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Chuong ]
MENH DE VA TAP HOP

o

.1. Ménh dé

Mbi ménh dé phai hodc ding hodc sai.

V&i méi gia tri ca bién thudc mot tap hop nao d6, ménh dé chua
bién trd thanh ménh dé.

Ménh dé pht dinh cia ménh dé P ky hiéu 1a P, P ding khi P sai va
nguoc lai.

Meénh dé kéo theo P = Q chi sai khi P ding va Q sai.

Ky hiéu V (chit A ddo ngugc) doc 1a “véi moi” hay “tat cd” xuét phat
tu tiéng anh la “All”.

Ky hiéu 3 (chit E ddo ngugc) doc 1a “ton tai” hay “c6 mot” xuat phat
tr tiéng anh 1a “Exists”.

1.2. TGp hop
1.2.1. Cdc tap hop sé

1.

Tap hop cac s6 thuc ky hiéu 1a R, viét tat cda tir “Real” c6 nghia 1a
“thuc”.

Tap hop céc sb hiru ti ky hiéu 1a Q, viét tit cta tir “Quotient” trong
tiéng Piic ¢6 nghia la “htru ti”

Tap hop cac so nguyen ky h1eu 1a Z, viét tat ctia tir “Zahlen” trong
tiéng Pric ¢6 nghia la “so nguyén”.

Tap hop céac so tu nhién ky hiéu la IN, viét tat cua tir “Natural” c6
nghia la “tu nhién”.

Ky hiéu “c=” doc la “chura trong” hay “tap con”. Khi d6 IN < Z <
QcR

1.2.2. Phan t& clia tap hop

1.

2.

a 1a mot phan tir cta tap hop A viétlaa € A, b khong la phan t
clia tap hgp A viétla b ¢ A.

Tap hop c6 thé c6 hitu han hodc v6 han phﬁn ta. Tap hop khong co
phan tir nao la tap hop réng, ky hiéu la @.

10



1.2. Tip hop 11

1.2.3. Cdc tdp hop con cua R
1. Céc khoang:
(@ (b)) ={xeR|a<x<b}
(b) (;+0) ={xeR|a<x < 4w}
(c) (—oo;b) ={xeR| —wo < x < b}
2. PBoan: [a;b] = {xeR |a < x < b}
3. Céc ntra khoang:
(@) [;b) ={xeR|a<x<b}
(b) (0] ={xeR|a<x<b}
() [@;+w) ={xeR|a<x<+w}
(d) (—oo;b] ={xeR| —0<x<b}

1.2.4. Cac phép toan voéi tap hop

1. Giao ctia hai tap hgp A va B 1a tap hgp gdm cac phan ti vira thudc
A vira thudc B, ky hiéu A () B. Nhu vay

’AﬂB:{x|xeAVéxeB}‘

AnE

Vidu121. A = {0,1,2} va B = {1,2,3}, khid6 A(B = {1,2}.
Vidu122. A= (—1;1) va B = [0;2), khi dé A(B = [0;1).

2. Hop ctia hai tap hop A va B la tap hgp gdm cac phan tir hodc thuodc
A hodc thudc B, ky hiéu A J B. Nhu vay

|AUB={x|xe Ahoicxe B}

AUuRl
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Vidu1.23.A = {0,1,2} va B = {1,2,3}, khid6 A JB = {0,1,2,3}.
Vidul24.A=(-1;1)vaB=[0;2),khido A JB = (-1,2).

3. Hiéu cua hai tap hop A va B la tap hop gém cac phén tr thudéc A
va khong thudc B, ky hiéu A\B. Nhu vay

’A\B:{x|xeAVéx¢B}‘

Vidu125. A = {0,1,2} va B = {1,2,3}, khi d6 A\B = {0}.
Vidu1.2.6. A= (—1;1) va B = [0;2), khi d6 A\B = (—1,0).
4. Khi A c B thi A\B goi la phan bt ctia B trong A.
5. Quan hé gitta () va | J
@ AUBNC) = (AUB)N(A
() AQBUC) = (ANB)U(A
6. Cong thuc De - Morgan'
AlB

Zﬂ B, va ngugc lai A(\B =

b
C
o

1.3. $6 gan ding - Sai sé6

Cho a 1a s6 gan duing ctia s6 chinh xac @, khi d6

1. A, = |a —a| goi la sai s6 tuyét ddi ctia s6 gan dung a.

2. Néu A, < d thid dugc goi la d6 chinh xéc ctia s6 gan ding a va quy
udc viét gonlaa = a £ d.

3. Cach viét quy tron sd gan dung can ct vao do chinh xac cho trudc:
Cho s6 gan dting a véi do chinh xéac d (tic 1a @ = a + d), khi dugc
yéu cau quy tron s6 a ma khong néi 6 quy tron dén hang nao thi

1 Augustus De Morgan (1806-1871) 1a nha toan hoc va 16gic hoc ngudi Anh sinh
trudng tai An DP6. Binh ly De Morgan 1a tién dé co ban cho sy phat trién cia nganh
may tinh vi chi can c6 hai cdng dién toan - céng dao dau (NOT gate) va céng va (AND
gate) chang han - thi ngudi ta c6 thé thiét lap nén bat ki mot phép toan 16 gic nao bang
t6 hop ctia hai cng dién toan trén.
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ta quy tron a dén hang cao nhat ma d nhé hon mét don vi ctia hang
do.



Chuong 2
HAM SO BAC NHAT VA BAC HAI

2.1. Khdi niém co bdn vé ham s6
2.1.1. Anh xa
1. Anh xa. Cho X va Y 1a cac tap hop khac rong. Mot anh xa tir X dén

Y (ky hiéu la f) 1a mot quy tac cho tuong ting méi phan t x ctia X
v&i mot va chi mot phan tr y ctia Y.

f:X—Y Y
x— f(x) =y /
e y = f(x) goilaanh caa
phan tr x qua anh xa f.
e X goilatap nguén.
e Y goi la tap dich.

2. Anh xa tich. Cho X, Y, Z 1a ba tap hop khac rong. Xét hai anh xa

f: X—Y Y —Z
x— f(x) =yeY y—gy) =z€Z

Khi d6, anh xa bién x € X thanhz € Z goi la dnh xa tich tor X dén Z
qua f va g, ky hiéu la g o f, nhu vay

gof: X—Z
x> (gof)(x)=glf(x)] =g(y) =z€Z

14




2.1. Khai niém co ban vé ham sé 15

gof Z

Vidu 2.1.1. f(x) = x> +x; g(y) = 3y thi (g0 f)(x) = g[f(x)] =
g(x? +x) = 3(x% + x) = 3x% 4 3x.

2.1.2. Khdi niém héam s

1.

Vi du 2.1.2. Tap xac dinh ctia ham séy = f(x) =

Mot ham sb 1a mot anh xa tir X € R dén Y < R. Xét ham sb f nhu
sau

f: X—Y
x— f(x) =yeY

trong do
e x goi la bién s6 hay ddi s6 ctia ham f.
e y = f(x) goila gia tri ctia ham s6 f tai gid tri x ctia bién sb.
e X goi la tap xdc dinh ctia ham f.
e Y goila tap gia tri ciia ham f.

. Mot ham s6 c6 thé dugc cho bang: Bang; biéu dd; cong thitc hay do

thi.

Khi ham s dugc cho bf!mg cong thirc ma khong chi ro tap xac dinh
thi ta quy udc tap xac dinh D ctia ham s6 y = f(x) 1a tap hop tat ca
cac 6 thuc x sao cho biéu thic f(x) c6 nghia.

1
-1aD = R\{1}.

2.1.3. P6 thi clia ham sé

Trong hé truc Oxy, do thi ciia ham s6 y = f(x) 1a tap hop nhiing

diém M(a; b), trong d6 a thudc tap xac dinh ctia ham sd va b = f(a).

2.1.4. Cdc tinh chét co ban cla ham sé
1.

Tinh don diéu
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(a) Ham s6 y = f(x) goi la dong bién (hay ting) trén khoing
(a;b) néu

Vx1,x2 € (a;b) sao cho x1 < x2 thi f(x1) < f(x2)

(b) Ham s6 y = f(x) goi la nghich bién (hay gidm) trén khoang
(a;b) néu

Vx1,x2 € (a;b) sao cho x1 < xp thi f(x1) > f(x2)

2. Tinh chan 1é
(a) Ham s6 y = f(x) v6i tp xac dinh D (viét tat ctia tir “domain”
nghia 1a “xac dinh”) goi la ham s6 chan néu

VxeDthi —xeDva f(—x) = f(x)

Dd thi ham s6 chan nhan truc tung Oy lam truc doi xuang.
(b) Ham s6 y = f(x) véi tp xdc dinh D goi 1a ham s6 1& néu

VxeDthi —xeDva f(—x) = —f(x)
D0 thi cia ham s6 1é nhan gbc toa d6 O lam tam ddi xing.
» Chu y: C6 nhitng ham s6 khong chan ma cting khong 18, vi du
hamy = x+ 1.
2.2. Hdm sb bdc nhét

2.2.1. Ham s6 bac nhét

1. Ham s6 bac nhat c6 dang y = ax + b véia # 0.
2. Tap xac dinh D = R.
3. Bang bién thién

a>0 a <0

X —a0 +o0 X —a0 —“+o0
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4. D6 thi la mot duong théng khong song song va khong trung vdi
cac truc toa do.

5. Dé vé duong thang y = ax + b chi can xac dinh hai diém khéc nhau
thudc duong thang do.

2.2.2. Him sd hang y = b véib e R

1. Tap xdc dinh D = R.

2. Ham s6 hang 1a ham s6 chan.

3. Do thi la mot duong thang song song hodc triing véi truc hoanh va
cat truc tung tai diém c6 toa do (0;b).

2.2.3. Hom s6 y = |«|

1. Tap xdc dinh D = R.

2. Ham s6 y = |x| 1a ham s6 chén.

3. Ham s6 dong bién trén khoang (0; +00) va nghich bién trén khoang
(—o0;0).

2.3. Ham s6 bdc hai

2.3.1. Co bdn vé ham s bac hai

Ham s6 bac hai y = ax? + bx + ¢ véia # 0 c6 tap xac dinh D = R.

2.3.2. D6 thi

D0 thi ctia ham s6 bac hai y = ax? + bx + ¢ 1a mot dudng parabol

co
. -b —A
1. Binhladiém I [ —; — |.
inh la diém <2a' 4a>

2. Truc déi xiing la duong théng X = ;—a.
3. Parabol nay quay bé 16m Ién trén néu a > 0 (hinh 2.1), quay bé 16m

xu6ng dudinéu a < 0 (hinh 2.2).
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Y y
-
L 4a
-4 7
4qa
Hinh 2.1: Parabol y = ax? + Hinh 2.2: Parabol y = ax? +
bx +cvdia > 0. bx +cvéia < 0.

2.3.3. Bdng bién thién

a<0 a>0
b —0 ;b —+ao0 X —00 ;b +o0
2a 2a
—A +0 +0o0
y P RN y N
o o da

2.3.4. Céch vé db thi
Dé vé duong parabol y = ax? + bx + ¢,a # 0 ta thuc hién cac budc

Ssau
1. Xac dinh toa do6 dinh 1a diém I lb,- —A )
2a° 4a

2. Vé truc déi xing la duong thang x = 5

3. Xac dinh giao diém ctia parabol v6i cac truc toa do (néu co). Xac
dinh thém mot s6 diém thudc do thi. Lap bang gid tri rdi vé parabol.



Chuong 3
PHUONG TRINH
VA HE PHUONG TRINH

3.1. bai cuong vé phuong trinh

3.1.1. Cdac khdi niém co bén

1. Phuong trinh &n x 1a mot ménh dé chita bién c6 dang f(x) = g(x),
trong d6 f(x (x) va g(x ) la cac biéu thic cua x.

2. Diéu kién xac dinh ctia phuong trinh la cac diéu kién ctia bién x sao
cho cac biéu thiic trong phuong trinh déu c6 nghia.

3. Nghiém ctia phuong trinh 1a gia tri xo ctia bién s (hay an s6) sao
cho dang thitc f(xo) = g(xo) dung.

4. Gidi mot phuong trinh 1a tim tit cd cdc nghiém ctia né.

Gidi va bién ludn phuong trinh 1a xét xem véi gid tri nao ctia tham

s6 (s6 khong duoc xac dinh cy thé) thi phuong trinh ¢6 nghiém va

c6 bao nhiéu nghiém.

Vi du 3.1.1. Xét phuong trinh 3x? — (m — 1)x +4 = mx — 2 thi

e x1adnsb.

e m la tham sd.

54

3.1.2. Phuong trinh twong duong vé phuong trinh hé qué

1. Hai phuong trinh f(x) = g(x) va f1(x) = gl( ) goi la tuong duong
néu chiing ¢6 tap nghiém bang nhau (c6 thé réng), ky hiéu

f(x) =8(x) = filx) = g1(x)

2. Néu mdi nghiém cta phuong trinh f(x) = g(x) cing la nghiém
cta phuong trinh i(x) = k(x) thi ta néi phuong trinh h(x) = k(x)
la phuong trinh hé qua cta phuong trinh f(x) = g(x), ky hiéu

f(x) = g(x) = h(x) = k(x)

chang han, véi s6 nguyén duong n tuy y ta c6 f(x) = g(x) =
[f(x)]" = [g(x)]". Phuong trinh hé qua c6 thé c6 nghiém ngoai

19
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lai, khong phai 1a nghiém cta phuong trinh ban dau. Muén loai
nghiém ngoai lai ta phai thit lai vao phuong trinh ban dau.

3. Ngoai cdc phuong trinh mot 4n con ¢ cac phuong trinh nhiéu an.
Nghiém ctia mét phuong trinh 2 4n x,y 1a mot cap s6 thuce x, yo
thda man phuong trinh d6, con nghiém ctia mot phuong trinh 3 an
x,Y,z 1a mot bod 3 s6 thuc xg, Yo, zo théa man phuong trinh do, ...

3.1.3. Bién ddi twvong duong cdc phuong trinh

Néu thyc hién cac phép bién ddi sau day trén mot phuong trinh
ma khong lam thay déi diéu kién xdc dinh cta né thi ta dugc mot
phuong trinh méi tuong duong:

1. Cong hay trir hai vé v6i ciing mot s6 hay ciing mot biéu thirc

f(x)=8(x) = f(x) + A=g(x)+ A

2. Nhan hodc chia hai vé véi cing mot s6 khac 0 hodc véi cing mot
biéu thitc ludn c6 gia tri khac 0.

f(x) =g(x) <= f(x).A=g(x).A (véi A #0)

3.2. Phuong trinh qui vé bdc nhét, béc hai
3.2.1. Gidi va bién luan phuong trinh bac nhét

(3.1) ax+b=20

1. Néu a # 0 thi phuong trinh (3.1) goi 1a phuong trinh bac nhat va
n6 c6 nghiém duy nhat x = —

2. Néu a = 0 ta xét 2 trudng hop
(@) Voib # 0 thi phuong trinh (3.1) vo nghiém.
(b) V6i b = 0 thi phuong trinh (3.1) nghiém dung véi moi x € R.

3.2.2. Gidi va bién ludn phuong trinh béc hai

(3.2) ax*> +bx+c=0, (a #0)
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Biét thiic o
A = b2 — 4ac Ket luan

—b+ VA

A>0 Phuong trinh (3.2) ¢6 2 nghiém x1, = ;;/»

A=0 Phuong trinh (3.2) ¢6 nghiém kép x = _Zba

A <0 Phuong trinh (3.2) vo nghiém

3.2.3. Binh ly vé t8ng va tich hai nghiém clGa phuong trinh
bdc hai
Goi tat la dinh ly Viét !, phét biéu nhu sau:
Néu phuong trinh (3.2) c6 2 nghiém x1, x; thi

X1+ X9 = —

b
a

X1.Xp =

ISH oY

Nguoc lai, néu 2 s6 u va v ¢6 tong u + v = S va tich uv = P thi u
va v 1a cdc nghiém ctia phuong trinh x? — Sx + P = 0.
3.2.4. Phuong trinh trung phuong

Cédang ax* +bx +c =0, a # 0, gidi bang cach dat t = x?, (t = 0)
dé dua vé phuong trinh bac hai.
3.2.5. Phuong trinh chira déu gid tri tuyét déi
1. Khtr dau gia tri tuyét dbi bang dinh nghia

A = A néuA=0
| -A néuA<0

IFrancois Viete (1540 - 1603), 1a mot nha toan hoc, luat su, chinh tri gia nguoi
Phap, vé toan hoc 6ng hoat dong trong linh lyc dai s6. Ong néi tiéng véi dé ra cach
giai théng nhat cac phuong trinh bac 2, 3 va 4. Ong la ngudi sang tao nén cach dung
céc chit cai dé thé hién cho céc dn s6 ctia mot phuong trinh. Ong ciing kham pha ra
méi quan hé gitta cic nghiém ctia mot da thiic véi cc hé s6 ctia da thite d6, ngay nay
dugc goi la dinh ly Viete.
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2. [f(x)] = lg(x )I@f(;z?g%f) hodc f(x) f(g)(X>O
_ Cach 1 xX) = odc X) <
3. f(x) =glx) = fEx; = g(x) ho3 { —(f()x) = g(x)
x)| = Gchz ) 8\ >0 osc 4 &7 >0
4 |f(x)] = g(x) {f(x):g( ) hoz {f(x):—g(x)

3.2.6. Phuong trinh chira ddu can thirc
1. Phuong phép chung la binh phuong 2 vé dé khir dau can thic, chu
y phai xét diéu kién ca hai vé déu phai khong am.

2 VI = Ve = {1020 ) hose { 8020

(
( F(x) = ()
3. V0 = g) = § 500

4. Phuong phéap déi bién sb:
(a) C6 thébién d6i nhu chia ca hai vé cho cing mot biéu thitc khac
0 rdi méi déi bién s6.
Vi du 3.2.1. Gidi phuong trinh x + 1+ vx2 —4x + 1 = 34/x.
Hudng dan.

s | xXP—4x+120 x=2++/3
Dieu kién &
x>0 0<x<2-+3
Néu x = 0 thi thay vao ta théy khong la nghiém.

Néu x > 0, chia ca hai vé cia phuong trinh cho 4/x ta dugc
1 [x* —4x 41
_ _— = 3
VX + WE: + »

1
*f*\r x4+ -—4=3

1
Tﬂdétadétt:\/Y—i—ﬁv(ﬁtZZ,suyratz:x—l—;+2hay

hay

1 e as s
X+ L= t> — 2. Thay vao phuong trinh da cho réi giai tim ¢,
sau do tim x.
(b) C6 thé dung ca hai bién s6 méi
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Vi du 3.2.2. Giai phuong trinh 2v/3x —2 + 34/6x —5 -8 = 0.
Hudng dan.

biéu kién: x > %
3 _ 3 — —

Pit U=+~3x—-2 ta duoc u 3x—2

v=+/6x—-5 > =6x—5

2u = 6x —4 ; )
hay " * , trir ting ve ta duoc 2u —v? = 1. Két

> =6x—5
hop v6i phuong trinh da cho sau khi thay bang cac bién méi ta
duoc hé

2u+3v—-8=0
2ud —v?2 =1

Giai tim duogc u, v ri tim x.
5. Phuong phap nhdm nghiém va ching minh nghiém duy nhét
Vi du 3.2.3. Giai phuong trinh v/3x + 1 — /6 — x +3x> — 14x — 8 =
0.
Hudng dan.
Diéu kién: —% < x < 6. Nhan thdy x = 5 la nghiém ctia phuong
trinh nén ta bién déi lam xuat hién nhan tir x — 5 nhu sau

(V3x+1-4)+(1-vV6—-x)+3x*—15x +x-5=0

hay
(\/3x+1—4)(\/3x+1+4)+(1—\/6—x)(1-|-\/6—x)
V3x+1+4 1++4/6—x
+(x=5)3x+1)=0
tuc la
3x —15 x—>5
—5)(3 1)=0
NS PR Py e GRS )

e 2.

Rut nhan tir chung va giai

< A

tlép...
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3.3. Phuong trinh, hé phuong trinh bdc nhét
nhiéu an
3.3.1. Phuong trinh bdc nhét hai én

Codang ax + by = ¢, trong do a, b, c la cac s6 thuc, a, b khong déng
thoi bang 0, x,y 1a 2 4n.

3.3.2. Hé hai phuong trinh béc nhét 2 én
c6 dang

ax+biy=c
asx + by = ¢

trong d6 ca hai phuong trinh déu la phuong trinh bac nhat 2 an.

C6 2 cach giai

1. Phuong phép thé: Tir mét phuong trinh ctia hé biéu thi mét &n qua
an kia roi thé vao phuong trinh con lai.

2. Phuong phéap cong: Bién d6i cho hé s6 cia mét trong hai phuong
trinh 12 hai s6 ddi nhau roi cong tirng vé hai phuong trinh lai.

3.3.3. Dang tam gidc cGa hé 3 phuong trinh béc nhét ba
an

a1x = dl
(3.3) arx + bzy =d,
azx +bsy+c3z =ds
Cach gidi: Tir phuong trinh dau cda hé (3.3) tinh duoc x, thay vao

phuong trinh thi hai tinh duge y r6i thay vao phuong trinh thi ba
tinh dugc z.

3.3.4. Hé ba phuong trinh bdc nhét 3 én

ax +by+cz =dy

mx+biy+cz =dp
azx + by +c3z =ds
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Cach giai: Dung phuong phap Gauss? khtr dan an sb bé“mg cach nhan
dai s6 dé dua vé hé phuong trinh dang tam gidc.

3.3.5. M6t s6 hé phuong trinh khdc
1. Hé phuong trinh hai 4n ddi xiing dang 1:

x%y + xy? = 30

4y =35
Cach giai: Bién d&i xuat hién tong S = x + y va tich P = xy dua vé
hé theo S va P dé giai.

2. Hé phuong trinh hai 4n déi xiing dang 2:

Vi du 3.3.1. Giai hé phuong trinh {

x® = 3x + 8y

y® =3y + 8x
Cach giai: Tru tung vé hai phuong trinh dé dua vé phuong trinh
tich.

3. Hé phuong trinh hai 4n dang cap bac hai:

Vi du 3.3.2. Giai hé phuong trinh {

3x2+2xy +y* =11

x2 +2xy + 3y? =17

Cach giai: Néu y = 0 thi thit truc tiép. Néu y # 0 thi dit y = kx roi
thay vao hé.

Vi du 3.3.3. Giai hé phuong trinh {

2Carl Friedrich Gauss (1777-1855) 1a mét nha toan hoc va nha khoa hoc nguoi Duc
tai nang, ngudi da c6 nhiéu déng gép 16n cho cac linh vuc khoa hoc, nhu ly thuyét
s6, giai tich, hinh hoc vi phéan, khoa tric dia, tir hoc, thién van hoc va quang hoc.
Ong dugc ménh danh 1a “hoang t ctia cac nha toan hoc”. V6i anh hudng sau sac cho
st phét trién cta toan hoc va khoa hoc, Gauss duge xép ngang hang ciing Leonhard
Euler, Isaac Newton va Archimedes nhu 1a nhiing nha todn hoc vi dai nhét cda lich
su.
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BAT DANG THUC
VA BAT PHUONG TRINH

4.1. Bt ddng thire
4.1.1. Pinh nghia

A<B«<— A-B<0
A<B< A-B<0

4.1.2. Cdc tinh chét bét ddng thirc co ban

1.
2.
3.

Baccau: Néua < bvab < cthia < c.

Cong hai vé bat dang thitc véi mot sd:a < b« a+c<b+c
Nhan hai vé bat déng thitc voi mot so:

-Néuc>0thia <b < ac < bc.

-Néuc<O0thia < b < ac > bc.

. Cong hai bat dang thiic cting chiéu: Néua < bvac < dthia+c <

b+d.

Nhan hai bat dang thiic cting chiéu: Néu 0 < a < bva0 < ¢ < d thi
a.c <bd.

Nang hai vé ctia bat dang thic 1én mét liy thira: Néu n nguyén
duong thi

a < b e g2+l o p2ntl

0<a<b=a? <b?

Khai cin hai vé ctia mot bat dr?mg thuc

O<a<be a<+b

O<a<be Ja<b

4.1.3. Bt déng thirc chira déu gid tri tuyét déi

1.

2

|x| =0, |x| = x, |x] = —x.
Véia > 0 thi
¥| <ae= —a<x<a

26
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|x| > a < x < —ahodcx > a.
3. |a| —|b| < |a+Db| < |a| +1b].

4.1.4. Bét ddng thirc Cauchy

Bat dang thitc Cauchy'phat biéu nhu sau
1. Cho 2 56 khong am:
V6i 2 86 thuc a,b > 0 thi trung binh cong ludn 16n hon hodc bang

> +/ab, c6 dau “=" khia = b.

. R L. a
trung binh nhan, tac la +

2. Cho 3 s6 khong am:
Véia,b,c = 0thi LH_;H_C > Vabc, c6 dau “="khia =b =c.

3. Bat dang thitc Cauchy c6 thé mé rong cho n s6 thuc khong am.

4.1.5. Bat déng thirc Bunhiacopski

Bat dang thirc Bunhiacopski’ con goi 1a bat dang thic Cauchy -
Schwartz®, phat biéu nhu sau:
1. Cho 2 cap sb:

Véi 2 cap sb thuc (x1,y1) va (x2,12) thi

(x1y1 + x22)* < (xf + %3) (v1 + 3)

» X X . . <
“ ”xayrakhl—1 = —2V01quyu0cx1 =0thiy; =0,x =0
n Y2

dau

thi Yo = 0.
2. Cho 1 cap sb:
Vi n cap s6 thuc (x1,y1), (x2,y2) va (x4, yn) thi

(iyr +x2y2 4+ Xnyn)* < (F+X5+. x0T+ Y5+ )

1Augus’cm Louis Cauchy (déi khi tén ho dugc viét 1a Co-si) 1a mot nha toan hoc
ngudi Phép sinh ngay 21 thang 8 ndm 1789 tai Paris va mat ngay 23 thang 5 nam 1857
cung tai Paris. Cong trinh l6n nhat ctia 6ng la ly thuyét ham s véi an s6 tap. Ong
cling dong gop rat nhiéu trong linh vuc toan tich phén va toan vi phan. Ong da dat
ra nhitng tiéu chuén Cauchy dé nghién ctitu vé su hoi tu cta cac day trong toan hoc.

2Victor Yakovlevich Bunyakovsky (1804-1889) la nha toan hoc ngu(n Nga. Tac
phém to 16n cta ongla “Co s& cta ly thuyét xac suat” (1846) trong d6 c6 nhiéu phan
doc ddo, nhat 1a phan lich st phat sinh va phat trién mon xac suat, phan ting dung
quan trong cta xac suat trong van dé bao hiém va dan sb.

3Karl Hermann Amandus Schwarz (1843-1921) 1a mét nha toan hoc nguoi Puc,
néi tiéng v6i cong trinh vé giai tich phue.



28 Chuong 4. Bt dang thiic va bat phuong trinh

xéyrakhiﬂ -2 .= ﬁvéiquyuc’fcxl = 0 thi
Y1 Y2 n
y1=0,x=0thiy, =0,...,x, =0thiy, =0.

“_rw

dau

4.1.6. Gid tri I6n nhat, nhd nhét clia mét ham sé
Xét ham s6 y = f(x) vdi tap xac dinh D, ta dinh nghia:
f(x) < M,¥xe D
{ HXQEDZf(xo) =M
f(x) =m,¥xe D
dxge D : f(xg) =m

1. M = max f(x) <
xeD

2. m=min f(x) = {
xeD
4.2. Bat phuong trinh va hé bat phuong trinh mét
an

4.2.1. biéu kién cia mét bat phuong trinh

- La diéu kién ma &n s6 phai théa man dé cac biéu thuc & hai vé
ctia bAt phuong trinh c6 nghia.
4.2.2. Hai bét phuong trinh (hé bt phuong trinh) twong

duong

- Hai bat phuong trinh (hé bat phuong trinh) dugc goi la twong
duong vdi nhau néu ching c6 ciing tap nghiém.
4.2.3. Cdc phép bién ddi bat phuong trinh

Ki hiéu D la tap cac sb thuc thda man diéu kién ctia bat phuong
trinh P(x) < Q(x)
1. Phép cong

Néu f(x) xac dinh trén D thi

P(x) < Q(x) &= P(x) + f(x) < Q(x) + f(x)

2. Phép nhan
-Néu f(x) > 0,Vx € D thi

P(x) < Q(x) <= P(x).f(x) < Q(x).f(x)
-Néu f(x) < 0,Vx € D thi
P(x) < Q(x) <= P(x).f(x) > Q(x).f(x)
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3. Phép binh phuong

-Néu P(x) > 0va Q(x) = 0,Yx € D thi

P(x) < Q(x) & [P(x)]* > [Q(x)]?

4.2.4.Chay

Khi bién déi cac biéu thic & hai vé ciia mot bat phuong trinh, diéu
kién ctia bt phuong trinh thuong bi thay déi. Vi vay, dé tim nghiém
ctia bt phuong trinh da cho ta phai tim cac gia tri ctia 4n dong thoi
thoa man bat phuong trinh méi va diéu kién cta bat phuong trinh da
cho.

4.3. Déu cla nhi thirc bac nhét
Nhi thitc bac nhat an x c6 dang f(x) = ax+btrongdda,be R,a #
0. Dau ctia nhi thiic bac nhat nhu sau

X —ao0 ;b +0o0
a

trai dau cung dau
ax +b b 0 8
véia voia

4.4. B4t phuong trinh béc nhét 2 én

4.4.1. B4t phuong trinh bdc nhét 2 én
1. C6dang

4.1) ax+by <c

2. Biéu dién tap nghiém nhu sau:
(a) Trén mat phang toa do Oxy, vé duong thang (A) : ax + by = c.
(b) Lay mot diém My (xo;yo) ¢ (A) (ta thuong 14y gbc toa do O)
(c) Tinh axg + byo va so sanh axg + by vdi c.
(d) Két luan:
-Néu axg + byo < c thi nita mat phang bd (A) chita My 1a mién
nghiém cua axy + byy < c.
- Néu axo + byo > c thi nira mét phéng bd (A) khong chira M
1a mién nghiém cta ax, + by < c.
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3. B6bomién nghiém ctia bat phuong trinh (4.1) ta dugc mién nghiém
ctia bat phuong trinh ax + by < c. Mién nghiém cta cac bat phuong
trinh ax 4 by > c va ax + by > ¢ dugc xac dinh tuong tu.

4.4.2. Hé bét phuong trinh bdc nhét 2 én
1. Cédang
mx+by <c
{ amx+by <o

2. Biéu dién hinh hoc nhu sau:
(a) Vé cac duong thfmg (A1) :a1x+ by = c1 va (Az) @ apx + by =
Co.
(b) Biéu dién mién nghiém ctia mbi bat phuong trinh va tim giao
cta chung.

4.4.3. Bdi todn téi wu trong kinh té

1. La bai toan tim gia tri 16n nhat (hodc nhoé nhét) ctia cac biéu thitc ¢6
dang F = ax + by, trong d6 x,y nghiém ding mot hé bat phuong
trinh bac nhat 2 4n cho trudc.

2. Céch giai:

(a) Vé mién nghiém ctia hé bt phuong trinh da cho.

(b) Mién nghiém nhan dugc thuong 1a mot mién da gidc. Tinh gia
tri ctia F tng véi (x0,10) 1 toa d cac dinh ctia mién da giac
nay 16i so sanh cac két qua tir d6 suy ra gid tri 16n nhat hay gia
tri nhé nhat ctia biéu thuec.

4.5. Dau clia tam thire bdc hai

4.5.1. Pinh ly vé ddu clia tam thirc béc hai

Xét tam thirc bac hai f(x) = ax®> +bx+cvéia # 0, dit A =
b? — 4ac, khi d6
1. Néu A < 0 thi dau ctia tam thitc nhu sau

X ‘ —0 —+ao0

ax? +bx+c cuing dau vdi a
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2. Néu A = 0 thi ddu ctia tam thitc nhu sau

X 2a

cung dau cung dau
ax*> +bx +c 8 0 &
VOl a vO1l a

3. Néu A > 0 thi f(x) c6 hai nghiém x; < x,, khi d6 diu ctia tam thirc
nhu sau

X — X1 X2 +o0

ax? 4 bx 4 c cfmg/;.déu 0 tré% fiéu 0 cfmghdéu
VOl a VOl a vOl a
4.5.2. Mot s6 diéu kién twong duong

Néu ax? + bx + ¢ 1a mot tam thitc bac hai (a # 0) thi
1. ax? + bx + ¢ = 0 c6 nghiém < A = b — 4ac 0.

2. ax? —I—bx+c—0c02ngh1emtra1dau(:> < 0.

A <0
c
3. ax* 4 bx + ¢ = 0 c6 cac nghiém déu duong < { >0
a
A <0
¢ 0
4. ax® 4 bx + ¢ = 0 6 cdc nghiém déu am << , =
<0
2 a >0
5. ax*+bx+c¢c>0Vx =
A <0
2 S a >0
6. ax —|—bx+c/O,Vx<:){ A <0
7. ax2 +bx+c<0,Vx < a <0
A <0
a >0
8. ax®> +bx+c < OVX(:){A <0



Chuong 5

»

THONG KE

5.1. Bdng phdén bé tan s6 va tan sudt
5.1.1. Tan s6 va tan sudt cia mot gid tri
Gia st day 7 s6 liéu thoéng ké da cho c6 k gia tri khac nhau (k < n).
Goi x; la mot gia tri bat ky trong k gia tri d6, ta c6
1. S6 lan xuat hién gia tri x; trong day s6 liéu da cho dugc goi la tan
sb ctia gia tri d6, ky hiéu la n;.
2. 56 f; = % duge goi 1a tan sut cta gia tri x;.
5.1.2. Tan s va tan sudt cia mot 16p
Gia str day n s6 liéu thong ké da cho dugc phan vao k 16p (k < n).
Xétlop thui(i=1,2,...,k) trong k 16p do, ta cd
1. Sb n; cac s6 liéu théng ké thudc 16p tha i dugce goi la tan so clua 16p
do.
2. 86 f; = % duoc goi la tan suat cua 16p thu i.
» Chti y: Trong cac bang phan bd tan suat thi tAn sut dugc tinh & dang
ty s6 phan tram.
5.2. S6 trung binh cdng

5.2.1. $6 trung binh cdng
1. Truong hgp bang phan bd tan s6 va tan suat

k k

_ 1

X = EZnixi :Zfixi
i=1 i=1

1
= E(nlxl + noxp + ..+ ngxg)
= fix1 + faxo + ...+ fixg,

trong do n;, f; 1an luot 1a tan sb, tan suat cua gia tri x;; n la s cac s6
liéu thong ké (ny +ny + ... 4+ ng = n).

32
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2. Truong hgp bang phan bb tan s6 va tan suat ghép lop

k

k
Dinici =" fici,
i=1 i

i1

X =

S| =

trong do c;, n;, f; 1an luot la gia tri dai dién, tan s, tan suat ctia 16p
tha i; n 1a so cac so liéu thong ké (n1 +n + ... + 1, = n).

5.2.2. S6 trung Vi

S6 trung vi M, ctia mot day gom n s6 liéu thong ké duge sap thu
tu khong giam (hoac khong tang) la

< < 1.
e S0 dung gitra day (so hang thu % ) neu n 1é;
e Trung binh cong ctia hai s6 ding gitra day (trung binh cong ctia s6
N . n z s
hang thu > va so hang thi 5 + 1 néu n chan.

5.2.3. Mét

M6t My 1a gid tri c6 tan s6 16n nhat trong bang phan b tan sb.
Néu trong bang phan bd tan sb ¢6 hai gia tri c¢6 tan s6 bang nhau va
16n hon tan sb ctia cac gia tri khéc thi ta 6 hai gia tri d6 1a hai mét.

5.2.4. Chon dai dién cho cdc s6 liéu théng ké

1. Truong hop tinh duoc ca ba so: trung binh, trung vi, mot, va cac
s6 liéu théng ké la cting loai dong thdi sb lugng cac s6 liéu du 1on
(n = 30) thi ta wu tién chon s6 trung binh lam dai dién cho cac s
liéu thong ké. Khi d6 sb trung vi hodc mét duge st dung dé bé
sung thém nhiing thong tin can thiét.
2. Trudong hop khong tinh dugc sb trung binh thi ngudi ta chon s6
trung vi hoac mobt lam dai dién cho céc sb liéu th6ng ke.
3. Nhitng truong hop sau day, khong nén dung s6 trung binh dé dai
dién cho céc s6 liéu théng ké (c6 thé dung sO trung vi hoac mobt):
(a) Sb cac s6 liéu thong ké qua it (nhd hon hodc béng 10).
(b) Gitra cac s6 liéu thong ké c6 sur chénh léch nhau qua 16n.
(c) Buong gap khuc tan suat khong déi xiing va nhiéu truong hop
khac.
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5.3. Phuong sai va do léch chudn

5.3.1. Cong thirc tinh phuong sai

1. Cach 1: Tinh theo tan s6
(a) Ddi voi bang phan bd tan s6

i_x

(b) Ddi v6i bang phan bd tan sb ghép 16p

1k
g

S\H

2. Céch 2: Tinh theo tan suét
(a) Di vbi bang phan bb tan suat

sy =D filxi—%)?

i=1

(b) Déi vdi bang phan b tan suat ghép 16p

k
Sazc = Z filei
i=1

Trong d6 n;, f; 1an luot 1a tan sb, tan sudt cua gia tri x; trong bang
phan bd tan sb, tan suat (hay la tan s, tan suit cta 16p thu i trong
bang phan bd tan sb, tan suat ghép 16p); n 1a s cac sb liéu théng
ké (ny+no+...+n =n);xlasoéd trung binh cong ctia céc s6 liéu
thong ké; c; 1a gia tri dai dién cta lop thu i.

3. Céch 3: St dung cong thirc s2 = x2 — (X)2.

5.3.2. Y nghia va cdch sir dung phuong sai

Phuong sai dugc stt dung dé danh gia mic do phan tan ctia cac s6
liéu thong keé (so véi s6 trung binh). Khi hai s6 liéu théng ké c6 ciing
don vi do va c6 s trung binh bang nhau hodc xap xi nhau, day c6
phuong sai cang nhé thi mic do phan tan (so véi s6 trung binh) ctia
cac s0 lieu thong ké cang it.
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5.3.3. D6 léch chudn
2

Do léch chuén sy 1a can bac hai ctia phuong sai sy

Sx:\/g

D06 léch chudn cing duoc sit dung dé danh gia muc do phan tan cta
cac s6 lieu thong ké (so vdi s6 trung binh).

Céch st dung do léch chuin hoan toan giébng nhu cach st dung
phuong sai. Khi can chi y dén don vi do ta dung do léch chudn s,
(Vi sy ¢6 cting don vi do véi dau hiéu X dugc nghién ctru).



Chuong 6
CUNG VA GOC LUONG GIAC

6.1. Cung va goc luvong giac

6.1.1. Quan hé gitra dé va radian

o _ T 180
180° = mrrad; 1 1801‘ad lrad = ( 7r>

VGir ~ 3,14 thi1° = 0,0175 rad va 1 rad = 57°17/45".

6.1.2. Bd dai clia cung tron

Cho mot cung tron c6 sb do a rad va ban kinh R, khi d6 do dai !
cta cung tron do6 xac dinh boi

| = R«

6.1.3. $6 do cla cung lvong gidc

S6 do ctia cac cung lugng gidc c6 diém dau A, diém cudi B la
sd AB=a+k2m, ke Z.

6.1.4. Biéu dién cung luong gidc

1. Dé biéu dién cung lugng gidc c6 sb do a trén dudng tron luong
gidc, ta chon diém A(1;0) lam diém dau ctia cung, chieu duong la
ngugc chiéu kim dong ho, vi vay ta chi can xac dinh dlem cuoi M

trén duong tron lugng gidc sao cho cung AM c6 sd AM= a.

36
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N A=

2. Mbi cung lugng gidc CD ting vdi mot goc lugng gidc (OC,0D) va
nguoc lai. S6 do ctia cung lugng giac va goc luong giac tuong ung
la trung nhau.

6.2. Gid tri lwvong gidc cua mét cung
6.2.1. Cdc kién thirc co bdn

Trén dudng tron lugng gidc gbc A, cho cung AM c6 sd AM= a.
Khi do

sin &

Tung do cta diém M la sin a.
Hoanh d6 cta diém M 1a cos a.

sinx .

e tanw = voi cosa # 0.
CcOoS &
cosa . .

e cota = — voisina # 0.

sm o
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e tan & xédc dinh khi va chi khi & # g Y km, ke Z.

e cosa xdc dinh khi va chi khi a # k7T, k € Z.

e cosa > 0 khi va chi khi diém cudi M thudc goc phan tu thi [ va tha
IV; cos « < 0 khi va chi khi diém cubi M thudc géc phan tu thi Il va
thu 111

e sina > 0 khi va chi khi diém cubi M thudc géc phan tu thit I va tha
IT; sin @ < 0 khi va chi khi diém cubi M thudc goc phén tu tha III va
thua IV.

e Tir ddu ctia sina va cos & ta sé suy ra dugc dau ctia tan a va cot a.

» Chu y: Cac biéu thiic c6 mat & hai vé ctia cac dang thic trong cac

muc dudi day déu quy udc 1a c6 nghia.

6.2.2. Cac héing déng thirc lwong gidc co ban
esin’a + cos?w = 1 stanu.cota =1

5 ol+cot?a=—
cos? i sin® a

ol +tan?a =

6.2.3. Gid ti lwong gidc cla cdc cung déi nhau
e cos(—a) = cosw esin(—a) = —sinw
etan(—a) = —tana e cot(—a) = —cotuw

6.2.4. Gid tri lwong gidc cua cdc cung bu nhau
esin(7m —a) = sina ecos(m—a) = —cosa

etan(mr —a) = —tana e cot(m—a) = —cota

6.2.5. Gid tri lwong gidc cua cdc cung phu nhau

. 7T 7T .
e Sin (E—zx> = Ccos ® COS (——zx) =sina
7T
tan (——oc) = cotu cot (——oc) = tanu«
* 2 * 2

6.2.6. Gia tri lvong gidc cua cdc cung hon kém
esin(m+a) = —sina e cos(mm+a) = —cosa
etan(7m 4+ a) = tanw e cot(7T + ) = cota
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6.3. Cong thirc lvong gidc
6.3.1. Cong thirc cong
e sin(a + b) = sinacosb + sinbcosa.

e sin(a —b) = sinacosb —sinb cosa.
® COSs = cosacosb —sinasinb.
[ ]

" 1—tanatanb’
tana — tanb

~ 1+tanatanb’
6.3.2. Cong thirc nhan déi

e sin2x = 2sin x cos X.

e c0s2x = cos? x — sin?
2tan x

)

) b
e tan a—l—b) o tana 4+ tan

)

e tan(a—0>

x=2cos?x —1=1-2sin?x.

e tan2x = — .
1—tan- x

6.3.3. Cong thirc nhén ba

e cos3x = 4cos® x —3cosx.
e sin3x = 3sinx — 4sin® x.

6.3.4. Cong thirc ha béc

’ 1+ cos2x . 2 1 —cos2x
°eCOS X = ———— esin“x = ————
2 2
6.3.5. Cong thirc tinh theo ¢ = tan §
, 2t 1—1+2
0511'1.7(::1_{_7t2 .Cosx:m etanx =

6.3.6. Cong thirc téng thanh tich
e sina +sinb = 2sin <a—;—b> cos (g g b).
. o a+b\ . (a—b
] sma—smb = 2cos <2> Sin ( > )
S

b —b
e cosa+cosb = 2cos <u—§> co (a 5

. (a+b\ . (a-D
e cosa—cosb = —2sin > sin 5 .

2t

1—12
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6.3.7. Cong thire tich thanh téng

e cosacosb = %[cos(a —b) +cos(a+b)].

e sinasinb = %[cos(a —b) —cos(a+1D)].

e sinacosh — %[sin(a —b) +sin(a+b)].

6.3.8. Mot s cong thire khac

sin x + cos x = /2 cos (x - g) = 4/2sin (x+ g)

3
sinx — cos x = 4/2 cos <7T—x) = 4/2sin (x— %)

4
e (sinx + cosx)? =1+ sin2x.
. 2
e sin*fx+costx=1-— sm22x
3sin? 2x

o sin®x+cosbx=1-—

4



Chuong 7
HAM SO LUONG GIAC

7.1. Ham sé luong gidc
7.1.1. Ham s6 sin

1. Ham s0 y = sin x c6 cac tinh chat sau
(@) y = sinx co tap xac dinh la R va

—1<sinx<£1,¥xeR
(b) y = sinx la ham sd 1¢;
(c) y = sinx la ham s6 tuan hoan véi chu ky 27t
2. Ham sb y = sin x nhan céc gia tri dac biét nhu sau
e sinx=0<x=km,keZ.
. sinle@x:g—i—an,keZ.

° sinx:—l@)x:—g—i—kZﬂ,keZ.

3. D0 thi cia ham s6 y = sin x nhu sau:

7.1.2. Ham sb cos

1. Ham s6 y = cos x ¢6 cac tinh chat sau
(@) y = cosx co tap xac dinh la R va

—1=<cosx £1,VxeR

(b) v = cos x la ham sb chan;
(c) y = cos x la ham sb tuan hoan véi chu ky 27t

41
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2. Ham sb y = cos x nhan céc gid tri dac biét nhu sau
T
e cosx =0 x= E+k7r,keZ.

e cosx=1ex=kmkeZ.
e cosx=-1<x=2k+1)m,keZ.
3. D0 thi ciia ham s6 y = cos x nhu sau:

7.1.3. Ham sb tang

. 2 smx , , R
1. Himsoy = tanx = 6 cac tinh chat sau
Cos X

() y=tanx cotdp xacdinhla D = ]R\{g +km, ke Z}.
(b) y = tanx la ham s6 1¢;
(c) y = tan x la ham s tuan hoan véi chu ky 7.
2. Ham sb y = tan x nhén cdc gid tri ddc biét nhu sau
etanx =0 x =k, ke Z.
° tanle@x:g—%kn,kez.

° tanx:—l(:)x:—g—kkn,kez.

7

-
2

=

3. D0 thi ciia ham s y = tan x trén khoang ( > nhu sau:
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7.1.4. Ham sb cotang

- 6 cac tinh chat sau

i
(@) y = cotx co tap xac dinhla D = R\ {kmt,k € Z}.
(b) y = cotxlaham sb 1¢;
(c) y = cotx l1a ham sb tuan hoan véi chu ky .

2. Ham sb y = tan x nhan céc gia tri dac biét nhu sau

° cotx:0®x:g+k7(,kez.

° cotx:1®x:g+kn,kez.

« cos X
1. Ham sO y = cotx =

) cotxz—l@x:—g—i—kﬂ,kez.

3. D6 thi ctia ham s6 y = cot x trén khoéang (0; 77) nhu sau:

Yy
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7.2. Phuong trinh lvong giac co ban
7.2.1. Phuong trinh co bdn theo sin
Xét phuong trinh lugng giac co ban theo sin

(7.1) sinx =a, véiae R

e Néu |a| > 1 thi phuong trinh (7.1) v nghiém.
e Néu |a| <1, goi ¢ 1a cung (c6 s6 do bang rad) théa man sin ¢ = a.
Khi d6 phuong trinh (7.1) trg thanh

= ¢ +k2m

x = nm—¢ +k2r (ke Z).

sinx = sin ¢ < [

T < %
<S¢ = Evasm(p: a thi ta viet

SIS

Neu ¢ thoa man dieu kién —

¢ = arcsina, khi dé

= arcsina + k27t
= 7 —arcsina -+ k27 (ke Z).

sinx:ac)[

Néu duing don vi la d6 thi ta c6

x = B +k360°

sinx = sin f (:)[x — 1807 — f° + k360° (ke z).

» Chu y: Trong mot cong thitc nghiém, khong duge dung dong thoi
hai don vi d6 va radian.

7.2.2. Phuong trinh co bén theo cos
Xét phuong trinh luong giac co ban theo cos

(7.2) cosx =a, viiae R

e Néu |a| > 1 thi phuong trinh (7.2) v nghiém.
e Néu |a| £ 1, goi ¢ 1a cung (c6 s6 do bang rad) théa man cos ¢ = a.
Khi d6 phuong trinh (7.2) trg thanh

= ¢ +k2n

~ o tlom (ke Z).

COSX = COs @ <
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Néu ¢ thda man diéu kién 0 < ¢ < 7 va cosg = a thi ta viét
¢ = arccos a, khi dé

_ x = arccosa + k2w
cosx-a@[ = —arccosa + k27 (kez).
Néu dung don vi la do thi ta co
o [x = B Fk360°
cosx = cos f° < [ ¥ = —B° +K360° (ke Z).
7.2.3. Phuong trinh co bén theo tan
Xét phuong trinh lugng giac co ban theo tan
(7.3) tanx =a, véiae R
Diéu kién ctia phuong trinh (7.3) 1a x # g +km, ke Z.
e Néu ¢ la cung (c6 s6 do bang rad) théa man —g < @ < g va

tang = a thi ta viét ¢ = arctana. Khi d6 phuong trinh (7.3) tr&
thanh

’tanx:tan(p@)x:q)—i—kn‘(kez).

hay

’tanx =asx :arctana-l-krr‘(keZ).

e Néu dung don vi do thi ta c6

’tanx = tan ° & x = B° + k180°

(ke Z).

7.2.4. Phuong trinh co ban theo cot
Xét phuong trinh lugng giac co ban theo cot

(7.4) cotx =a, voiae R

Diéu kién ctia phuong trinh (7.4) 1a x # k7, k € Z.
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e Néugla cung (c6 sb do bé"mg rad) thbaman0 < ¢ < tvacotg =a
thi ta viét ¢ = arccot a. Khi d6 phuong trinh (7.4) trd thanh

’cotx:cot(p@)x:go—i—kn‘(keZ).

hay

’cotx:u<:>x:arccota+kn‘(keZ).

e Néu dung don vi do thi ta c6

’cotx = cotp® & x = B° +k180° | (ke Z).

7.3. Phuong trinh lvong gidc thuong gdp

7.3.1. Phuong trinh lvong gide dua vé dang dai sé

Vi du: cac phuong trinh 2sinx — 1 = 0,cos’x +2cosx — 3 =
0,tanx —3 = 0,... c6 thé dua vé dang phuong trinh dai s6 bang cach
déi bién sb.
7.3.2. Phuong tinh bac nhét déi véi sin vé cos

Xét phuong trinh

asinx+bcosx =c¢

véi a,b,c € R,a?> +b* # 0. Chia hai vé ctia phuong trinh nay cho
va? + b? ta dugc

c

a
——=———=C0SX = ————
Va2 + 12 Nz

sinx +

\/—2

2
Vi + = 1 nén ton tai ¢ sao cho cos¢@ =
(v aZz + b2 > < b? ) ne ¢
% vasin Q= khi dé ta c6

a? + b? \/72
c
sinxcos @ +sin@cosx = ————
2 % 2
hay

. C
sm(x + QD) = W

Day la phuong trinh co ban theo sin nén giai dugc.
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7.3.3. Phuong trinh chira tdng (hay hiéu) va tich cta sin va
cos
1. Xét phuong trinh

a(sinx + cosx) +bsinxcosx +¢ =0

véia,b,c e R,a?+ b*> # 0. Datt = sinx + cos x, khi d6 > = (sinx +
cos x)? = 1+ 2sin x cos x. Tir d6 tinh dugc sin x cos x theo t. Sau d6
thay vao phuong trinh ban dau ta dugc phuong trinh bac hai theo
t nén giai dugc.

2. V4i phuong trinh dang a(sinx — cosx) + bsinxcosx + ¢ = 0, vdi
a,b,c € R,a*+b? # 0. ta cing giai nhu trén bang cach dat t =
sin x — cos x.

7.3.4. Phuong tinh ddng cp déi véi sin va cos
Xét phuong trinh

asin®x + bsinxcosx + ccos’ x = d

véia,b,c,d e R. Cach gidi nhu sau

e Néu cos x = 0 thi thut truc tiép.

e Néu cos x # 0 thi chia ca hai vé ctia phuong trinh cho cos? x ta dua
vé phuong trinh bac hai theo tan x nén giai dugc.



Chuong 8
TO HOP VA XAC SUAT

8.1. Quy tdc dém

8.1.1. Quy téc cong

Gia stir ddi tugng X c6 m cach chon khac nhau, déi tuong Y c6 n
cach chon khéac nhau va khong c6 cach chon déi tugng X nao trung
vdi mdi cach chon dbi tuong Y. Khi d6 c6 m + n cach chon mét trong
hai d6i tuong éy.
Gia st A va B la cac tap hitru han, khong giao nhau. Khi d6

(8.1) n(AUB) = n(A) + n(B)

Trong d6: n(A) 1a ky hiéu cho s6 phan tir cda tap A.

» Chu y: Cong thic (8.1) c6 thé md rong theo hai hudng

e Néu A va B la hai tap htru han bat ky thi

n(A\B) =n(A)+n(B) —n(A()B)

e Néu Ay, Ay, ..., Ay 1a cac tap hitu han tuy ¥, d6i mot khong giao
nhau thi

n(AtUJA2U...UAn) =n(Ar) +n(A2) + ...+ n(An)

8.1.2. Quy tdc nhan

Gia st A, B 1a hai tap hiru han. Ki hiéu A x B 1a tap hop tat ca cac
cdp c6 thu tu (a,b), trong déa € A, b € B. Ta c6 quy tac

n(A x B) = n(A).n(B)

Quy tac trén c6 thé phét biéu nhu sau:

Gia st c6 hai hanh dong dugc thuc hién lién tiép. Hanh dong thir nhat
c6 m két qua. Ung véi méi két qua ctia hanh dong thit nhat, hanh dong
thit hai 6 n két qua. Khi d6 c6 m x n két qua ctia hai hanh dong lién
tiép do.

» Chd y: Quy tac nhan & trén c6 thé md rong ra nhiéu hanh dong lién
tiep.
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8.2. Hoan vi, chinh hop, 16 hop
Cho tap hgp A gém n phan ti (n = 1).
8.2.1. Hoan vi
Két qua ctia sy sap xép n phan ti ctia A theo mot thi ty nao dé

duogc goi la mot hoan vi ctia tap A.
S6 cac hoan vi cta tap A dugce ki hiéu 1a P, khi d6

P,=n(n-1)...21=mn!

8.2.2. Chinh hop

Két qua ctia viéc lay k phan tir ctia A (1 < k < n) va xép theo mot
thit tu nao d6 duge goi 1a mot chinh hgp chéap k ctia 7 phan t.
S céc chinh hgp chap k ctia 2 phan tir dugce ki hiéu 1a A¥, khi d6

Quy udc: 0! = 1.

8.2.3.T6 hop

Mot tap con gdom k phan tir ctia A (1 £ k < n) duge goi la mot t6
hop chap k ctia n phan tir. T6 hgp chéap 0 ctia 7 phan ti 1a tap rong.
S cac t6 hop chap k ctia n phan tir dugce ki hiéu la Ck, khi d6

n!

k
= i =

8.3. Nhi thirc Newton

8.3.1. Cong thirc nhi thirc Newton
Khi khai trién nhi thitc Newton! (a2 + b)", ta nhan dugc cong thirc

(8.2) (a+b)" =C" + Cla" o+ ...+ C'ap" ! + C'p"

saac Newton (1642-1727) 1a mot nha vat ly, nha thién van hoc, nha triét hoc, nha
toan hoc, nha than hoc va nha gia kim ngudi Anh, dugc nhiéu ngudi cho rang 1a nha
khoa hoc vi dai va c6 tdm anh hudng 16n nhéat.
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8.3.2. Cdc tinh chét
Trong khai trién cong thirc (8.2) ta c6

1. Sb cac hang trlan + 1.

2. S6 hang (hay hang tt) tha k + 1 1a Cka™ %k, k = 0,1,...,n (quy
udc a® = 1véia #0).

3. S6 mii cta a giam dan tir n d&én 0, s6 mi cda b tang dan tir 0 dén n,
nhung tong cac s6 mi ctia 2 va b trong méi hang tr ludn bang n.

4. Céc hang tir cach déu hang tir dau va hang tir cubi c6 hé sé bang
nhau.

8.4. Ly thuyét co bdn vé xdc suét

8.4.1. Phép thit va bién cb

e Tap hop moi két qua c6 thé xay ra cia mot phép thir duoc goi la
khéng gian mdu cta phép thir va duoc ki hiéu la Q. Ta chi xét cac
phép thir voi khong gian mau ) 1a tap hitru han.

e Mbi tap con A ctia Q) dugc goi la mot bién cb. Tap @ duge goi la bién
cb khong thé, tap Q dugc goi 1a bién cd chic chin.

e Néu khi phép thir dugc tién hanh ma két qua cta né 1a mot phan
tlr cia A thi ta ndi rang A xdy ra, hay phép thit thuan 1gi cho A.

e Bién cd A = O\ A dugc goi 1a bién ¢ dbi ciia A. Nhu vay A va B la
hai bién c6 d6i nhau < A = B; A xay ra < A khong xdy ra.

e Bién cd A B xady ra < A hoic B xay ra.

e Bién c6 A B xdy ra < A va B ciing xay ra.

e Néu A B = @ thi A va B dugc goi 1a hai bién c6 xung khic.

8.4.2. Xac suét cla bién cé

1. Néu A la bién c6 lién quan dén phép thir chi c6 mot s6 hiru han cac
) R . £ A
ket qua dong kha nang xuat hién thi tiso P(A) = ZE Qg duoc goi la
xéac suat ctia bién c6 A, trong d6 ki hiéu n(A) la s6 phan t ctia A.
2. Xdc sudt c6 cac tinh chat sau:
(@) P(A) = 0,VA.
() P(O) =1, o ,
(c) Neu A va B la hai bien co xung khac cung lién quan den phép
thur thi
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P(AUB) = P(A) + P(B)

(Céng thic cong xac suat).
Mé rong: Vi hai bién c6 A va B bat ky cting lién quan dén phép
thir thi

P(A|JB) = P(A)+P(B)—P(A(B)

3. Hai bién cb A va B dugc goi la doc ldp, néu su xdy ra ciia mot trong
hai bién c6 khong lam anh hudng dén xac suat xdy ra cta bién cd
kia. Nguoi ta chiing minh dugc rang, hai bién ¢ A va B doc 1ap khi
va chi khi P(A(\B) = P(A).P(B). Ngoai ra, A va B doc lap < A
va B doc lap < A va B doc lap < A va B doc lap.



Chuong 9
DAY SO

9.1. Phrong phdp quy nap todn hoc

1.

Dé chitng minh mot ménh déla dung véi moin € N* bf“mg phuong
phap quy nap toan hoc, ta tién hanh hai budc:
(a) Budc 1: Kiém tra ré“mg ménh dé dung véin = 1.
(b) Gia st ménh dé duing vdi mot sb ty nhién batky n =k (k > 1)
va chiing minh rang n6 cting ding véin = k + 1.
Trong truong hgp phai chitng minh mot ménh dé dung véi moi sO
tu nhién n > p (p 1a s6 tu nhién) thi:
(a) O budc 1: ta kiém tra ménh dé ding véi n = p.
(b) Obudc 2: ta gia thiét ménh dé ding v6i mot s6 tu nhién bat ky
n =k (k > p) va ching minh rang n6 ciing dung véin = k + 1.
Phép thtr véi mot s6 hiru han sb ty nhién, tuy khong phai la ching
minh, nhung cho phép ta du doan dugc két qua. Két qua nay chi la
gia thiét, va dé chitng minh ta c6 thé ding phuong phap quy nap
toan hoc.

Vi du 9.1.1. Chiing minh rang

7T
9.1) \/2+\/2+...+\F2:2coszn+1

n diu can

Giai.

Dt vé trai cta hé thic (9.1) bang C,,.
Khi n = 1 thi hé thuc (9.1) dung.
Gia st hé thuce (9.1) dung voin =k > 1, tac la

T
Ck :2coszkﬁ

Ta phai chiing minh

Ck+1 — 2 CcOs W
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That vay, tir gia thiét quy nap ta c6

— [ T
Ck+]: 2+Ck: 2+2COSW
[ T T, . T
= 4coszﬁz2cosﬁ(v1 cosﬁ>0)

Vay hé thic (9.1) da dugc ching minh.

9.2. DAy s6

9.2.1. Co bdn vé day sb
Dinh nghia 9.1. Mdi ham s6 u xdc dinh trén tip s6 ty nhién N* duoc goi
la day s6 v6 han (goi tat 1a ddy ).

u: N*— R

n+— u(n)

Trong d6 ta goi u(n) = u, la s6 hang téng qudt ciia diy so (uy).
MG6i ham s6 u xdc dinh trén tip M = {1,2,...,m}, vdi m € N*, dugc goi la
day s6 hitu han.

9.2.2. Cach cho mét day sé
1. Day s6 cho bang cong thifc ciia s6 hang tong qudt
Khi d6 u, = f(n) véi f la mot ham s6 xac dinh trén IN*. Day la cach
kha thong dung (gidéng nhu ham s6) va néu biét gia tri cta n (hay
cting chinh 1a s thit tu ctia s6 hang) thi ta c6 thé tinh ngay duoc
Up.
2. Day s6 cho bing phicong phdp mé td
Nguoi ta cho mot ménh dé mo ta cach xac dinh céac s6 hang lién
tiép ctia day sb. Tuy nhién, khong thé tim ngay duoc u, véi n tuy .
3. Diy s cho bing cong thiic truy hoi (hay quy nap)
(a) Cho sb hang thir nhat 1 (hodc vai sb hang dau).
(b) Véin = 2, cho mét cong thuc tinh u;, néu biét u,_; (hoac mot
vai s6 hang ding ngay trudc né). Cac cong thirc c6 thé la

Ul =a
Uy = f(uy_1) véin =2
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. Jui=au=0b
hodc ..
Up = f(Uy_1,ty_2) véin =3

9.2.3. Day s6 tdng, ddy sb gidm
1. Day so (un) duoc goi la tang neu Upy1 > Uy VO MOi n € IN*.
2. Day sO (un) dugc goi la gidm néu i, < U, véi moin € N*.
3. Phuong phap khao sat tinh don diéu.
(a) Phuong phap 1: Xét hiéu H = u,, 1 —u
i. Néu H > 0 v6i moi n € IN* thi day sb tang.
ii. Néu H < 0 v&i moi n € N* thi day sb giam.
n+1

(b) Phuong phap 2: Néu u,, > 0 vdi moi n € IN* thi lap ty s6

n
r6i 50 sanh véi 1
. A 1 e . NP A 4 v
i. Néu 1 > 1 véi moi n € IN* thi day sb tang.
Un
.. 3 un+1 . . % < 1~ A .2
ii. Neu < 1v6imoin e N* thi day so giam.
Un

9.2.4. Day s6 bi chdn
1. Day s6 (u,) dugc goi 1a bi chin trén néu ton tai sb thie M sao cho

u, < M,vn e IN*
2. Day sb (uy,) dugc goi la bi chin dudi néu ton tai s6 thuc m sao cho
u, = m,vynecN*

3. Day s6 dugc goi 1a bi chin, néu né vira bi chan trén vira bi chan
dudi, tic la ton tai hai so m, M sao cho

m<u, <M, VnelN*
» Chti y: Cac dau “=" khong nhat thiét phai xay ra.
9.3. Cap s6 cong
9.3.1. Co bdn vé cdp sé cong

Dinh nghia 9.2. Day s6 (u,) la cdp s6 cong < uy, 11 = u, +d véin € N*,
trong dé d la mot hang sé va duogc goi la cong sai.
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Nhu vay, cong sai ctia mot cAp s6 cong (u,) xac dinh béi:
d=Up 1 — Uy =Uy—Uy_1="...
9.3.2. $6 hang téng quat
S6 hang t6ng quat ctia cap sb cong (u,) xac dinh boi
Uy =up+(n—-1)dvéin =2

__1 '

9.3.3. Tinh chét

Suyrad =

_ UWk1 Mk
2
hay u_1 + g1 = 2uy.

voik =2

9.3.4. 16ng n s6 hang dau

n

”_2”1_ u1+u") véin e N*

n[2u1 + (n— 1)d]

> .
» Chu y: Khi gidi cac bai toan vé cap sb cong (u,), ta thuong gap 5 dai
luong. D6 1a uy,d, uy,n,Sy. Can phai biét it nhat 3 trong 5 dai luong
do thi sé tinh duogc cac dai luong con lai.

hay S, =

9.4. Cap s6 nhan

9.4.1. Co bdn vé cép sé nhan
Dinh nghia 9.3. Ddy s6 (v,) la cdp s6 nhin < v, = v,.q vdi n € N*,
trong dé q la mot hdang s va dugc goi la cong boi.

Nhu vay, cong boi ctia mot cép s6 nhan (v,,) xac dinh béi:

Un+1 (47

q=——= Ce
Un Un—1
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9.4.2. 6 hang téng qudt

S6 hang téng quat ctia cap s6 nhan (v,) xac dinh bai
v, = vl.q”’l voin =2

9.4.3. Tinh chét

(Uk)z = Uk—1-Uk+1 (k = 2)

hay |vg| = /Or 1011
9.4.4. 16ng n s6 hang dau

n

"1
sn:Zzyi:T’l(j_l) véig # 1
i=1

» Chu y: Khi giai cac bai toan vé cAp s6 nhan (v,,), ta thuong gap 5 dai
luong. Do la vy, q,v,,n,S,. Can phai biét it nhat 3 trong 5 dai luong do
thi sé tinh duoc cac dai luong con lai.



Chuong ] 0
GIOI HAN

10.1. Gi6i han cula day sb
10.1.1. Gidi han hiru han

Cho cac day s6 (uy), (v,), khi d6
1. lirB up = 0 < |uy| c6 thé nhd hon mot sé6 duong bé tuy v, ké tir
n——+ao0
mot s6 hang nao doé trd di.

2. lim vy,=a< lim (v,—a)=0véiaeR.
n——+0oo n——+0oo

10.1.2. Gioi han vé cuc
1. hffr‘ U, = +0 < u, c6 thé 16n hon mot s6 duong l6n tuy y, ké tir
n——+aoo

mot s6 hang nao dé trd di.

2. lim u, =-w< lim (—u,) = +co.
n—+400 n—+0a0
» Chu y: Thay cho lim u, = a, lim u, = +oo ta c6 thé viét tat
n—4-00 n—4-00

limu, = a,limu, = +co.
10.1.3. Cdac gidi han dac biét

1 1
1. lim o= 0; lim = 0; limn* = +oo, v6i k nguyén duong.

2. limg" = 0néu |g| < 1;limg" = o néu g > 1.
3. limc=cvdiceR.

10.1.4. DBinh ly vé giéi han hiru han

1. Néu limu, = a valimov, = b, thi:

OIim(un —H)n):a—f—b o]im(un—z)n):g_b
e limu,.v, = ab olim2 =2 (voib #0).
Uy b

2. Néuu, = 0vsimoinvalimu, =athia>0valim./u, = /a.
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10.1.5. Lién hé gilra gidi han hiru han va vé cuc

) u
1. Neulimu, = avalimv,, = oo thi limv—" =0.

n

) u

2. Neulimu, =a > 0Ovalimv, = 0véiv, > 0,Vn thi limv—" = 4o0.
n
3. Neulimu, = +ovalimv, = a > 0 thi lim u,v, = +0o0.
10.1.6. Cdp s6 nhan IUi vé han
1. Cép s6 nhan 1ui vo han 1a cép s6 nhan vo han c6 cong boi g thoa
man |q| < 1.
2. Cong thic tinh tong ctia cip s6 nhan lui vo han (u,)
up

1—q

S=wu+uw+...4vu,+...=

10.2. Gi6i han clia ham sé
10.2.1. Gidi han hiru han

1. Cho khoang K chtra diém xo va ham s6 y = f(x) xac dinh trén K
hodc trén K\{xo}. Khi d6 lim f(x) = L < voéi day sb (x,) bat ky,
X—Xq

x, € K\{xo} va x,, — xo, ta c6 lim f(x,) = L.
2. Cho ham s6 y = f(x) xac dinh trén khoang (xo;b). Khi dé

lim+ f(x) = L < véi day sb (x,) batky, xo < x, < bva x, — x, ta
X—>X0

c6 lim f(x,) = L.
3. Cho ham s6 y = f(x) xac dinh trén khoang (a;x). Khi dé

lim f(x) =L < voiday sb (x,) bat ky, a < x, < xgva x, — xo, ta
xaxof

c6 lim f(x,) = L.
4. Cho ham sb y = f(x) xdc dinh trén khoang (a;+o0). Khi do

liToof(x) = L < v6i day s6 (x,) bat ky, x, > a va x, - +o0,
X—>

ta c6 lim f(x,) = L.
5. Cho ham s6 y = f(x) xdc dinh trén khodng (—oo;a). Khi dé

lim f(x) = L < véi day sb (x,) bat ky, x, < a va x, — —oo,
X—>—0Q0

ta c6 lim f(x,) = L.

10.2.2. Gidi han v6 cuc
Sau day la hai trong s6 nhiéu loai gii han vo cuc khac nhau
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. Cho ham s6 y = f(x) xdc dinh trén khoang (4;+o0). Khi dé

lirE f(x) = —o0 < v6i day s6 (x,,) bat ky, x, > a va x, — +o, ta
X—+00
6 lim f(x,) = —oo.

. Cho khoang K chita diém xo va ham s6 y = f(x) xéac dinh trén K

hodc trén K\{xo}. Khi d6 lim f(x) = +o0 < v&i day sb (x,) bat ky,
X—X0

xn € K\{x0} va x,, — x¢, ta c6 lim f(x,) = +o0.

» Chu y: f(x) c6 gidi han +00 < —f(x) 6 gidi han —oo.

10.2.3. Cac gidi han dac biét

8.

1
2
3
4.
5
6
7

. lim x = xp v&i xg € R.

X—Xp

. lim ¢ = ¢ véi c 1a hang sb.

X—Xp
hrp ¢ = c véi c 1a hang sb.

X—

c
lim — = 0 véi c 1a hang sb.
x—+o x

xLlToo x = +o0 véi k nguyén duong.
k

lim x* = —oo vdi k 1a sb 1é.

X——0Q0

lim x* = +oo véi k 1a sb chin.
X—>—00

. SINn Xx
lim
x—0 X

=1.

10.2.4. Cdc dinh Iy vé gidi han hiru han
Dinh ly 10.1. Ta chiing minh duoc cic dinh lyj sau

1.

2.

Néu lim f(x) = ava hmg( )=pBuvdia,peR,th

@ lim [£(x) + g(x)] = &+ .
 Tim [£(x) — g()] =~
© Jim [(x) ()] = wp
flx) _a
(d) xlgg{log(—x) = vaﬁ;féo
Néu f(x) > 0va Néu lim f(x) = athia>0va lim 4/f(x) = Va.

» Chti y: Pinh ly (10.1) van dung khi x — +o0 hodc x — —0.
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Pinhly 10.2. lim f(x) =a & lim f(x) = lm f(x) = a.

X—=Xo X=X, x—xy

10.2.5. Cdc quy téc vé gidi han vé cuc
1. Quy tac tim gidi han cta tich f(x).g(x)

lim f(x) | lim g(x) | lim f(x)g(x)
+ao0 +00
a>0
—Q0 —Q0
+o0 —o0
a<0
—0 +oo

f(x)

2. Quy tac tim gi6i han cta thuong 25—+

g(x)

. . A ? : f(x)
A S | i 8 | Dawesag) | i o)
w +o0 Ty y 0
a>0 0 + o

— —0
a<0 0 + —
- +o0

(D4u ctia g(x) xét trén mot khoang K nao d6 dang tinh gidi han, véi
X # XQ).
10.3. Ham so lién tuc

10.3.1. Ham sb lién tuc

1. Cho ham s6 y = f(x) xac dinh trén khodng K va xo € K. Khi d¢,
ham sb y = f(x) lién tuc tai xo khi va chi khi

lim f(x) = f(xo)

X—Xo

2. Ham s6 y = f(x) lién tuc trén mot khodng néu né lién tuc tai moi
diém ctia khoang do.
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3. Ham s6 y = f(x) lién tuc trén doan [a;b] néu no lién tuc trén
khoang (a;b) va lim+f(x) = f(a), lir? f(x) = f(b).
X—a X—0~
» Nhan xét: D6 thi cia mot ham s lién tuc trén mot khoang la mot
“dudng lién” trén khoang do.

10.3.2. Cac dinh ly

Dinh ly 10.3. Ham so da thitc lién tuc trén toan bg tip s6 thuc R. Ham so
phdn thitc hitu ty va ham s6 lugng gidc lién tuc trén tirng khodng ctia tdp xdc
dinh cila chiing.

Dinh 1y 10.4. Gidsiry = f(x) va y = g(x) la hai ham sé lién tuc tai diém

XQ. Khi do

1. Cdc ham s6 f(x) + g(x), f(x) — g(x) va f(x).g(x) cing lién tuc tai
dié’m XQ.

f(x)

2. Ham s6 “—==% lién tuc tai xo néu ¢(xq) # 0.

2 8(xo)
Dinh 1y 10.5. Néuham séy = f(x) lién tuc trén doan [a; b] va f(a).f(b) <
0 thi ton tai it nhat mot diém c € (a; b) sao cho f(c) = 0.
Hé qua 10.6. Cho ham séy = f(x) lién tuc trén doan [a; b] va f(a).f(b) <
0. Khi d6 phurong trinh f(x) = 0 cd it nhit mét nghiém trong khodng (a; b).



Chuong ] ]
PAO HAM

11.1. Cdc ly thuyét vé dao ham
11.1.1. Pinh nghia

Dinh nghia 11.1. Cho ham s y = f(x) xdc dinh trén khoing (a,b), xo €
(a,b), xo + Ax € (a,b), néu ton tai gidi han (hitu han)

lim (01 8%) = f(x0)

Ax—0 Ax

duoc goi la dao ham cia f(x) tai xo, ki hidu la f'(xo) hay y'(xo), khi do

Xo +A8x) = f(x0) _ o f(¥) = f(x0)
Ax—0 Ax X—Xo X — X0

11.1.2. Quy tdc tinh dao ham béing dinh nghia

1. Budc 1: Véi Ax 1a s6 gia cua déi sb tai xp, tinh

Ay = f(xo + Ax) = f(x0)

A v i Ay
. t —.
2. Lap tiso AX
3. Tinh lim .

Ax—0 Ax
» Chu y: Trong dinh nghia va quy tac trén day, thay x bdi x ta sé c6
dinh nghia va quy tac tinh dao ham ctia ham s6 y = f(x) tai diém
x € (a;b).

11.1.3. Quan hé gitra tinh lién tuc va s¥ c6 dao ham

f(x) c6 dao ham = f(x) lién tuc
tai xg <+ tai xg
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11.1.4. Y nghia hinh hoc cla dao hdm

Néu ton tai, f/(x) 1a hé sb goc ctia tiép tuyén ctia d6 thi ham sb
y = f(x) tai M(xo; f(x0)). Khi d6 phuong trinh tiép tuyén cta do thi
ham s6 tai M la

y—yo = f"(x0)(x —x0) |, v6iyo = f(x0)

11.1.5. Y nghia vat Iy clia dao ham
o(t) = s'(t) 1a van tdc tic thoi ctia chuyén dong s = s(t) tai thoi
diém t.

11.2. Cdc qui tdc tinh dao ham

11.2.1. Cdc coéng thirc

Cf(x) £g(x)] = f(x) £ ¢'(x).

- [f(0)g(x)]" = f1(x)g(x) + f(x)g' (x).
.| | —kf’( ) véik e R.

é

—_

kf(x
) _ SIS SO 1) o0

[§(x)]?

ao ham cta ham hgp

Ul s BN

Y = Yuttx VO y = y(u), u = u(x).

11.2.2. Bang cac dao ham co bén

Pao ham ctia ham so cap | Dao ham ctia ham hop u = u(x)

e(c))=0voiceR

o (x%) = qx ! o (Y = qut
RO
(Vx)' = 2\15 o (Vi) = zi[//ﬂ
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o (e¥) =e" o (e") =e'u

e (a*) =a"Ina o (a") =a".Inau’

e (sinx)’ = cosx e (sinu) =u'.cosu

e (cosx) = —sinx e (cosu) = —u'.sinu

e (tanx) = ﬁ o (tanu) = C()le;u

e (cotx) = —— 12 o (cotu) = —u'.— 12
sin” x sin” u

11.3. Vi phan

Cho ham s6 y = f(x) xdc dinh trén (a,b) va c6 dao ham tai x €
(a,b). Gia stt Ax 1a sb gia ctia x sao cho x + Ax € (a,b). Tich f'(x)Ax
duoc goi 1a vi phan ctia ham sb f(x) tai x, ing véi sb gia Ax, ky hiéu
la df(x) hay dy. Nhu vay dy = df(x) = f'(x)dx.



Chuong ]2
KHAO SAT HAM SO

12.1. Tinh dong bién - nghich bién cia ham s6
Gia st ham f(x) ¢6 dao ham trén khoang (a; b), khi dé:

1. f'(x) >0, Vx € (a,b) thi f(x) dong bién trén khoang (a,b).

2. f'(x) <0, Vx € (a,b) thi f(x) nghich bién trén khoang (a,b).

3. f(x) dong bién trén khoang (a,b) thi f'(x) = 0, Vx € (a,b).

4. f(x) nghich bién trén khoang (a,b) thi f'(x) <0, Vx € (a,b).

12.2. Cuc tri cia ham so
Gia sit ham f(x) c6 dao ham trén khoang (a;b) va xg € (a;b)

! .
L Néu f'(x) > 0,Vx € (xo — h; xp)
) < 0,Vx e (xp;x0+ h)

(x (
» f'(x) <0,Vx € (xo — h; xp)
2 N { e

thi xg 1a diém cyc dai caa f(x).

thi xg 1a diém cuc tiéu cia f(x).

f'(x) > 0,Vx € (xp; x0 + h)
! —
3. Néu f!(x0) =0 thi xg 1a diém cyc dai caa f(x).
f”(X()) <0
2 ! =0 . .
4. Néu f'(x0) thi xo la diém cuc tiéu caa f(x).
f"(x0) >0

12.3. Gid tri I&n nhét, nhdé nhét clia ham sé

12.3.1. Cdch tim gid tri 16n nhét, gid tri nhé nhét trén mot
doan

Dinh 1y 12.1. Néu ham séy = f(x) lién tuc trén doan [a; b] thi ton tai

r[nab]Xf( x) va r[g;ibr}lf(X)-

» Cach tim:
e Tim x; € [a,b],i = 1,2,...,n1a cac diém tai d6 c6 dao ham bang 0
hoac khong xac dinh.
e Tinh f(a), f(b), f(x;), v6ii=1,2,...,n
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e So sanh dé suy ra

GILN = max {f(a), f(x1), ..., f(xa), £(b)}
GINN = min{f(a), f(x1),...,f(x:), f(b)}

12.3.2. Cdch fim gid tri 16n nhét, nhd nhét trén mét khoding

Cho ham s6 y = f(x) lién tuc trén khoang (a;b), khi d6 xét hai
truong hop

X a X0 b X a X0 b
y - + Y + -
GTLN
y \ / y / \
GTNN

Trong d6 f'(xp) bang 0 hodc f'(x) khong xac dinh tai xo.
12.4. Puong tiém cdn
Ki hiéu (C) la d6 thi cia ham s y = f(x).

12.4.1. Puong tiém cdn dirng

Neu mot trong cac dieu kién sau xay ra

li x) = 4o
xgxngf( )

i X) = —0
xgxngf( )

lim f(x) = 4o
X*)XO

lim f(x) = —w
xﬁxo_

thi duong thang x = xp 1a tiém can ding ctia (C).
12.4.2. Puong tiém cdn ngang
Neu xlirfwf(x) = 1o hoac xlirgoof(x) = 1o thi duong thang y = yo

la tiém can ngang cua (C).
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12.5. Cdc buédc khdo sat ham sé
12.5.1. So dd khdo sdt ham sé y = f(x)

1. Tim tap xac dinh ctia ham s6.
2. Su bién thién
(a) Chiéu bién thién

i. Tinhy'.
ii. Tim cac nghiém ctia phuong trinh ¥’ = 0 va cac diém tai
do y’ khong xac dinh.

iii. Xét dau i’ va suy ra chiéu bién thién cia ham sb.

(b) Tim céc diém cuc tri (néu co).

(c) Tim cac gidi han v6 cuc, cac gidi han tai 400, —c0 va tai cac
diém ma ham s6 khong xac dinh. Suy ra cac duong tiém can
dung va ngang (néu co).

(d) Lap bang bién thién.

3. Vé do thi: Tinh thém toa do mot s6 diém dic biét, 1ap bang gia tri
va dya vao bang bién thién dé vé do thi.

»Chuy:

e Néu ham s6 tuan hoan véi chu ky T thi ta chi can vé do thi trén mot
chu ky r6i tinh tién d0 thi song song véi Ox.

e Dé vé do thi thém chinh xac ta can
v Tim thém toa d6 mot s6 diém, dac biét nén tinh cac giao diém

ctia do thi véi cac truc toa do.

v Luu y tinh chat ddi xiing (qua truc, qua tam,...) cda do thi.

12.5.2. Twong giao cla hai dd thi

1. Bién luin s6 nghiém caa phuong trinh bang d6 thi. Gia st (C;) la
do thi ctia ham sé y = f(x) va (C) la d6 thi cia ham s6 y = g(x).
Khi d6 s6 nghiém ctia phuong trinh f(x) = g(x) tuong ting véi sd
giao diém cua (C1) va (Cp).

2. Tiép tuyén véi d6 thi ctia ham sob.

(a) Dang 1.
Viét phuong trinh tiép tuyén ctia d6 thi ham sé y = f(x):
i. Tai mot diém (xo; yo) trén do thi.
ii. Tai diém c6 hoanh d6 x trén do thi.
iii. Tai diém c6 tung do y trén do thi.
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(b)

()

iv. Tai giao diém cuda d6 thi véi truc tung.

v. Tai giao diém ctia d6 thi véi truc hoanh.
Phuong phép giai: Tim du cac gia tri xo;yo = f(x0) va f'(xo).
Khi d6, phuong trinh tiép tuyén ctia d6 thi ham s6 y = f(x)
tai (xo;y0) 1a

y—yo = f'(x0)(x — xo)

Dang 2.
Viét phuong trinh tiép tuyén ctia do thi ham s6 y = f(x) biét
tiép tuyén song song hodc vuong goéc véi duong thang y =
ax +b. Phuong phap giai nhu sau
i. Tinhy' = f'(x).
ii. Néu tlep tuyen song song voi duong thang y =ax+bthi
hé sb goc ctia tiép tuyén bang a, tic 1a giai phuong trinh
f'(x) = a dé tim x;. Néu tiép tuyén vudng goc v6i dudng

thang y = ax + b thi hé s6 goc cta tiép tuyén bang —

tic 1a giai phuong trinh f/(x) = —% dé tim xo.

iii. Tinh Yo = f(xo).

iv. Thay vao phuong trinh tiép tuyén y —yo = f'(x0)(x — x0).
Dang 3.
Viét phuong trinh tiép tuyén di qua mét diém cho trudc dén
d6 thi ham s6 y = f(x). Phuong phéap st dung diéu kién tiép
xtic: Db thi ham s6 y = f(x) va duong thang y = g(x) tiép xuc
tai diém c6 hoanh dd xj khi xo 1a nghiém ctia hé

{f(x) = g(x)
fl(x) = g'(%)



Chuong ]3
LUY THUA VA LOGARIT

13.1. Liy thira
13.1.1. Lay thira véi s& ma nguyén

1. Lay thua voi s6 mu nguyén duong
VéiaeR,neIN* taco

a*=aqa.a...a
;_\/__/

n thira s6

2. Liy thtra v6i s6 mii nguyén am va s6 mai 0
(a) V6ia #0,neN tacod

1
w4
a =

(b) Véia#0tacoa’ =1.
(c) Chuy: 0° va 0~" khong c6 nghia.

13.1.2. Can béc n
Cho s thuc b va s6 nguyén duong n = 2. Khi d6
1. Sb a dugc goi la cdn bac 1 ciia bnéu a” = b, ky hiéua = /b
2. Khi 7 18 thi ton tai duy nhat ¥/b véi moi b € R.
3. Khi n chan thi
(a) Néu b < 0 thi khong ton tai cdn bac n caa b.
(b) Néu b = 0 thi c6 mot can /0 = 0.
(c) Néu b > 0 thi ¢6 hai can Vb va —/b.

13.1.3. Lay thira véi s6 ma hiru ti
Véia>0mmneZ,n>=2, tacd
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13.1.4. LGy thira véi s6 ma vé fi

Cho a > 0, « 1a mot s6 vo t va (r,) 1a mot day sO hitu ti sao cho
lim r, = a, khi do
n——+0o0

a* = lim a’
n——+aoo

13.1.5. Cdc tinh chét Iy thira
Choa >0, b>0 a, B € R, khi do

1. a%.aP = a*tP; ——a”‘ B.
ab

19
2. (ab)* = a“.b%; (g)a:a—.
3. )5_a1x‘5
4. Neua>1th1a > af = u > B.
5. Néu0<a<1thia*>af <= a<§p.

/-\

13.2. Ham s6 liiy thira

13.2.1. Co bdn vé ham s6 lay thira
Dinh nghia 13.1. Ham s6 lity thita la ham s cé dang y = x* vdi a € R.

13.2.2. Tap xdc dinh

Tap xac dinh ctia ham s6 y = x* la:
¢ R v6i a nguyén duong;
e R\{0} v6i « nguyén am hoac bang 0;
e (0; 400) voi a khong nguyén.

13.2.3. Pao ham

N A 4. , N 4. . N !’
Ham so y = x* véi a € R ¢6 dao ham véi moi x > 0 va (x*) =

ax®1,

13.2.4. Tinh chét
Xét ham s6 liy thira y = x* trén khoang (0; +-o0), khi d6

1. D0 thi ludén di qua diém (1;1).

2. Khi « > 0 ham sb luén déng bién, khi « < 0 ham s6 luén nghich
bién.
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3. D0 thi ctia ham s6 khéong c6 tiém can khi a > 0. Khi a < 0, do thi
ctia ham s6 ¢6 tiém can ngang la truc Ox, tiém can dung la truc Oy.

13.2.5. D6 thi

D6 thi ctia ham s6 liy thira
y = x* trén khoang (0; +0)
ung v6i cac gia tri khac
nhau cua «.

13.3. Logarrit

13.3.1. Co bdn vé logarit

Dinh nghia 13.2. Choa > 0,b > 0,a # 1, s6 a thda ding thitc a* = b
dugc goi la logarit co s6 a ciia b va ky hiéu la log, b, nhi vdy

a=log,b==a*=0b

13.3.2. Cdc tinh chét

log,1=0; log,a =1; %" = b; log, a* = a

13.3.3. Cdc quy téc tinh

1. V&icacsda, by, by >0,a #1,tacod
log,(b1b2) = log, by + log, bo

b
log, <bl> = log, by —log, by

2. Vdicacsba,b>0,a+#1,aeR,nelN* tacod
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log, <;> = —log, b;|log, b* = alog, b log, Vb = %loga b.

3. Véicacsba,b,c>0,a#1,c#1,a #0tacod

_ log. b 1 _ 1
log, b = og. @’ log, b = Tog, 7 (b #1);log. b= " log, b
13.3.4. Logarit th@p phdn va logarit tw nhién

Véi x > 0 ta viét gon

log,,x = 1lg x hoac log,, x = logx; log, x = Inx

13.4. HOm s6 mu va ham s6 logarit
13.4.1. Ham s6 mii
1. Ham sy = a* v6ia > 0,a # 1 duoc goi la ham s6 mii co s6 a.
2. Ham s6 y = a* c6 dao ham tai moi x va (a*)" = a*Ina. Dac biét
(e¥) =e".
3. Cac tinh chat
(a) Tap xéac dinh ctia ham s6 ma 1a R.
(b) Khia > 1 ham s6 mii luén dong bién. Khi 0 < 2 < 1 ham s
mt ludn nghich bién.
(c) D6 thi cia ham s6 mii

Do thi ctia ham sb6 ma c6
tiém can ngang la truc Ox
va luon di qua cac diém
(0;1),(1;a) va nam phia

trén truc hoanh. /

13.4.2. Ham sb logarit

1. Him sby = log, x v6ia > 0,a # 1 duoc goi la ham s6 logarit co s6
a.
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) 1
2. Ham s6 y = log, x c6 dao ham tai moi x > 0 va (log, x)' = xIna

Pécbiét (Inx)’ = %
3. Céc tinh chat
(a) Tap xac dinh ctia ham s6 logarit 1a (0; +o0).
(b) Khi a > 1 ham sb logarit luén dong bién. Khi 0 < a4 < 1 ham
s6 logarit luon nghich bién.
(c) D6 thi ctia ham s6 logarit

Do thi cia ham s6 log-
arit co6 tiém can dung la
truc Oy va ludn di qua céac
diém (1;0),(a;1) va nam
phia bén phai truc tung.

y= logax

13.5. Phuong trinh ma va phuong trinh logarit

13.5.1. Phuong trinh mi
1. Phuong trinh mt dang co ban
a*=b(a>0,a#1)

(a) Néu b < 0 thi phuong trinh vo nghiém.

(b) Néu b > 0 thi phuong trinh c6 nghiém duy nhat x = log,, b.
2. Phuong trinh mii don gian: Gidi bang cadc phuong phap sau

(a) Pua vé cing moét co sb.

(b) Dat an phu.

(c) Lay logarit hai vé (logarit hoa).

(d) Phuong phap do thi.

(e) Ap dung cac tinh chat ctia ham s6 md ...

13.5.2. Phuong trinh logarit
1. Phuong trinh logarit dang co ban
log, x=">b(a>0,a+#1)
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Phuong trinh logarit co ban luén c¢6 nghiém duy nhat
x=a
2. Phuong trinh logarit don gidn: Giai bang cac phuong phap sau

(a) Pua vé cing moét co sb.

(b) Dat an phu.
(c) Mt héa hai vé

(d) Phuong phap do thi.

(e) Ap dung cac tinh chat ctia ham s6 logarit ...

13.6. B4t phuong trinh mii va logarit

13.6.1. B4t phuong trinh ma
1. Bat phuong trinh m co ban

(a) Dangl lea >0,a # 1.
i. Néu b < 0 thi tap nghiém ctia bat phuong trinh 1a R.
ii. Néub > 0va
e 1> 1, tap nghiém la (log, b; +0).
e 0 <a <1,tap nghiém la (—oo;log, b).
(b) Dang 2:V(’5ia >0,a # 1.
i. Néu b < 0 thi tip nghiém ctia bat phuong trinh 1a R.
ii. Néub > 0va
e 1> 1, tap nghiém la [log, b; +0).
e 0 <a <1, tap nghiém la (—oo;log, b].
(c) Dang 3: Vé’i a>0,a#1.
i. Néu b < 0 thi tdp nghiém ctia bat phuong trinh 1a .
ii. Néub > 0va
e a > 1, tap nghiém la (—oo;log, b).
e 0 <a <1, tap nghiém la (log, b; +0).
(d) Dang4:[a* < b|véia>0,a # 1.
i. Néu b < 0 thi tap nghiém ctia bat phuong trinh 1a .
ii. Néub > 0va
e 1> 1, tap nghiém la (—oo;log, b].
e 0 <a <1, tap nghiém la [log, b; +0).
2. Bat phuong trinh mt dang don gidn: Dé gidi ta can bién ddi dua vé
bat phuong trinh mii co ban hodc bat phuong trinh dai s6.
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13.6.2. B4t phuong trinh logarit
1. Bat phuong trinh logarit co ban
(a) Dang 1:|log, x > b|v&ia > 0,a # 1.

i. Néua > 1 thi tap nghiém 1a (a’; +0).

ii. Néu 0 < a < 1 thi tap nghiém la (0;4").
(b) Dang 2:|log,x > b|v6ia > 0,a # 1.

i. Néua > 1 thi tap nghiém la [ab; +oo).

ii. Néu0 < a < 1 thi tip nghiém la (0;4%].
(c) Dang 3:|log,x <b|v6ia > 0,a # 1.

i. Néu a > 1 thi tap nghiém la (0;a?).
ii. Néu0 < a < 1 thi tap nghiém la (a%; +o0).
(d) Dang3:|log,x < b|v6ia>0,a#1.
i. Néu a > 1 thi tap nghiém la (0;a’].
ii. Néu 0 < a < 1 thi tap nghiém la [a%; +0).
2. Bat phuong trinh logarit dang don gidn: Dé giai ta can bién déi dua
vé bat phuong trinh logarit co ban hodc bat phuong trinh dai s6.




Chuong ]4
NGUYEN HAM VA TiCH PHAN

14.1. Nguyén ham

14.1.1. Nguyén hém va cdc tinh chét

1. Cho ham s6 f(x) xac dinh trén khoang K < R. Ham s6 F(x) goi la
nguyén ham ctia ham f(x) trén khoang K néu

F'(x) = f(x),Vx € K.

2. Moi ham s6 lién tuc trén khodng K < R déu c6 nguyén ham trén
doan do.

3. Néu F(x) 1a mot nguyén ham ctia ham s6 f(x) trén khodng K € R
thi véi méi hang s6 C, ham s6 G(x) = F(x) + C ciing la mét nguyén
ham ctia f(x) trén K. Nguoc lai, néu F(x) 1a mot nguyén ham cda
ham sb f(x) trén K thi moi nguyén ham cta f(x) trén K déu c6
dang F(x) + C v6i C 1a mot hang s6. Ki hiéu ho tat ca cdc nguyén

ham ctia ham s6 f(x) la J f(x) dx, doc la tich phan bat dinh cua

f(x).Khi do Jf(x) dx=F(x)+CvdiCeR.
4. Cac tinh chat co ban
(a) Jf’(x) dx = f(x) + C v6i C 1a hang s thuc.

(b) ka(x) dx = kf f(x) dx v6i k 1a hiang s6 thuc.
(©) J x) +g(x dx—Jf dx+fg ) dx.
14.1.2. Phuong phdp tinh nguyén ham
1. Phuong phép déi bién s6. Néu ff(u) du = F(u) + Cvau = u(x)
la ham s c6 dao ham lién tuc thi J F(u(x))' (x) du = F(u(x)) +C.

2. Phuong phap tich phan tirng phan. Néu hai ham s6 u = u(x)

76
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va v = v(x) ¢6 dao ham lién tuc trén K thi Ju(x)v'(x) du =
u(x)ov(x) — fu’(x)v(x) du.

14.1.3. BAng cac nguyén ham co baén

Nguyén ham ctia ham so cdp | Nguyén ham ctia ham hop u = u(x)
oJde:C OJOdu:C
oJldx:x—kC ofldu:u—l—C
xa+1 uuc—i—l
o _ o —
oJx dx—a+1+C ofu du_oc+1+c
e | —dx=In|x|+C e | —du=Inul+C
ofexdx—ex—i—C ofe”du—e”—i—c
a* at
oJa"dx:+C ofa“du:—{—c
Ina In
ojcosxdx:sinx—kc ofcosudu:sinu—l—c
oninxdx:—cosx+C ofsinudu:—cosu—i—C
1 1
oJ 5 dx =tanx+ C .J 5 du =tanu +C
cos? x cos? u
1 1
oJ —— dx=—cotx+C of —— du = —cotu+C
sin” x sin” u
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14.2. Tich phdn

14.2.1. Tich phan va cdc tinh chét

1. Pinh nghia. Cho ham sb f(x) lién tuc trén doan [a, b]. Gia su F(x)
1a mot nguyén ham cda f(x) trén doan [a, b]. Hiéu s6 F(b) — F(a)
duoc goi 1a tich phan tir a dén b (hay tich phan xac dinh trén [a, b])

b

ctia ham s6 f(x). Ky hiéu la ff(x) dx. Khi d6

Truong hop a = b ta dinh nghia J f(x) dx = 0. Truong hopa > b

b a
ta dinh nghia ff(x) dx = — ff(x) dx
a
2. Cac tinh chat cta tich phan.
b

(a) ka(x) dx = kff(x) dx véi k 1a hang sé.

b)J x) +g(x dx—ff dHfg

(c) Jf dx—Jf dx+Jf ) dxvéia <c<b.

(d) Tlch phan khong phu thuoc vao chit dung lam bién sb trong
d4u tich phan, tuc la

b b
| rxyar= [ ey ar =
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14.2.2. Phuong phdp tinh tich phén

1. Phuong phép ddi bién s6
(a) Gid sit ham s6 x = ¢(t) c6 dao ham lién tuc trén doan [«, B]
sao cho ¢(a) =a, (B) =bvaa < ¢(t) <b,Vte [a, f]. Khi do

b

b
| 7 ax = [ o0 ar

a

(b) Gid stthamsb u = u(x) c6 dao ham lién tuc trén doan [a, b] sao
choa < u(x) < B,Vx € [a,b]. Néu f(x) = g(u(x))u'(x),Vx €
[a,b], trong d6 g(u) lién tuc trén doan [«, B] thi

b u(b)
ff(x) dx = J g(u) du
a u(a)

2. Phuong phap tich phan tirng phan. Néu u = u(x) vav = v(x) la
hai ham s6 c6 dao ham lién tuc trén doan [a, b] thi

hoac

b
b
—Jvdu.
a
a

14.2.3. Ung dung cla tich phén
1. Tinh dién tich cta hinh phang
(a) Dién tich hinh phang gi6i han bsi do thi ciia ham s6 y = f(x),
hai duong thfmg x =a,x =bvatrucOx la



80 Chuong 14. Nguyén ham va tich phan

Yy
y=f(x)
b /
s = [ 1) dx / :
! A [ ax
0 a b X

(b) Dién tich hinh phang gi¢i han béi do thi ctia hai ham s6
y = f(x),y = g(x) va hai duong thang x = a,x = b la

y
b y=fx)
5= [ 1£(x) ~ () dx /
z AAZZ/y=ﬂﬂ
o) ; b *

2. Tinh thé tich caa vat thé tron xoay
(a) Gia st hinh phang gi6i han béi cic duong y = f(x),y =
0 (truc Ox), x = a,x = b khi quay quanh truc Ox tao thanh
mot vat thé tron xoay. Thé tich ctia vat thé d6 la

b

V= [P dx

a

(b) Xét duong cong c6 phuong trinh x = g(y) lién tuc véi moi
y € [a;b]. Néu hinh gi6i han bdi cac duong x = g(y),x =
0 (truc Oy),y = a,y = b quay quanh truc Oy thi thé tich ctia
vat thé tron xoay tao thanh xac dinh béi

b
VIHJMWFW
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SO PHUC

15.1. Co bdn vé s6 phic
1. Sb phiic c6 dang
z=a-+bi
trong do

(a) ala phan thyc, b la phan 4o, a,b € R.

(b) ila don viaovai? = —1.

2. Hai sb phttc bang nhau khi va chi khi phan thuc va phan 4o tuong
ting bang nhau, tic la
a=c

at+tbi=c+di e
s

3. S6 phtic z = a + bi dugc biéu dién bsi diém M(a; b) trén mat phang
toa do Oxy. Khi do, do dai cta oM goila mo6 dun cua sO phuc z do,

tacla N
17| = ‘OM‘ = /a2 + 12,
4. S phuclién hgp ctaz = a + bilaz = a — bi.

15.2. Cdc phép todn véi sé phirc

1. Phép cong: (a+ bi) + (c+di) = (a+c)+ (b+4d)i.
2. Phép tru: (a+bi) — (c+di) = (a—c)+ (b—4d)i.
3. Phép nhan:

(a+ bi)(c +di) = ac + adi + cbi + bdi®
= (ac — bd) + (ad + be)i.

4. Phép chia:
(a+bi) (a+bi)(c—di)

(c+di)  (c+di)(c—di)

81
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(a + bi)(c —di)
@+ @)

15.3. Phuong trinh béc hai véi hé sé thuc

1. Sb thyc a < 0 van c6 cac can bac hai 1a i/|a| va —ir/|al.
2. Xét phuong trinh bac hai

ax>*+bx+c=0

trong d6 a,b,c € R,a # 0. Dat A = b* —4ac

(a) Néu A = 0 thi phuong trinh c6 nghiém kép (thuc) x = —%.
; b+
(b) Neu A > 0 thi phuong trinh c6 2 nghiém thuc x1, = bz_a\/Z.

() Néu A < 0 thi phuong trinh c6 2 nghiém phic x1, =

—b+i\/|A|
2a ' ) ’
3. Céch tim can bac hai cia mot so phuc a + bi véi a, b da biet trudc

(a) Gia st ta can tim ¢, d sao cho
a+bi=(c+di)?
= c? — d?*+ 2cdi

Khi d6, do tinh chat bang nhau ctia hai s6 phuc ta ¢6
—d>=a
2cd =1

(b) Giai hé phuong trinh nay ta sé tim duoc c, d. Suy ra can bac hai
ctia s phtc a + bi.

15.4. Dang lwvong gidc cua so phirc va irng dung
1. S6 phirc duéi dang lugng giac
(a) Acgument ctia s6 phic: Cho s6 phic z # 0, M la diém biéu
dién ctia z trong mat phang Oxy. Khi d6, Acgument ctia z 1a s6
do (radian) ctia goc luong giac (Ox, OM).
(b) Dang luong gidc ctia s6 phicz = a + bi # 0 1a
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z =r(cos @ +ising)

v6i r = |z| = Va2 + b2 va ¢ 1a Acgument cta z (¢ € R thoa
cos @ = g;singo = ;).

2. Nhan va chia s6 phic duéi dang lugng giac: Cho 2 s6 phiic z; =
r1(cos @1 +isin @) va zo = ra(cos ¢p +isin @y) véirq, 12 = 0, khi
do

(a) a2 7172[COS(§01 +¢2) +isin(@1 + ¢2)].
(b) = [cos((pl @2) +isin(@1 — @2)], 2 > 0.

3. Cong thuc Moivre! va ing dung
(a) Cong thic Moivre: V6i moi n nguyén duong ta co

[r(cos @ +isin@)]" =" (cosng +isinne)

(b) Cén bac hai ctia s6 phitc dudi dang luong giac: Tit cong thic
Moivre suy ra s6 phtic z = r(cos ¢ + i sin @) ¢6 hai can bac hai
la

\ﬁ(cosg—i—ising) va —4/1 (cosg—l—ising)-

! Abraham de Moivre (1667 - 1754) la mot nha toan hoc nguoi Phap. Ong ndi tiéng
voi cong thuc lién két sb phuc voi luong giac. Ong cling dugc biét dén véi nhitng
déng gép vé phan phdi chuén trong ly thuyét xac suét.
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