MNIJ. B C

BAI 585. Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh. Goi M 14 trung diém cta SC, (P) 1a mét phang
qua AM va song song véi BD.

(1) Xac dinh thiét dién ctia hinh chép khi cat béi mat phang (P).

(2) Goi E, F lan ludt la giao diém ctia (P) v6i canh SB va SD. Hay tim ti s6 dién tich ctia tam gidac SME véi dién
tich tam giac SBC va ti so dién tich ctia tam gidc SMF va dién tich tam giac SCD.

(3) Goi K la giao diém ctia ME va CB, J 1a giao diém ctia MF va CD. Chitng minh ba diém K, A, J nam trén mot
N 2 L. R ., + EF
duong thang song song véi EF va tim ti so X7

Loi giai.



386 CHUONG 8. PUONG THANG VA MAT PHANG TRONG KHONG GIAN. QUAN HE SONG SONG.

(1) Xac dinh thiét dién ctia hinh chép khi cat bai
miét phang (P).
Trong (ABCD) qua A ké dudng thang song song
BD cat BC va CD lan ludt tai K va J. Khi dé
(P) = (MKJ). Goi E = MKnSB, F = CDnSD.
Khi dé, ta thay (P)n(SAB)=EA, (P)n(SBC) =
EM, (P)n(SCD) = MF, (P)n(SAD) = AF. Vay
thiét dién cta (P) véi hinh chép la ti giac
AEMF.

(2) Tinh ti sb dién tich ctia tam gidc SME véi dién
tich tam gidac SBC va ti s6 dién tich caa tam
giac Sél:[F va di%n ticSh tam giac SCD.

. SASME ESM 21 1 <.

Ta ¢6 Srspe SBSC-332°3 (Vi E lagiao

diém ctia hai duong trung tuyén KM va SB nén

E la trong tAm ctaa tam giac SCK.)

Spasyrp  SF SM 21 1

Srscp SD SC 32 3

F 1a giao diém cua hai dudng trung tuyén JM

va SD nén F la trong tam cta tam giac SCJ.)

Tuong tu ta c6

(3 Chiing minh ba diém K, A, J nam trén mét
2 . <o .. x EF
duong thang song song véi EF va tim ti so X7

Ta co
E 2 F EF ME 1
SE_2_SF  ppigs-ZE_ME_1
SB 3 SD KJ MK 3

a

BAI 586. Cho hinh chép S.ABCD c6 G la trong tAm AABC. Goi M, N, P, @, R, H 1an ludt 14 trung diém cta SA,
SC, CB, BA,@N, AG.

(1) Chiing minh riang S, R, G thang hang va SG = 2MH = 4RG.
(2 Goi G’ 1a trong tam ASBC. Chitng minh ring GG’ | (SAB) va GG’ | (SAC).
Li giai.

(1) Chiing minh rang S, R, G thiang hang va SG = 2MH = 4RG.
Goi E, F lan luot 14 trung diém ctia AC va SB khi d6 ta c6 QENF

14 hinh binh hanh (do EQ = NF = %BC, EQ | BC | NF)nén R la

trung diém ctia EF. Ta thiy S € (SQC)n(SEB), G € (SQC) N (SEB),
Re(SQC)N(SEB) suy ra S, R, G thang hang.
Vi M, H lan luot 1a trung diém ctia SA, AG nén SG = 2MH.

Xét ASGB vi E, R, F thang hang nén theo dinh 1i Menelaus ta c6
RS EG FB RS 1 RS

L. =12 .2.1=1=> — =3=8G =4RG.
~RG'3 “RG°T
(2) Chiing minh rang GG' | (SAB) va GG’ | (SAC).

PG 1 PG
Xét ASAP ¢6 — === — " SA ma SA AB) va SA
ét AS co S ~ 3 PA:>GG ISA ma SAc(SAB) va SA c

(SAC) nén suy ra GG' || (SAB), GG' | (SAC).

sAl3.  HAI MAT PHANG SONG SONG

@ TOM TAT LY THUYET
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0 V| TRi TUONG DSI CUA HAI MAT PHANG PHAN BIET

Cho dudng thing d va mat phang (P). Cé ba truong hop xay ra:

(P), (@) ¢6 1 diém chung: (P)n(Q)=a (P), (Q) khéng c6 diém chung: (P) || (Q)

Pinh nghia 1. Hai mét phéng dudc goi 14 song song néu ching khéng cé diém chung.

€ CACDINHLI

M
Pinh li 1. Néu mdt phdng (a) chita hai duong thing cdt nhau a, b va a, b /o/fl%

ciing song song vdi mdt phang (B) thi (a) song song vdi (p).

— Mubn chiing minh hai mét phéng song song, ta phai chiing minh c6 hai duong thang cit nhau
thudc mat phang nay lan lugt song song v6i mat phang kia.

— Mubn ching minh dudng théng a || (), ta chiing minh duong thing o« nam trong miat phing

P) 1(@).
. s A g > \ . A % 2 2 - A N 2 4
Dinh li 2. Qua mét diém nam ngoai mét mat phang cho trude cé6 mot va chi
mot mdt phdng song song vdi mdt phdng da cho. &
Hé qua 1. — Néu dudng thing d song song v6i méit phing (a) thi trong («) ¢6 mét dusng théng song song

v6i d va qua d c¢6 duy nhat mét miat phing song song véi («). Do d6 duvng thing d song song véi (a) ta
phai chiing minh d thudc mat phang (8) va c6 (a) || (B) = d | ().

— Hai mat phang phan biét cung song song véi mit phang thi ba thi song song véi nhau.

— Cho diém A khéng n3m trén mit phing (a). Moi dudng thing di qua A va song song véi (a) déu ndm
trong mat phang di qua A va song song vdi (a).

Dinh li 3. Cho hai mdt phang song song. Néu mot mdt phdang cat mdat phang

nay thi ciing cdt mdt phang kia va hai giao tuyén song song vdi nhau.
LT
\ \
[0 \ \

\ \
p\l—F
/ \ \

1

Hé qua 2. Hai mét phang song song chin trén hai cat tuyén song song nhiing doan théng bang nhau.
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/|
Dinh li 4. Pinh li Thales: Ba mdt phing déi mét song song chdn trén hai u A
cdt tuyén bét ki nhitng doan thing tuong ung ti 1é. A \

() / '

/u
//\&

O viby

VI DU 1. Cho hinh chép S.ABCD véi dday ABCD 1a hinh thang ma AD || BC va AD =2BC. Goi M, N lan lust
14 trung diém ctia SA va AD. Chitng minh: (BMN) | (SCD).

Lgi giai.
. AD
Vi N la trung diém caa AD nén NA=ND = T:BC' S

T giac NBCD ¢6 ND =BC va ND | BC nén NBCD la hinh binh hanh, suy
ra NB|CD = NB|(SCD).
Tam gidc SAD c6 M, N lan ludt la trung diém cta AS va AD nén MN la M
duong trung binh cta AADS, suy ra MN | SD = MN || (SCD).
. {MN | (SCD), MN c (BMN)

= (BMN) | (SCD).
BN || (SCD), BN c(BMN)

(® BAITAP AP DUNG

BAI 587. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tam O. Goi M, N, P lan ludt 1a trung diém SA, SB, SD
va K, I 1a trung diém ctia BC, OM.

(1) Chitng minh (OMN) || (SCD). (2) Chitng minh (PMN) || (ABCD).
(3) Chitng minh K1 || (SCD).
Loi giai.
(1) Ta c6 O, M 1an ludt la trung diém cta AC va SA
nén OM | SC, suy ra OM || (SCD). Tuong tu ON ||

(SCD).
Khi d6 (OMN) | (SCD).

(2) Ta c6 N, M lan lugt 12 trung diém ctia SB va SA
nén MN | AB, suyra MN | (ABCD). Tuong tu PM ||
(ABCD). Vay (PMN) || (ABCD).

(3) Ta ¢6 O, K lan lugt 1a trung diém ctia AC va BC
nén OK | AB, suy ra OK | MN. Khi dé 5 diém M,
N, K, O, I dong phang.
TUu cau trén (OMN) || (SCD), thi KI || (SCD).

BAI 588. Cho hinh chép S.ABCD c6 day la hinh binh hanh tdm O. Goi M, N 1an lugt 1a trung diém SA, SD
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(1 Chiing minh (OMN) | (SBC).
(2 Goi P, @, R lan lugt la trung diém cta AB, ON, SB. Chitng minh PQ || (SBC) va (ROM) || (SCD).

Loi giai.

(1) Ta c6 O, M lan ludt 1a trung diém ctia AC va SA
nén OM | SC, suy ra OM || (SBC). Tuong tu ON ||
(SBC).

Khi d6 (OMN) | (SBC).

(2 Ta ¢6 O, P lan ludt 1a trung diém ciia AC va BA
nén OP || CB, suy ra OP | (SBC) hay P € (OMN).
Mit khac Q € (OMN).

Theo trén (OMN) | (SBC) thi PQ | (SBC).

Ta c6 R, O lan ludt 14 trung diém caa SB va BD
nén RO || SD, suy ra RO | (SCD).

Theo trén OM || SC nén OM | (SCD).

Vay (ROM) || (SCD).

a

BAI 589. Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khong dong phang. Goi I, J, K 1an lugt 1a
trung diém AB, CD, EF. Chiing minh

(D (ADF) || (BCE). @ (DIK) || (JBE).

Loi giai.

(1) Tac6 AD | BC, suy ra AD | (BCE). Tuong tu
AF | (BCE).
Khi d6 (ADF) || (BCE).

(2) Trong hinh binh hanh ABCD ¢6 I, J 1an luot
la trung diém ctia AB va CD nén BI = DJ.
Do d6 IBJD la hinh binh hanh. Suy ra DI |
BJ nén DI | (JBE).

Trong hinh binh hanh ABEF ¢6 I, K 1an luot
12 trung diém ctia AB va EF nén IK | EF,
suy ra IK || (JBE).
Vay (DIK) || (JBE).

a

BAI 590. Cho hai hinh binh hanh ABCD va ABEF nam trén hai mit phéng khéc nhau. Trén céc dudng chéo AC,
BF lay cac diém M, N sao cho MC =2AM, NF =2BN. Qua M,N 1an ludt ké cac duong thang song song véi canh AB,
cat cac canh AD, AF theo tha tu tai M1, N1. Chiing minh rang

(1) MN || DE. (2 M1N1 | (DEF). (3 (MNM1N,) | (DEF).

Loi giai.
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. BM AM 1 BN 1

Goi I 1a giao diém ctia BM véi CD. Khi d6 ta ¢c6 — = —— = =. Mat khac — ==.
@ ()1. ,aglao iém cua v6i idotac - =rm =o. Matkhac =

Khi d6 MN | IF.

AM 1 AB 1

Theotrén—:inénE:—.SuyraDI:CD:AB.

Laic6 DI | EF. Do d6 DEFI l1a hinh binh hanh, hay FI | DE.

Vay MN | DE.

(2) Theo gia thiét thi MM, | NN; (vi cing song song véi AB) nén M, M;, N,N; dong phang.
Lai c6 MM | (DEF) (vi MM || CD || AB) va theo cau trén thi MN | DE nén MN | (DEF).
Vay (MM1N1N) | (DEF), suy ra M1N; | (DEF).

(3) Da chitng minh & cau 2.
O

BAI 591. Cho hai hinh binh hanh ABCD va ABEF nam trén hai mit phing phéan biét. Goi I, J, K theo thi tu 1a
trong tam céc tam giac ADF, ADC, BCE. Chiing minh ring (IJK) | (CDFE).

Loi giai.

Ta ¢6 CD | EF | AB nén CD va EF déng F E
phéng.

Goi M, N 1an lugt 14 trung diém caa DF,
CD. Khi d6, vi I, J 1an ludt 1a trong tam
tam giac ADF, ADC nén

Al 2 AJ

Mt khac, goi P 1a trung diém CE. Khi dé
BK 2

'ﬁf co A3BCD, ABEF la hinh binh hanh nén
CDFE cing la hinh binh hanh. Khi dé véi
M, P 1a trung diém ctaa hai canh déi caa
hinh binh hanh CDFE nén MP | CD | AB

suy ra IK | MP | AB. Do d6 ABPK cung la

. . N . Al 2 BK
hinh binh hanh. Ta ¢6 AL -3-BP Suy

ra IK | MN. Khi d6 IK || (CDFE).
Vay (IJK) | (CDFE).

O
BAI 592. Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh tdm O. Goi M, N, P lan lugt 1a trung diém SA, BC, CD.

(1) Tim giao tuyén ctia hai mit phang (SAD) va (MOP).
(2 Goi E la trung diém ctia SC va I 1a diém trén canh SA théa AI =3IS. Tim K = IEn(ABC) va H=ABn(EIN).
. AH
Tinh ti s6 —.
inh ti s0 ——
(3) Goi G 1a trong tam tam gidc SBC. Tim thiét dién hinh chép S.ABC bi ciat béi IMG).
LdJi giai.
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(1) Ta cé O, P lan lugt 1a trung diém ctia AC va CD nén OP | AD, suy ra OP || (SAD).
Khi d6 giao tuyén ctia (SAD) va (OMP) la dudng thang qua M va song song véi AD va cat SD tai trung diém
Q cua SD.

2 SI
(2) Xét mat phang (SAC) ¢6 — =

1
) SA 4
Khi d6 K =IEn(ABOC).
Ap dung dinh 1y Menelaus trong tam gidc SAC véi ba diém K, E, I théng hang c6

1 SE v .
755:@ suy ra IE cat AC tai K.

KC IA ES e KC31 Lo KC _1
KA IS EC KA 1 KA 3

Ap dung dinh 1y Menelaus trong tam gidc ABC véi ba diém K, N, H thing hang ¢6

KC HA NB 1 HA HA
- V. —=le-.—.1=1 —=3.
KA HB NC 3 HB HB

AH 3
Khi dé 22 = 2,
°AB 1’

(3) Ta thay mit phang (IMG) ciing chinh 1a mat phang (SAG).
Vi G 1a trong tAm tam giac SBC va N 1a trung diém BC nén IMG)n(SBC)=SN.
Vay thiét dién hinh chép S.ABC bi cat béi (IMG) la tam giac SAN.

a

BAI 593. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M,N lan ludt 1a trung diém caa SA
va CD. Goi E 1a giao diém ctia AD va (BMN), I 1a trung diém ctia ME va G = AN nBD.

(1) Tim diém E va giao diém F cta SD véi mat phang (BMN). Chiing minh FS = 2FD.
@ Ching minh FG || (SAB) va (CDI) || (SAB).
(3) Goi H 1a giao diém ctia MN va SG. Chiing minh OH | GF.

Loi giai.

(1) Trong mit phang (ABCD) kéo dai BN cat dudng thang AD tai E. Khi d6 E 1a giao diém ctia (BMN) véi AD.
Goi F 1a giao diém ctia ME v6i SD. Khi d6 F 1a giao diém ctia SD véi (BMN).

ED _ DN 1
b nén D la trung diém cta doan AE. Tt d6 suy ra SD va EM la cic duong trung tuyén caa

EA AB
tam giac SAE. Suy ra F la trong tdm tam giac SAE. Vay FS =2FD.
GD DN 1
(2) Tam gidc DGN va tam giac BGA dong dang nén — GE-BA 3

GD FD
T d6 suy ra GBS Nén FG | SB= FG | (SAB).
Taco CD |AB va DI || MA. Tu dé suy ra (CDI) | (SAB).

(3) Ta c6 G la trong tam tam giac ACD. Ap dung dinh 1y Menelaus cho tam gidc SAG v6i bd ba diém thing hang

M,H,N, ta co
NG MA HS 1 HS HS
. . —le.l1l—=1e =3.
NA MS HG 3 G HG
oG 0G 1
T — === H | SB.
acungcoOB oD 330 IS

Theo chiing minh trén ta ciing ¢c6 GF | SB. Vay OH | GF.
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BAI 594. Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh tam O. Goi M 14 trung diém cta SC, N 1a diém
trén duong chéo BD sao cho BD = 3BN.
™ 1

4 N ™™
(1) X4c dinh giao tuyén ctia mat phang (SCD) va (SAB) va tim T =DM n(SAB). Tinh Yok DS: D "3

(2) Goi K = AN nBC. Chiing minh riang MK || (SBD).

LS | Sixkm LS 1 SIKM 3

Goi I=ANNDC,L=IMnSD. Tinh ti s6 — . bs: —
(3) Goi nDC, n inh ti 80 775 va 5"~ ID "% S "8

Loi giai.

(1) — Mzt phéng (SAB) va (SCD) lan lugt chita hai duong thang song song 1a AB va CD nén giao tuyén cta
chung la duong thang d qua S vad | AB || CD.
— Trong méit phing (SCD) kéo dai DM cét d tai T. Khi d6 T ed = T € (SAB). Vay T =DM n(SAB).
MT MS —1.V3 ™ 1

— Do CD ||ST h MCD MST D —_— = . —=—.
0 CD || ST nén hai tam gidc MCD va MST dong dang. Do dé UD - MC Vay D = 3
BN 1 BN 2
@ Vi—-= § B0°3 Do d6 N la trong tam tam giac ABC.
Suy ra K 1a trung diém ctia BC. Dan dén MK la duong trung binh cta tam giac SBC.
Nén MK | SB=> MK || (SBD).
IC KC 1
(3) — Tam giac IKC va tam giadc IAD dong dang nén — ID-AD -2
Ap dung dinh 1y Menelaus trong tam gidc SCD véi bo diém thing hang I, M, L ta c6
LSQM01£211LSE
LD IC MS LD LD 2

— Ap dung dinh Iy Menelaus cho tam giac IDL véi ba diém thing hang S,M,C ta c6

SD ML CI ML ML 1
2 T sle3 ——1=1o -
SL MI CD MI MI 3
3
Tu d6 suy ra IM = —1IL.
4 h IM 3
Goi h, k 1a ludt 1a d6 dai duong cao cac tam gidc IKM va IAL ké tit M va L. Dé thay réng;zﬁzz.
Vay
SIKM_%h'IK_?’ 1.3
=3 =2.-2-2
SraL ShIA 4 2 8

O
BAI 595. Cho hai hinh vuéng ABCD va ABEF & trong hai mit phang phan biét. Trén cac dudng chéo AC va BF lan
lugt 14y cac diém M, N sao cho AM = BN. Cac dudng thang song song v6i AB vé tit M, N lan ludt cat AD va AF tai
M'vaN'.
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(1) Chitng minh rang (ADF) || (BCE). (2) Chitng minh rang (CDF) | (MM'N'N).

Loi giai.

AD | BC
@ Ta c6 { AF | BE = (ADE) || (BCF).
ADNAF=A
(2 Tacé
AM AM’
MM'|CD=>—"F="—
I€D= 3¢ =D
Ta cing ¢6
BN AN’
! -
NN'|AB> BF - AF
Ma ti gia thiét ta c6

AM _BN _ AM' _AN'
AC BF ~ AD AF
Tu (3) suyra M'N' | DF. Ta ciing ¢c6 MM' | NN' | DC | FE.
Vay (CDF) | (MM'N’'N).

o)

(2

3

a

BAI 596. Cho hinh lang tru ABC.A'B'C’. Goi I, J, K 1an lugt 1a trong tam cac tam gidc ABC, ACC', A'B'C’. Chiing

minh r.:?lng (IJK) | (BCC'B'Yva(A'JK) | (AIB).
Loi giai.

(1) Goi M, N, P lan lugt 14 trung diém ctia BC, CC’ va B'C'. Theo tinh chét ctia trong tAm tam gidc ta c6

Al AJ
M- an o JIMN.
Al AK 2
Ta giac AMPA' 1a hinh binh hanh va ¢6 — =——=-=IK | MP.

AM AP 3
Vay (IJK) || (BCC'B)).

(2) Chu y rang mat phing (AIB’) chinh 1a mét phang (AMB’). Mt phéng (A’JK) chinh 1a mat phéng (A'CP).
ViAM | A'P, MB' | CP (do ti giac B'MCP la hinh binh hanh). Vay ta c6 (A'JK) || (AIB’).
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BAI 597. Cho hinh chép S.ABCD c6 dé}f ABCD la hinh thang véi day 16n AD va AD =2BC, M € BC. Goi (P) l1a mat
phang di qua M, (P)|| CD,(P)| SC, (P) cat AD, SA ,SB lan ludt tai N, P, Q.

(D Ching minh rang NQ | (SCD) va NP || SD.

(2) Goi H, K lan lugt 1a trung diém ctia SD va AD. Chiing minh rang (CHK) || (SAB).

Loi giai.

(1) - Tt M ta ké duong thing song song véi CD cat AD tai N va cat AB tai E.
Tu M ké dudng thang song song véi SC cit SB tai Q. Kéo dai EQ cit SA tai P.
Theo cach dung ta suy ra (EPN) | (SCD) va NQ < (EPN). Vay NQ || (SCD).
- Do (P) | (SCD) va hai mit phang nay cung cat (SAD) theo cac giao tuyén 1a NP va SD. Do d6 ta suy ra

NP | SD.
(2) Ta c6 HK la duong trung binh ctia tam gidc SAD nén HK | SA (1)
Vi K la trung diém ctia AD nén AK = BC. Do d6 ti gidc ABCK 1a hinh binh hanh. Suy ra CK | AB (2)

Tu (1) va (2) suy ra (CKH) || (SAB).

a

BAI 598. Cho hinh chép SABC ¢6 G la trong tam tam gidc ABC. Trén doan SA lay hai diém M, N sao cho SM =
MN =NA.

(1) Chiing minh rang GM | (SBC).
(2) Goi D 1a diém dbi xting véi A qua G. Chiing minh rang (MCD) | (NBG).
(3) Goi H =DM n(SBC). Chitng minh rang H 1a trong tam tam gidc SBC.

Ldi giai.

. ... AG AM 2 X
(1) Goi E la trung diém ctia BC. Khi d6 ta c6 AZ-AS 3> GM | SE. Vay GM | (SBC).
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(2) Tit gia thiét ta suy ra G,N lan ludt 1a trung diém ctia AD va AM. Do d6 NG | MD (1) (1)
T gidc BDCG c¢6 E 14 trung diém ctia hai dudng chéo nén d6 1a hinh binh hanh. Suy ra BG | CD (2)
Tu (1) va (2) suy ra (MCD) | (NBG).
3 Ta c6 AE la duong trung tuyén ctia tam giac SBC 3)
Ap dung dinh Iy Menelaus cho tam gidc SAE véi ba diém thang hang M,H,D ta c6
HS DE MA HS 1 HS
eala et iailait 22 2.9 2 _9 4
HE DA MS ' wHE 1% 1'% mE @

Tu (3) va (4) suy ra H la trong tam tam giac SBC.
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ssld. BAITAP ON CUOI CHUONG 2

BAI 1. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O.

(D Tim giao tuyén ctia (SAB) va (SCD).

(2) Goi E 1a trung diém ctia SC. Chiing minh OE || (SAB).

. S R A N . g 2 N . 2 A SM
(3) Goi F 1a diém trén doan BD sao cho 3BF = 2BD. Tim giao diém M ctia SB va (AEF). Tinh ti so SB"

Lgi giai.
AB || (SCD)
(1) Ta c6 { AB<(SAB) = (SAB)N(SCD)=Sx| AB.
Se(SAB)Nn(SCD)
OE | SA (dudng trung binh)
(2) Tac6{ SAc(SAB) = OE | (SAB).
OE ¢(SAB)
(3 Trong mat phéng (SAC) ¢6 I =SONAE.
I €(SBF)
Suy ra .
I €(AEF)
SB c(SBF)
FI=(SBF)N(AEF) > M e SBn(AEF).
M=FInSB
Ta co
3BF =2BD
= 3(OB+O0OF)=40D
=> 30D +30F =40D
= 30F =0D
OF 1
— ==, 8.1
~ oD 3 ®.1)
W OE 0OI 1
Mat khac AIOE -~ AISM (g.g), suy ra SM-SI-2 suy ra
ol 1
- -z 2
oS 3 2)

Tu (1) va (2) suyra FI | SD, suy ra MF | AD.
2 1 1

Ma FD = gOD = §BD, suyra SM = §SB.

SM 1

Vay 22 = =
¥ SB "3
O

BAI 2. Cho hinh chép S.ABCD cé day ABCD la hinh binh hanh tam O. Goi I, J lan lugt 1a trong tam tam gidc SAB
va SAD. Goi M, N lan lugt 1 trung diém ctia SA, SB.

(@ Chitng minh IJ || (ABCD). (2) Chitng minh (OMN) || (SDC).

(3) Tim giao tuyén ctia (SAB) va (SDC). (@) Tim giao diém ctia BC va (OMN).

Loi giai.



4. BAI TAP ON cUOI CHUONG 2

(1) Goi P, @ 1an luot 1a trung diém ctia AB va AD, ta co:

SI SJ 2
SPSQ 3
SuyralJ | PQ.
1J| PQ
PQ c(ABCD) = 1J | (ABCD).
IJ ¢(SBCD)

(2) Xét hai mat phang (OMN) va (SCD) cé:
MN |CD (cung song song AB) MN || (SCD)

MO | SC - {MO|(SCD) = (OMN)]|
M=MNnMO M=MNNMO
(SCD).
AB | (SCD)
(3) Ta ¢6 { AB c(SAB) = (SAB)N(SCD) = Sx || AB.
S e(SAB)Nn(SCD)
(@) Goi R 12 trung diém BC, dé dang chiing minh MN | RQ.
BC c(ABCD)
Ta co { (OMN)N(ABCD)=R® > R =BCn(OMN).
R=BCNRQ

397

BAI 3. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tdm O. Goi H, I, K, L lan lugt 1a trung diém cta

SA, SC, OB, SD.

(1) X4c dinh giao tuyén ctia mit phang (SAC) va (SBD); (HIK) va (SBD).

(2) Chitng minh OL song song véi (HIK).

(3) Xac dinh thiét dién cta hinh chép S.ABCD bi cit béi mat phang (HIK).

Loi giai.
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[soc(sAC)
@) Ta c6 = SO =(SAC)N(SBD).
SO c(SBD)

Goi M 1a giao diém ctia SO va HI, ta cé:
K eBO c(SBD)
K e(HIK)
=> MK =(HIK)n(SBD).
MeSOc(SBD)
MeHIc(HIK)

(2 Trong tam gidc SAC c6 HI | AC nén theo dinh Ii Talet ta cé

SM 1 L
—, suy ra M la trung diém SO.

S0 2
Trong tam gidc SOB c¢6 MK || SB (tinh chét trung binh), trong

tam giac SBD ¢6 OL | SB (tinh chit trung binh). Do d6, OL ||

MK.
OL | MK

Ta c6 { MK c(HIK) = OL | (HIK).
OL ¢ (HIK)

(3) Goi N, P lan ludt 1a trung diém ctia AB va BC, tit d6 dé dang
ching minh dude N, K, P thing hang. Goi @ 1a giao diém cta

MK va SD.
Suy ra NP | AC = NP | HI (tinh chat trung binh).

HN =(HIK)N(SAB)
PI=(HIK)Nn(SBC)
Tac6{ QI =(HIK)N(SCD)
HQ =(HIK)N(SAD)
NP =(HIK)n(ABCD).
Do d6, thiét dién tao béi (HIK) va hinh chép S.ABCD la ngii

gidc HNPIQ.
O

BAI 4. Cho hinh chép S.ABCD c6 day ABCD la hinh thang canh day 16n AD. Goi E, F lan ludt 1a cac diém trén hai
E F 1
S SE _ Goi G la trong tam tam giac ABC.

h SA, SD théa man diéu kié ===z,
canh SA, SD théa man diéu 1enSA SD "3

(1) Tim giao tuyén ctia (SAB) va (SCD), ctia (SAD) va (SBC).
(2) Tim giao diém H ctia CD va (EFG).

(3) Chitng minh EG || (SBC).

(@) Xac dinh thiét dién ctia hinh chép S.ABCD bi cat béi (EFG). N6 1a hinh gi?

Loi giai.
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(1) Goi I 1a giao diém ctia AB va CD, ta cé:
S e(SAB)

S e(SCD)
=SI=(SAB)N(SCD).
Ie ABc(SAB)

IeCDc(SCD)
BC | AD

|ADc(sAD)
Ta c6 = (SAD)n(SBC)=Sx | BC.
BC c(SBC)

S e(SAB)N(SBC)
A

< . K 2
(2) Theo dinh 1i Talet thi EF || AD, lay diém K trén AB sao cho AB-3 do
do:

Cuang theo dinh 1i Talet thi KG | BC ma BC | AB nén EF | KG.
Goi H 1a giao diém cia KG va CD, ta c6:
{H eCD

=>HeCDN(EFQG).
HeKHc(EFG)
EF | BC c(SBC)
(3) Tacé { EK || SB<(SBC) = (EFG) | (SBC)= EG | (SBC).
E=EFnEK

EF =(EFG)n(SAD)

FH =(EFG)n(SBD)

KH =(EFG)n(ABCD)

EK =(EFG)n(SAB)

@ =(EFG)N(SBC)

EF.

Vay miét phang (EFQG) cat hinh chép S.ABCD 1a hinh thang EFHK.

(@) Ta c6 1

BAI 5. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi G 1a trong tam ASAB. Lay diém M thudc canh
AD sao cho AD =3AM.

(1) Tim giao tuyén cta hai mat phing (SAD) va (GCD).

(2) Tim giao diém I ca CD va mit phang (SGM).

(3) Chitng minh MG song song (SCD).

Loi giai.
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P . 2
ay diém N trén sao cho =-SA, ta cé:
Lay diém N trén SA ho SN 3SAt 0
GN | AB
=GN || CD =GN c(GCD).
AB | CD
NeSAc(SAD)
NeGD c(GCD)
= ND =(GCD)n(SAD).
De(SAD)

D e(GCD)

Do dé,

(2 Goi P 1a trung diém AB va I 1a giao diém cua PM va CD, ta cé:

IeCD
=>1eCDnN(SGM).
IePMc(SGM)

CD | GN
(3) Tacé { GN <(GMN) = CD | (GMN).

CD ¢ (GMN)
AN AM 1 . .
AS - AD "3’ theo dinh 1i Talet ta duge MN || SD.
SD | MN
MN c(GMN) = SD | (GMN).

SD ¢(GMN)
T (1) va (2) suy ra, (SCD) | (GMN)= GM | (SCD).

(1)

(2)

BAI 6. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi M, N 1an ludt 14 trung diém SA, SB.
(1) Tim giao tuyén ctia (MBC) va (SAD).

(2) Chitng minh (MN || (SCD).

(3) Goi I =DM N CN. Chitng minh SI || (NAD).
Loi giai.

(@ Goi P 1a trung diém ctia SD, ta cé:
MP | AD
= MP |BC=>MPc(MBC).
AD | BC

Me(MBC)
Me(SAD)

> MP =(MBC)n(SAD).
PeSDc(SAD)

PeMPc(MBC)
MN |AB || CD

@ Tacé{CDc(SCD) = MN |(SCD).
MN ¢#(SCD)

1 1
(3) Ta c6 MN = EAB = §CD suy ra MN la dudng trung

binh ctia AICD, do d6 M 1a trung diém ID.
Dé dang chiing minh AMSI = AMAD (c.g.c).
Suy ra SIM =ADM = SI || AD (so le trong).

SI|AD

AD c(NAD) = SI|(NAD).

SI¢(NAD)
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