THPT chuyén Luong Thé Vinh

Nguyén Hoang Vinh

Toan thuc té
va ki thi
TNTHPT 2025

Nam hoc 2024 — 2025




CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

Muc luc

| — Céc bai tap c6 loi giai chi tiét

1. Phan tra |oi ding sai
a. Str dung tich phan nguyén ham. 2
b. Phuong phap toa do Oxyz. 14
c. X&c suét va thdng Kke. 33

2. Phan tra loi ngin
a. Str dung tich phan nguyén ham. 43
b. Phuong phap toa do Oxyz. 58
c. X4c suat va thong ké 70
d. Cac bai toan tim gia tri t6i wu 80
e. Cac bai toan ndi dung khac 93
Il — Cac bai tap tw luyén co dap an

1. Phan tra loi ding sai
a. Str dung tich phan nguyén ham — Bao ham 106
b. Phuong phap toa do Oxyz 114
C. X&c suat va thong ké 119

2. Phan tra loi ngan
a. Str dung tich phan nguyén ham. 123
b. Phuong phap toa do Oxyz. 127
c. X&c suat va thdng ké 128
d. Cac bai toan thuoc noi dung khac 130

TAI LIEU THAM KHAO

Trang. 1



CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025
| — C4c bai tap cd loi giai chi tiét
1. Phan tra loi ding sai

CAC BAI TOAN SU DUNG TiCH PHAN
Bai toan 1: Gia sir rang khi duoc t nim tudi, mot may céng nghiép A tao ra doanh thu véi téc do
R'(t) =650 —4t? (triéu dong/nam), thoi diém t =0 tinh tir lic may A bat d¢au hoat dong. Biét rang chi
phi bién cho van hanh va bao tri 1a C'(t) =48+13t? (triéu ddng / nim), & day C(t) la chi phi vén

hanh va bao tri ciia may A khi né dwoc t nim tudi.

10

@) Doanh thu sau 10 nam ciia may A la IO (650—4t2)dt (triéu dong).

b) Téng chi phi van hanh va bao tri ciia may A trong 6 nam 1a 1224 (triéu dng).
¢) Tudi tho hitu ich cia mot may 1a s6 nam T trude khi loi nhuan (bang doanh thu trix chi phi) ma
né tao ra bit dau giam. Tudi tho hitu ich cuia may A nay 13 7 nam.
d) Loi nhuan do may A tao ra trong sudt thoi gian tudi tho hitu ich caa né 1a 2440 (triéu dong).
Lo giai
Nhan xét rang trén doan [0;10] ham R'(t) >0, do d6 doanh thu sau 10 nim ctia may cong nghiép A

10

la ["[650-4t?jdt = [ " (650-4t* it . Do d6 ¥ a) Diing.

Téng chi phi van hanh va bao tri cia may A trong 6 nam 1a 106‘48+13t2‘dt :j:(48+13t2)dt —1224
(triéu dong). Do @6 y b) Puing.

Loi nhuan bién cia may A 1a P'(t) =R (t) - C'(t) =602 —17t? (triéu dong/nam).

Loi nhuan bét dau giam, c6 nghia 1a loi nhuan bién &m, hay P'(t) <0< 602-17t <0 =1t>6

Vay tudi tho hitu ich cia may A 13 6 nim. Do dé ¥ ¢) Sai.

Loi nhuan do may A tao ra trong sudt thoi gian tudi tho hiu ich cua nd I
[[]R ) -C fdt = [|602 ~17t*|dt = 2388 (tri¢u déng). Do dé ¥ d) Sai.
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CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

Bai toan 3: Gia st rang khi ting t ndm tudi, mot may cdng nghiép A tao ra doanh thu véi toc do

R'(t) =650 —3t*(triéu ddng/nam), thoi diém t=0 tinh tir Iic may A bat dau hoat dong. Biét rang chi
phi bién cho van hanh va bao tri la C'(t)=48+12t*(triéu dong/nam), & day C(t) lachi phi van hanh

va bao tri caa may Akhi né duoc t nim tudi.

12
@) Doanh thu sau 12 nam cua may A la I(650—3t2)dx (triéu dong).

]
b) Téng chi phi van hanh va bao tri cia may A trong 6 nam la 1152 (triéu dong).
¢) Tudi tho hitu ich cia mot may 1a s6 nam T trude khi loi nhuan (bang doanh thu trir chi phi) ma n6
tao ra bat dau giam. Tudi tho hitu ich cia may A nay la 8 nam.
d) Loi nhuan do may A tao ra trong suét thoi gian tudi tho hiru ich caa né 1a 2 532 (triéu dong).
Loi giai
12

a)Chon dung. Doanh thu sau 12 ndm cua may Ala R(t)= I(650—3t2)dt ( triéu dong).

0
b) Chon dung. Chi phi van hanh va bao tri caamay A l1a C(t) = I(48+12t2)dt =48t +4t° +b.
Chi phi ban dau 12 0, tiec 1a C(0)=0=>b=0. Tong chi phi trong 6 nim la C(6)=48.6+4.6° =1152
(triéu dong).
c) Chon sai.

Loi nhuan do may A taorala P'(t)=R'(t)-C'(t) =650 3t" —(48+12t*) =—15t* +602 .

P'(t)=0—>t= ,/% ~ 6,33nam. Loi nhuan dat cuc dai tai t = /% va s& bit dau giam ngay sau d6

nén tudi tho hitu ich khdng thé 12 8
d) Chon sai. Loi nhuan do may A tao ra trong suét thoi gian tudi tho hitu ich cua né la
\/@
15 .
[ (~15t> +602)dt = 2542,5 (trigu dong).

0

Bai toan 4: Mot céi bé nudc c6 dang khdi chép tir giac déu nguoc véi canh day

bang 3v2 dm va chiéu cao bang 6 dm (tham khao hinh v& bén — céc kich thudc
duoc néu ra 1a phan bén trong hinh). Nudc dugc bom vao bé véi tée do khdng

dbi 1a 2 lit/phat va ban dau bé khdng chira nude (cac két qua bén dudi dugc lam

tron dén hai chix s6 thap phan sau dau phay).

a) Bé nudc duoc bom day sau 18 phuit.
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b) Tc do dang 1én cua nuéc 1a 0,23 dm/phat khi thé tich nudc trong bé bang % thé tich cua bé.

¢) Khi muc nuéc cach miéng bé 0,5 dm, ngudi ta ngimg bom va bat dau xa ra voi ude luong toe do
giam chiéu cao ciia muc nuéc trong bé theo thoi gian t (phat) dwgc mé hinh hda bai ham sé:

' (t) =it—@ (dm/phiit). Sau 5 phit, thé tich nuéc trong bé 1a 11,97 dm?.

350 700
d) Cung véi dit kién cua c) thi sau 23,59 pht nudc trong bé vira dugc xa hét.
Loi giai:

a) Ménh dé ding.

1 2 p
Thé tich chau nudc hinh chop tir giac déula v, ,, = 5(3\/5) -6=36 dm® =36 lit.

Thoi gian bom nudc day bé la 3—26 =18 phdat.
b) Ménh dé diing.
Goi V(t), h(t) lan luot 12 thé tich va chiéu cao cua nudc sau t phat.

Taco \ﬂziwjgzv(t){?TaG hay V(t)z(h(t))s (*).

6

chadu

dv(t) (h(t)" dn(t)
at '

Pao ham hai vé cua (*) theo bién t ta duoc:

(**) )

N
o
—

3
. . . ”» . [ h(t h(t
Thoi diem thé tich nuéc bang % thé tich chau thi: [QJ =%:>%=§/%:> h(t)= 6&/%: 4,16 dm

Thay dVd_t(t):z lit/phit= 2 dm/phit; h(t)~ 4,16 dm vao (**), thi:%(tt)z dm/pht.

c) Ménh dé ding.
Muc nudc cach miéng bé 0,5 dm nén chiéu cao ban dau bang 5,5 dm.

Chiéu cao cua nudc trong chau sau 5 phut 1a h(5)=55+ j(— —ﬁj _29L 4,16 dm.

350 700 70
Thé tich nuéc con lai trong bé 1a V (5) :(T] -36~11,97 dm°.

d) Ménh dé sai.
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CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

Thoi gian dé muc nuéc trong chau dang 1a 5,5 dm tré vé 0 dm théa man phuong trinh

t
5,5+j(it—@jdt:o:tz22,59 phut.
350 700

Vi khoang thoi gian 22, 59 phut thi nuéc trong bé vira duoc xa hét.

Bai toan 5: Mot con su tir dang dudi theo mot con ngua van va chling cling chay trén mot duong
thang. Ngua van da nhén ra su tr khi su tir cich n6 khoang 40 m. Tir thoi diém nay, su tir dudi theo
ngua van vai toc do v, (t)=15e" m/s va ngua van bo chay vai toe do v, (t)=20-20e°" m/s (t
duoc tinh bang gidy véi 0<t <60).

a) Tai thoi diém ban dau t =0 gidy, van téc caa con ngua van 1a 20 m/s.

b) Tbc do cua su tr giam dan theo thoi gian, trong khi téc d6 ctia ngua van tang dan theo thoi gian.
c) Su tir & gan ngua van nhat khi v; (t) =v; (t) va khoang cach ngén nhat gitta chiing 1a 1,72 mét (lam
tron dén hang phan trim theo don vi mét).

d) Su tur s& khdng bat duoc ngua van va khoang cach ngan nhat gitra ching 1a 1,92 mét (1am tron
dén hang phan trim theo don vi mét).

Loi gidi:

a) Ménh dé sai.

Van toc ban dau ciia con ngua van 13 v, (0) = 20— 20e° =0 m/s.

b) Ménh dé diing.

Ta co: v{(t)=-0,1-15e"" <0, vt €[0; 60]. Suy ra téc do su tir giam dan theo thoi gian.

Ta co: vj(t)=-0,1-(-20)e** =2e™°" >0, Vt €[0; 60]. Suy ra téc do ciia ngya van ting dan theo thoi

gian.
c) Ménh aé sai.

Khoang cach gitta sw tr va ngga van la ¢ | o 5,6 60
d(t)=40+['[v, (t)-v, (t)]dt. e = ¥ 4
40 890, 87
Taco d'(t)=v,(t)-v,(t); d"(t)=0=v,(t)=v,(t).
d(t)
Giai phuong trinh nay, ta ¢6: 20—20e™°" =15 " «> 20 =35e "
Ing

<:>§=e‘0'1t <:>In£=—0,1t @t:jz5,6 (s). 1,92

35 35 -0,1

Bang bién thién:

Vay su tir & gan ngua van nhét khi v, (t)=v, (t), va khoang cach ngin nhat gitta ching 1a 1,92 mét.
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d) Ménh dé ding.

Tir bang bién thién, ta thiy khoang cach ngan nhét giita hai con vat 1a 1,92 mét; ké tir thoi

diém gan nhat dé, su tr dan bi bo lai phia sau va su tir khéng thé bat dugc ngua van.
Bai toan 6: (Chuyén Lé Quy Pon — Pa Ning 2025) Mot ngudi dang diéu khién xe may vai van
téc 1a 36 km/h thi phét hién dén tin hiéu giao thong chuyén do cach vi tri xe 80m. Ba gidy sau do, xe
may bat dau giam téc voi van toc duoc cho bai v, (t)=at+b (m/s), (a,beR, a<0), trong d6 t Ia
thoi gian (tinh bang gidy) ké tir khi xe bat dau giam tdc. Khi xe may dén vi tri dén tin hiéu, dén van
con do va xe dirng han. Sau khi dén chuyén xanh, xe tiép tuc di chuyén véi van téc dugc cho boi
v, (t)=mt® +nt (m/s), (mneR, m<0), trong d6 t 1a thoi gian (tinh bang gidy) ké tir luc dén bat dau
chuyén xanh. Cudi ciing, xe may dung lai tai mot quan an trén dudng. Biét rang thoi gian xe may di
tir vi tri dén tin hiéu dén quan an 13 30 gidy va van téc 16n nhat trén doan duong nay 1a 54km/h .
a) Quing duong xe may di duoc tir ¢ bat dau giam tdc 1an thir nhat dén khi dirng han tai vi tri dén
tin hiéu la 80 m.
b) Gia tri cia hé s6 b 1a 10.
¢) Xe may durng han tai vi tri dén tin hiéu sau 10 gidy ké tir khi bat ¢au giam toc lan thir nhat.
d) Khoang cach tir vi tri dén tin hiéu dén vi tri quan an 1a 200 m.
Loi giai

Doi: 36km/h =10m/s ; 54km/h =15ms.
a) Sai, Sau 3 gidy xe may di duoc quang duong 1a: 10.3=30m . Khi d6 xe may bat dau giam téc va
quing dudng xe may di duoc tir IGc bat dau giam toc 1an thir nhat dén khi ding han tai vi tri dén tin
hiéu la: 80-30=50m
b) Ping, Khi xe bat dau giam toc Ian thir nhét ta ¢d: v, (0)=a.0+b=10 m/s=b =10
2

) Piing, Ta c6: s(t)= [, (t)dt = [(at+b)dt :%+bt+cl (m),

2
Theo dé: 5,(0)=0=C, =0=5,(t)= %+ bt (m). Khi xe dirng tai vi tri den tin hiéu thi thoi gian di

dugc cua xe ké tir khi giam téc 1an thir nhat 1a: v(t)=0=at+10=0=t o (s). Tur cau a ta co:
a

2
sl(_—loj:SO:E.(_—loj +10(_—10j:50:>a:—1 (thoa). Do do tz_—lozlo (s)
a 2 a a 1

d) Sai, Khi xe ding lai quén an khi xe méy bat dau di tai vi tri dén tin hiéu thi v, (30) =m.30* +n.30=0
= 30m=-n = 60m=-2n
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2
Theo dé VZmax(Z_njzm.(;—nj +n.;—n:15:>n2+60m:0:>n2—2n:0
m m m
n=0() . )
1, =V (t) ==t +2t (m/s)= s, Iv dt——+t +C,
n:2(n):>m:E(n) 15

3

Theo dé: 52(0):0:>C2:O:sz(t):%ﬂz(m)

Do d6 khoang céch tir vi tri dén tin hiéu dén vi tri quan an 1a: s, (30)=300 m.

Bai toan 7: Mot bé boi hinh tru c6 dudng kinh 5 m va chiéu cao 1 m; bé dugc bom nuéc vao véi tée
d6 khong doi v,. Sau khi nuée dugc bom day, bé boi bi thing mot 16 ¢ déy va nuée chay ra ngoai;
bé boi chay hét nudc trong 8 gio. Biét téc do giam chiéu cao cua bé boi khi nudc chay ra ngoai vao
thoi diém t gio (tinh tir lac nude day bé va ngimg bom) dugc cho boi ham s h'(t)=at+b, voi

a, beR . Luc nuéc chay hét ra ngoai thi tc do giam chiéu cao bang 0.

a) Thé tich cua bé boi sau khi nudc dugc lam day 14 6,257 m®.
b) 32a+1=0 va 4b-1=0.

¢) Sau 4 gio ké tir lc bé bi ro, lwong nudc bi mat di bang % m*.

d) Luong nudc bi rd ri ra ngoai mot nira sau 8—4+/2 gio.
Loi giai:

a) Ménh dé diing.

Bé wdc hinh tru c¢6 ban kinh day r=2,5m, chiéucao h=1m
Thé tich khi day V =zr*h=7-2,5" 1= m?,

b) Ménh dé sai.

Taco h'(8)=0=8a+b=0 (1).

Chiéu cao ciia nude thoi diém t1a h(t)= [ (at+b)dt =%t2 +ht+c.
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[h(0)=1 [c=1
v {h(S):O:{32a+8b+1=0 (2)

Tir (1) va (2) suy ra a=—=, b=—=_ Khi d6 [32a—1=0; 4b+1=0] Va |h(t) = —t* -t +1]
2’ 4 64 4

¢) Ménh dé diing.

Chiéu cao myc nuéc trong bé sau 4 gio 1a: h(4) :(5—14-42 —%-4+1:0,25 m.
Luong nudc con lai trong bé sau 4 gio 1a zr?-h(4)=z-2,5%-0,25= 2;3—6” m?.
Luong nudce da thoat ra sau 4 gio 1a 6, 257r—25—7Z |2z m°.

16 16
d) Ménh dé ding.
Luong nudc con lai khi d¢3 mat mot nira la 6,257 _ 2%” m?®.

Chiéu cao twong tng h(t,) cta bé théa man 7r-2,52-h(t1)=%77[:>h(t1)=0,5 m.
t,=8+42~137>8

1., 1
Taco h(t)=—t->t,+1=0,5= .
(W)=5a% 3" t, =8-442~2,3¢(0; 8)

Ta thdy |t, =8—4+/2|(gi0) thoa man dé bai.

4
Bai toan 8: Thé tich nudc ciia mét bé boi sau t phut bom tinh theo cong thuc V (t) = ﬁ(soﬁ —tzj

(lit) voi (0<t<90). Tbc d6 bom nudce tai thoi diém t duoc tinh bai cong thic f (t)=V'(t).
a) Thé tich nudc cua bé boi sau 20 phat bom 1a 2000 lit
b) Téc d6 bom nudc tai thoi diém tla f (t)=90t* —t°
¢) Téc do bom giam tir phat thir 70 dén phat thir 90
d) Téc do bom 16n nhat tai thoi diém t =60 pht
Loi giai

, 1 , 207
a) Dung: \Y (20) :ﬁ 30.20 —T =2000.

b) Sai: V'(t)=ﬁ(90t2 —t*)= f (t)=$(90t2 -t*).

t=60

¢) Dlng: V”(t):ﬁ(lSOt—stz)@V"(t):o@{t 0
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Bang bién thién caa ham sé:

t |0 60 90
V() + 0 -
1080
Vi(?)
0 0

Suy ra téc d6 bom giam tir phat thir 60 dén phut thu 90.
d) Bung: Tir bang bién thién ta cd téc do Ion nhat khi t =60 phut.
Bai toan 9: Mot quan thé vi khuan A c6 s6 luong ca thé 1a P(t) sau t phit quan sat dugc phat hign
thay ddi voi toe d6 la: P'(t) =ae" +150e ™ (vi khuan/phdt) (a e R). Biét rang Ilc bét dau quan sét,
quan thé cd 200000 vi khuan va dat téc do ting truong 1a 350 vi khuan/phdit.
a) Giatri cua a=200.
b) P (t) = 2000e*"* —5000e % + 200000 .
¢) Sau 12 phut sb lugng vi khuan trong quan thé 12 206152 con (1am tron két qua dén hang don vi).
d) Sau 12 phdt, mot quan thé vi khuan B c6 toc do tang trudng 1a G'(t) =500e° (vi khuan/phut) bat
dau canh tranh ngudn thuc an truc tiép voi quan thé A. Mot cé thé tai quan thé B triét tiéu mot ca thé
tai quan thé A. Sau 5 phut canh tranh quan thé A bi triét tiéu hoan toan. S6 luong vi khuan caa quan
thé B ¢ thoi diém bt dau canh tranh 12 191967 con. (1am tron két qua dén hang don vi).
Loi gidi
a) Pung: P'(0)=a+150=350 < a=200
b) Sai: P(t)= [ P'(t)dt = 2000e™* ~5000¢ °** +C ma P(0)=200000 nén C = 203000

Vay ham s6 can tim 13 P(t) =2000e"" —5000e *** + 203000
c) bung: P (12) =2000e°**? —5000e %2 + 203000 = 206152

d) Sai: Sau 5 phut canh tranh thi quan thé A bi triét tiéu hoan toan ma quan thé A ma quan thé A
quan sat trugc quan thé B 12 phat nén sé luong quan thé A & phat tha 17 bang sé luong quan thé B
& phit thr 5, tic 1a P(17)=G(5) (*)

Khi do6: P (17) =2000e’"" —5000e °*3" + 203000 = 210945

M3t khéc: G(t)= [G'(t)dt = 2500°* +C = G(5) = 25008 +C

Tir phuong trinh (*) ta co: P(17)=G(5) <> 210945 = 2500e + K => K = 204149

Vay ham G (t) = 2500 +204149 = G (0) = 206649 .
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Bai toan 10: Mot chat diém chuyén dong trong 3 gidy véi van téc v(t) =mcos(zt)+n (don vi: m/s)
trong d6 t(giay) 1a bién thoi gian va m,n 1a cac hang sé ¢6 d6 thi nhu hinh sin v& dudi day:

“’U(m/s)
10— - - - mmmmmm e o

1

pop--------
o

a) Van téc cua vat ¢ thoi diém t =2 gidy 1a 10 (m/s)
b) m=5
c) n=10
d) Tong quing dudng vat di duoc sau 3 gidy la 27,93m
Loi gidi
a) Pung: Duya vao d6 thi ta thay tai thoi diém t =2 gidy thi van toc cia chat diém bang 10m/s.

v(1)=0 C>{mcos(ﬂ)+n =0

b) Pung: Dua vao d6 thi ta co
) Diing: Dya v ' {V(Z):lo mcos(27)+n=10

-m+n=0 m=n=>5 suy ra v(t)=5cos(zt)+5
“lmen=10 MM SW )= )

c) Sai: Tur két qua trén thi n=5

3 3
d) Sai: Qung dwong vat di duoc sau 3 gidy la: s(t)=[v(t)dt = [[5cos(zt)+5]dt=15m
0 0

Bai toan 11: Cac nha kinh té sir dung dudng cong Lorenz dé minh hoa sy phan phdi thu nhap trong
mot qudc gia. Goi x 1a dai dién cho phan trim s6 gia dinh trong mot quéc gia va y 1a phan trim
tong thu nhap, mod hinh y = x s& dai dién cho mot quéc gia ma cac gia dinh c6 thu nhap nhu nhau.
Puong cong Lorenz y = f(x), biéu thi sy phan phéi thu nhap thuc té. Dién tich giita hai md hinh
nay, voi 0<x <100, biéu thi “sy bat binh dang vé thu nhap” cua mot qudc gia. Nam 2005, dudng

cong Lorenz cua Hoa Ky c6 thé dugc mo hinh hoa boi ham sé:

y =(0,00061x* +0,0218x +1,723)",0 < x 100,
Trong d6 x duoc tinh tir cac gia dinh nghéo nhat dén giau c6 nhat

Theo R.Larson, Brief Calculus: An Applied Approach, 8" edition, Cengage Learning,
2009)
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a) Tinh theo thir ty tir cac gia dinh nghéo nhéat dén giau nhat, tong thu nhap thuc té cua 60% cac gia
dinh dau tién chiém chua dén 30% so véi tong thu nhap cua toan bo cac gia dinh.

b) Néu sip xép cac gia dinh theo thir ti tir nghéo nhat dén giau nhat, roi chia thanh 10 nhém bang
nhau tir 1 dén 10, téng thu nhap cua cac gia dinh trong nhom 3 chiém khoang 8,56% tong thu nhap
cua toan b cac gia dinh.

¢) Su bat binh dang vé thu nhap cua Hoa Ki nam 2005 duoc xac dinh boi cong thic:

100
[ [x—(o, 00061x2 +0,0218x +1, 723)1dx

0
d) Su bat binh dang vé thu nhap caa Hoa Ky nam 2005 da vuot qua 2000.
Loi gidi

a) Pung: Tinh theo tht ty tir cac gia dinh nghéo nhat dén giau nhat, tong thu nhap caa 60% céc gia
dinh cta dau tién chiém ty 1¢ trong tong thu nhap 1a: f (60) = 27,321529(%) .
b) Sai: Néu sap xép cac gia dinh theo thir ty tir nghéo dén giau, roi chia thanh 10 nhém bing nhau,
mdi nhdm chiém 10% s gia dinh ciia Hoa Ky.
Tong thu nhap cia 30% s6 gia dinh (1a cac gia dinh thuoc nhém 1,2,3 ) chiém ty 1é trong tong thu
nhap cua tat ca céc gia dinh 1a: f (30) =8,561476 (%)
Tong thu nhap cua 20% sb gia dinh (1a cac gia dinh thuéc nhém 1,2 ) chiém ty 1é trong tong thu
nhap cua tat ca cac gia dinh 1a: f (20)=5,774409 (%).
Ty l¢é cia tong thu nhap cac gia dinh nhom thir 3 so véi toan bo cac gia dinh 1a:

f (30)- f (20) = 2,787067(%).
c) Sai: Sy bét binh ding vé thu nhap ciia Hoa Ki vao nam 2005 la dién tich hinh phang S giéi han
béi hai d6 thi:

y =X

100
y =(0,00061x* +0,0218 +1, 723)2 = j (0,00061x* +0,0218x +1, 723)2 - x‘dx .
x=0;x=100 °

100
Str dung méy tinh cim tay ta dugc: S = |
0

(0,00061x +0,0218x+1,723)" - x‘ dx ~ 2068.9.

100

Kiém tra phép tinh cua dé bai, ta co: j [x—(0,00061x2 +0,0218x +1, 723)1dx =2059,3131.
0

d) Bing: Su bét binh dang thu nhap cia Hoa Ky nim 2005 1a:
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100

-]

0

(0,00061x° +0,0218x +1,723)" - x‘dx ~2068,9.

Bai toan 12: Hinh vé& duéi ddy mé ta mit cat ngang cua ngon dudc bang kim loai duoc thiét ké cho
mot dai hoi thé thao 16n. Ngon dudc ¢6 chiéu cao 7,5m; mit trén cd chiéu rong 8 m; mit dudi co

chiéu rong 2 m; hai duong bién cua ngon dudc d6i xiing nhau qua truc Oy va dugc cho boi duong
cong c6 phuong trinh y = f (x)= a—% (don vi trén mdi hé truc toa do 14 mét)
X

hy(m)

t

—4 —t-10 1
a) 48a+50b =780
b) Khoang bén trong ciia ngon dudc 1a mot hinh nén duoc minh hoa bai phan dugc t6 dam trong
hinh vé& c6 d6 dai day 1a 2t (mét), hai canh bén lan lugt nam trén hai tiép tuyén cua duong cong cho

8t -8t +16

t3

boi phuong trinh trén. Khi d6 tiép tuyén cat truc Oy tai tung do theo t 1a

c) Thé tich cua khéi nén theo t 1a lg—tﬂ

d) Nham dam bao duy tri strc chdy cua ngon Itra trén ngon dudc do, trén bé mat hinh nén nguoi ta
phu 16p than sao cho toan bd khong gian tir bé mat hinh nén dén dinh ngon dugc 1ap kin va thé tich
phan than dugc st dung bang thé tich khdi nén. Khi d6, dinh khdi nén cach day ngon dudc mot
khoang bang 8,4 mét.
Loi giai
a) Sai: Tacod y= f(x)=a—£2 voi do thi f(x) di qua 2 diém (4;7,5) va (10).
X
Dé dang giai ra dugc a=b =8 tac 48a+50b=784.
b) Sai: Do hinh nén c6 do dai ddy 1a 2t(m) nén hinh nén c6 ban kinh ddy R bang t(m) (1)

Duang sinh hinh nén tring véi tiép tuyén cia f (x) tai diém x =t nén ta c6 phuong trinh la:
6
=

y=F(t)(x—t)+ f(t):t

8)_16 g 2

(x—t)+(8—t—2

“ErTtT e
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24

t_2 .

Thé x =0 ta suy ra tiép tuyén cit truc Oy tai tung d6 theo t 1a: 8—

) Sai: Tir hinh V& ta suy ra chiéu cao hinh nén 12 h =‘ f (t)—[S—%j =%§ (2)
Tu (1) va (2) ta suy ra thé tich khoi nén bang v =%;rR2h = %mzﬁ—?j =16T7Z

d) Sai: Truéc hét ta can biéu dién lai ham sé y = f (x) vé lai ham s6 x=g(y).

. 8 8 8 ..
Taco: y=8-— < —=8-y=x= = [—— VoI 8.
y=8-—3& 7=8-y g(y) 4/8_y y <

7,5 7,5
Khi d6 thé tich phan chira than 1a: V, =z [ g°(y)dy =7 | [8 8 jdy _16z
-y
t t

3

2

7,5 2
Phuong trinh twong dwong véi: J. (8—j dx = %&)t =8+ %e‘? =t,.
—X

t

24

Suy ra khoang cach can tim la: 8-=|  ~7,07(m)

t=t,
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PHUONG PHAP TOA PQ TRONG OXYZ
Bai toan 1: Nguyén Ii phan xa &nh sang: Khi anh sang bi phan xa, tia phan xa s& nam trong mat
phing chua tia toi va phap tuyén cua guong ¢ diém t6i. GOc phan Xa ciling s& bang goc téi, tuc 1a
i=i.
Chu y. Khi ta lay dbi xiing tia SI qua guong thi tia 1S’ 1a tia ddi cua tia IR.

o 3

F

K

N

2
=

Trong cin phong c¢6 dang hinh hop chit nhat, c6 guong phang tron tim E véi d6 day khong dang
ké, dugc treo trén tuong 1a mat phang (FOC).Biét ring OCGF,OCND, OFKD Ia cac hinh chit nhat;
OC =5m;OD =OF =4m;OM =3m;EM =15m;CA=1m. Mét tia sang duoc chiéu tir vi tri diém A toi
E , tia s4ng phan xa qua guong phang ti diém B trén tuong (tham khao hinh v&). Chon hé truc toa
do Oxyz nhu hinh v&, mdi don vi c6 do dai 1 m.
a) Phuong trinh mit phang (ACE) 1a 3x+4z-15=0.
b) Puong thang AE di qua diém J(13;3).
¢) Goi (d) 1a dudng thang dbi xang voi duong thang AE qua mat phang (OCGF) . GAc giira dudng
thang (d) va mat phang (OCGF) 1a 41" (két qua 1am tron dén hang don vi).
d) Goi toa do diém B 12 B(%y;Y,:2,) thi 2y, +4z,=18.

Loi giai
Ta cd 0(0;0;0), A(5;1;0),C(5;0;0), D(0;4;0), E(3;0;1,5), F(0; 0;4), M (3;0;0)
Tacé CA=(0;10),CE = (-2;0;1,5),[CA,CE] = (1,5,0;2).
Phuong trinh mat phang (ACE):3x+4z-15=0. Do d6 y a) Pung.
Taco AE =(—2;-11,5) la mot vecto chi phuong cta duong thang AE .

Phuong trinh duong thang AE :x_—45:y_—21:§. Kiém tra duong thang AE khong di qua diém

J(13;3). Do do y b) Sai.
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Do duodng thang (d) dbi xtng voi duong thang AE qua mit phang (OCGF) nén goc giira duong
thang (d) va mat phang (OCGF) bang goc gitra duong thang AE va mit phang (OCGF).
Khi d6: fi =(0;1;0), AE = (-2;-11,5),

|i-AE| 2
|Gl AE| 29

Taco tia AE nam trong mat (ECA) vudng goc véi mat phang chira guong.

sin(AE, (OFGC)) = = (AE,(OFGC))~22". Do d6 y ¢) Sai.

Khi d6 tia EB thudc mit phang (ACE).
Goi A la diém d6i xang v6i A qua C, taco A thudc duong thing EB, dong thoi c6 toa do

A'(5;,-10). Khi d6, AE = (~2:1:1,5). Phuong trinh duong thing AE :X—_45 - VT” - é .

Do B la giao diém cia AE va mat phang (Oyz) nén toa do diém B(O;%;%).

Vay 2y,+4z,=18. Do do6 y d) Dung.

Bai toan 2: Mot can phong khach c6 hinh dang 1a mot hinh hop chir nhat duoc gan trong hé truc toa
dd Oxyz Vvéi c4c thong sé nhu hinh bén (don vi trén mdi truc 1a mét). Coi mat san nam trén mat
phang (Oxy). Theo thiét ké, chu nha muén trang tri mot dén pha 16 hinh cau c¢6 ban kinh 15 cm dugc
ndi VGi tran nha & vi tri diém H boi mot day dai 1 m (H 1a trung diém cua EF , biét EF //PQ va

QF =4m, hinh bén).

TM Fd4m O
4 m f,l -------- - 'C—?l"
e 4m

a) Cao d6 tdm | cua dén pha 18 hinh cau 1a 3.

b) Phuong trinh mat cau cta dén pha 18 1a (x—2)% +(y—6)? + (z—3)? = 0,0225.

c) Mot nguoi cao 1,8m thi khi di ngang qua phia dudi s& cach dén it nhat 1a 60 cm.

d) Tia séng tir tam dén chiéu ra cit san nha tai K. Khoang cach xa nhét tr K téi B 1a khoang

10,77m (két qua lam tron dén hang phan trim).
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Loi giai

Khoang cach tir méi ndi soi day va dén pha 1& dén san nha 1a: 4-1=3(m).

Dén pha 18 c6 ban kinh 15¢m =0,15m nén khoang cach tir tam dén dén san nha 1a; 3—0,15=2,85(m)

Viy cao d6 tdm | cua dén hinh cau 12 2,85. Do dé y a) Sai.

Tacd MF =10—4=6(m) nén tdm | cua dén hinh cau c6 toa do 1a 1(2;6;2,85).

Do d6 phuong trinh mit cau cta dén pha 18 1a: (x—2)? +(y —6)% +(z—2,85)? =0,0225. Do d6 y b)

Sai.

Vi tri thap nhét caa dén cach san nha 1a: 3-0,15-2=2,7(m).

Taco: 2,7-1,8=0,9(m) =90(cm) nén mot nguoi cao 1,8m khi di ngang qua phia dudi sé cach den it

nhat 90 cm. Do dé ¥ ¢) Sai.

Khoang céch xa nhat tir K =O t6i B 1a: V102 + 4% = 2429 ~10,77(m) . Do d6 ¥ d) Ping.

Bai toan 3: Mot céap treo xuat phat tir diém A 10;3;0 va chuyén dong déu theo duong cap co vécto

chi phuong u= 2:—2:1 Véitdc do 1a 4,5(m/s) (don vi trén mai truc 1a mét) dugc moé hinh hod nhu

cac hinh veé sau:

x—10 y-3 z

a) Phuong trinh chinh tic caa duong cap 1a =1

b) Gia sir sau t gidy keé tir IGc xuat phat t >0 , cabin dén vi tri diém M . Khi d6 toa d6 cua diém M

la 3t+10;—3t+3;3—;}.

¢) Cabin dirng ¢ diém B c6 hoanh do x, = 550. Quéing duong AB c6 do dai bang 810(m).
d) Puong cap AB tao voi mat Oxy motgoc 22° (1am tron dén hang don vi theo do).
Léi gidi
a) Vi duong cap di qua diém A 10;3;0 ¢6 vécto chi phuwong u= 2;—2:1 nén c6 phuong trinh chinh

x—10 y-3

tac la — :i . Do d6 y a) ding.
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b) Sau t gidy ké tir Ilc xuat phat t >0 , cabin dén vi tri diém M . Khi d6 cabin di duoc doan duong

10 3 x=10+2u
c6 d6 dai bang doan AM = 4,5t . Dit X— :y;zzizui y=3—2u .Suy ratoa do diém M
Z=u

A M 10+2u:3—2u;u u>0.Khidd AM =45t< 2u’+ —2u > 4+u®= 4,5 2<:>9u2:%1t2. Vi

u>0=u :gt =M [10+3t;3—3t;gt] . Do do y b) dung.
c) Tacoé: B 10+2u;3—2u;u u>0 . B co6hoanh d§ x; =550=-10+2u =550 = u = 270.

= B 550;—-537;270 = AB=810. Do dé y c) dung.
d) Budng cap AB c6 mot vécto chi phuong u= 2;—2;1 , matphang Oxy c6 mot vécto phap tuyén
A k= 0;0;1. Suy ra géc gita dudng cap AB va mat phing Oxy la ¢ Voi
uk

‘

sing = :%:>¢)%190.D0(16)"d)8ai.

—

u

Bai toan 4: Trong khong gian véi hé truc toa do Oxyz , xét mo hinh phong khong nhu sau: Rada dat
tai goc toa do O(0;0;0), tén lira phong khong dit tai diém A(0;100;0) : mdi don vi twong &tng véi 10m
: mat phang (Oxy) tring vaoi mat dat; gia sic moi UAV (phuong tién bay khong nguoi lai) va tén lira
déu chuyén dong thiang déu. Tai thoi diém t =0, rada phat hién ra UAV M & toa do M, (20000;0;20)

: tai thoi diém t =1 rada theo ddi thdy UAV M ¢ toa d6 M, (19995;1:19,5) trén duong thang d .

a) Goc nghiéng caa duong thang d va mat dat 1a 0,02rad .

b) Khoang cach giita UAV M va goc O tai thoi diém 6 gidy 1a 19970m.
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¢) Khoang c4ch ngan nhat tir diém A toi duong thang d xap xi 42684m (két qua 1am tron dén hang
don vi ctia meét).

d) Tai thoi diém t =65, mot tén lira dugc phong lén va chuyén dong thang déu véi van toc 3400m/ s
, va cham va pha huy UAV M tai diém B trén d . Khi do, sau 57,88 gidy ké tir I(ic phong thi tén lira

va cham véi UAV (két qua 1am tron dén hang phan trim cua giay).

Léi giai

Ta co M M, =(-5;1,-0,5) la mot vecto chi phurong ciia d va mot vecto phap tuyén ciia mat phang

|_015| _ 1

J5P 1171051 105

(Oxy) la k =(0;0;1). Khi @6 sin(d, (Oxy)) = = (d, (Oxy)) ~0,098(rad) . Do d6

y a) Sai.
x =20000 -5t
Phuong trinh tham sb cta duong thang d 1a: {y =t
z=20-0,5t

(Do UAV chuyén dong thang déu nén ta co thé dong nhat t véi s6 gidy bay duoc cua UAV, tinh tir
lic né bi rada phat hién). Toa do caa UAV luc 6 gidy la M, (19970;6;17).

Suy ra OM, 19970 . Vay khoang céch thuc té 1a 199700m (do quy don vi 1 don vi bang 10m) . Do
d6 ¥ b) Sai.

Ta cO: MA=4/(20000—5t)? + (100 —t)? + (20— 0,5t)? = /26, 25t — 200220t + 400010400 > 4268, 4

Vay khoang cach ngin nhat tir A téi d 1a 42684m. Do dé y c) Diing.

Téc do (10m/s) cia UAV 1A v, :% _ /26,25

Téc do cua tén lira (10m/s) 1a v, =340,

Mt khac, toa ¢6 B c6 dang B(19970-5a;6+a;17—0,5a)(a>0,a=0 tinh tir lac UAV di qua diém

M;). Tén lira va cham va pha huy UAV tai B, tac la
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MB _AB J(Ba)? +a? +(0,5)> /(19970 -5a)% +(a—94)? + (17 —0,5a)’
A v, \/26,25 340

340a = /(19970 —5a)? + (a—94)* + (17 —0,5a)>

115573, 75a° +199905a — 398810025 = 0 <> a ~ 57, 88.

Viy sau 57,88 gidy ké tir ltc phéng thi tén lira va cham véi UAV. Do d6 ¥ d) Ping.

Bai toan 5: Sao Thuy gan nhu khdng cé khi quyén that sw nhu Trai Dat hay sao Kim. Tuy nhién,
n6 c¢6 mot 16p khi rat mong goi 1a exosphere — tirc 1a thwgng quyén lodng, gdm céc hat khi cuc ky
thua thét nhu hydro, heli, oxy, natri...Trong khong gian Oxyz, dom vi trén mdi truc 14 nghin km,
vung thuong quyén lodng cua sao Thuy dugc mé hinh héa bsi phwong trinh mat cau
x* +y?+2° —2x—4y—4=0. Cac nha khoa hoc khong gian dang quan sat cac tiéu hanh tinh & cac vi
tri c toa dd A(4; 2; 4), B(L; 4; 2) va xem xét sy di chuyén ctia chiing. Néu tiéu hanh tinh nam trong
vung thuong quyén lodng thi né sé& bi hat xudng bé mat sao Thuy.

a) Vung thugng quyén loang sao Thity c6 tdm (1; 2; 0), ban kinh bang 3.

b) Hai tiéu hanh tinh & cé4c vi tri A, B s& bi hit xudng bé mit sao Thay.

¢) Cé4c nha quan sét cho rang c6 mot sao choi mang tén Haxen di chuyén theo quy dao duong thang

V871

véi van toc 51,5 km/s; khoang cach ngan nhat tir tam sao Thuy dén sao choi bang ETE nghin km.
Thoi gian sao chdi di trong ving thuong quyén lodng cua sao Thily bang 20 gidy (Iam tron dén hang
don vi cua giay).

d) Sao choi Haxen di chuyén theo phuong vecto G =(0; 5; 2) . Gid sir M, N la diém dau va diém cudi
ma sao chdi nay di qua thude ving thuong quyén lodng cua sao Thay. Gia tri nho nhit cua téng
AM +BN bang 3970 km (lam tron dén hang don vi ciia km).

Loi giai:

a) Ménh dé ding.

Ving thugng quyén lodng sao Thiy c6 tm I (1; 2; 0), ban kinh R= 2422107+ 4=3.

b) Ménh dé sai.

Taco IA=y(4-1) +(2-2) +(4—0) =5; IB=/(1-1)" +(4—2)’ +(2-0)’ =242.

Vi IA>R; IB <R nén tiéu hanh tinh A nim ngoai viing thuong quyén lodng, con tiéu hanh tinh B thi
nam tron vung thuong quyén lodng cua sao Thiy va nd s& bi hit xudng bé mat sao Thay.

c) Ménh dé sai.

Goi d 1a quy dao duong thang caa sao choi va H 1a hinh chiéu vudng goc caa tam |1 trén d.
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Goi M, N 1a diém dau va diém cubi cua sao chéi trong ving thuong quyén lodng caa sao Thuy.
Taco IH ——“1851 suy ra MN =2MH =2vR* - 9—8L1:\/_ (nghin km).

100
*/? x1000:51,5 ~[21] (giay).

Thoi gian sao chéi di chuyén trong viing thuong quyén loang:

d) Ménh dé diing.

Pit MN =(0; 5k; 2k); ta c6 MN2=25k2+4k2:§—::>k=%; suy ra
W:[o;l; 3)
5
22
Chon C sao cho AMNC la hinh binh hanh; suy ra C(4 3; ?]
e X 394
Khi d6 AM =CN va AM +BN =CN +BN >BC = c ~3,97.

Vay gia tri nho nhat cua biéu thac AM +BN 12 khoang [3970] km.

Bai toan 6: Xét mot hé truc toa do Oxyz duoc cho san, don vi trén mdi truc 1a dm, mat ngoai cua
mot qua bong duoc mé hinh héa bai phuong trinh mat cau (x—2)° +(y+1)° +(z+1)" =6, qua bong

nam yén trén san nha. Ngudi ta nhin thdy mot tim van ngd xudng de 1én qua bong, phan giao cua

X+2 y+1 z

tAm van va san nha la duong thang d c6 phuong trinh =——= T Goi A, B lan luot 14 hai tiép

diém ciia tim van, san nha véi qua bong va | 1a tam qua bong.
a) Qua bong co tam 1(2; —1; 1) va ban kinh R=+/6.

b) Khoang céch tir tim qua bong dén duong thing d bang 26 .
¢) Néu cosAIB bing % (phan sé tdi gian) thi gia tri a® +b? =82.
d) Mot con kién bo tir vi tri A dén vi tri B trén qua bong voi toe d6 2 cm/s; thoi gian ngin nhit cho
chuyén di nay 1a 21 gidy (lam tron dén hang don vi).

Loi giai:

a) Ménh dé ding.

M3t ngoai qua bong 1a mat cau (S) ¢ tam 1(2; —1; ~1) va ban kinh R=+6 .

b) Ménh deé sai.
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DPuong thang d: XJZFZ y—?z% qua A(-2; —1; 0) va co vecto chi phuong U, =(2; -3;1).

Taco: Al=(4;0;-1); [, Al |=(3;6;12).

‘[ d,A']‘_ V3 +67 +12° :3\/6.

Dodé d(I,d)="— = -
0 | 22 4(-3)+12 2
c¢) Ménh dé diing.
s o . &/’
Goi K 1a hinh chiéu cua I trén d thi KI =—— va KA LIA; suy

ra cosAlK :I—:g.
IK 3

Do vay cosAlB = 2cos® AIK —1

2
_ou[2) o la e prog,
3 9 b

d) Ménh deé sai.

Do dai cung tron bé nhit ma con kién ¢ thé di: |, =Rx AlB =+/6x arccos(—%] ~4,12 dm.

Lo liR aA Lih ek 1 %10 .
Thoi gian toi thiéu dé kién dén noi 1a ABZ ~ 21 gidy.

Bai toan 7: Trong mot mé hinh game 3D, véi hé truc toa do thich hop, ngudi choi cung véi khau
sling clia anh ta dwgc MO phéng nhu mot chat diem di chuyén trén mat phang (P):x—2y+2z-3=0
va nham ban cac myc tiéu di dong trén mat cau (S) c6 phuong trinh X + y? + 2% +2x—4y —2z7+5=0
. Nguoi choi van c6 thé ban tring muc tiéu néu né di chuyén trén ban cau khuét phia sau tim nhin.
Sau khi tro choi bat dau, anh ta quyét dinh nham ban theo phuong vecto G = (1,0;1).

a) Mat cau (S) c6 tam 1 (~1; 2;1) va ban kinh R=1.

b) Mit phang (P) va mat cau (S) khong c¢6 diém chung.

¢) Nguoi choi ding & vi tri giao diém cua (P) va Ox, khoang céch tir tdm quéa cau dén duong bay

66

vién dan bang bing —

d) Khoang cach 16n nhat tir vi tri nguoi ban dén muc tiéu bang 3/2.
Loi giai:
a) Ménh dé ding.
Mt cau (S) co tdm 1(-1; 2;1) va ban kinh R=1.
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b) Ménh dé diing.

Tacé d(I,(P)) :% =[2>R]; do d6 (P) va mat cau (S) khong cé diém chung.

¢) Ménh dé diing.

Giao diém cua (P) va Ox 1a diém M, (3; 0; 0)= IM = (4; =2; -1); [ IM, 0 | =(-2; -5; 2).

Khoang cach tir | dén duong bay vién dan 1a d = ‘ -

|d J1+0+1

[W.0] Jarasea [Vee
g

d) Ménh dé diing.
Goi M thuoc (P), N thuoc (S) theo thir ty 1 vi tri nguoi choi va vi tri myc tiéu dang ban; H 1a hinh
chiéu cua diém N trén (P).

MN hop véi (P) mot géc ¢ thoa mén sing = ||ll;||r:;|| = \/1+0|1++10;12J|r4+4 :%.
. )

Xét tam giac MNH vudng tai H, ta co

singo:ﬁz MN = N hay [MN =+/2NH .
MN sing ©))

D& thdy MN Ién nhat khi va chi khi NH 16n nhat; ma

NH <d(I, (P))+R=2+1=3.

Do d6 MN 16n nhit bang [3v/2]; khi @6 N, I, H nam trén duong thing &)

vuong goc vai (P).

Bai toan 8: \Vé tinh hoat dong dua trén nguyén ly caa vat Iy Newton. Mot vat thé bi kéo bai mot luc
hap dan tir mot vat thé khac s& chuyén dong theo mot qui dao elip xung quanh vat thé dé6. Dé dua
vé tinh 18n quy dao, nguoi ta st dung céc loai tén lira day khac nhau dé cung cap cho vé tinh dong
lugng can thiét dé thoat khoi trong lec cua Trai Dat va duy tri quy dao 6n dinh. Dé thuan tién ta quy
udc mot quy dao gan tron thanh mot duong tron. Trong hé toa d6 Oxyz , goc toa do 1a tam trai dat,
mot vé tinh nhan tao c6 quy dao duoc coi nhur mot dudng tron ¢ ban kinh 13440km c6 diém xuat
phat 1a diém B(4032;0,-5376) va day ciing la diém gan Trai DAt nhat cta vé tinh. Quy dao cua vé
tinh ndy nam trén mat phang vudng goc véi truc tung va c6 tm nam trén dudng thang OB . Coi tréi
dat 12 hinh cau hoan hao cé béan kinh bang 6400 km.

a) Phuong trinh mit phang chta quy dao cua vé tinh 13 x+z =0.

b) Khi xut phét tai diém B vé tinh dang & d6 cao 320km so véi mat dat.
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c) Quy dao cua tén lira 1a duong tron o tam | (—4032;0;5736).
d) Khi Trai Dat quay, diém cuc Nam va cyc Bac cua Trai Dat khong thay doi vi tri. Biét rang diém
cuc Nam cuia Trai DAt c6 toa do 1a M (0;3840;5120) . Khoang cach gan nhat giita vé tinh va diém cuc
Nam bang 10112km ( Két qua 1am tron dén hang don vi).

Loi gidi
a) Sai: Quy dao cua vé tinh ndy nim trén mat phiang vuéng goc véi truc tung nén mot vecto chi
phuong ctia mat phang chtra quy dao cta vé tinh 1a (0;1,0).
Khi d6 phwong trinh mat phang chira quy dao cua vé tinh ¢6 dang y+a =0
Quy dao di qua diem B(4032;0;-5376) nén 0+a=0=a=0
Vay phuong trinh mat phang chira quy dao cia vé tinh 12 y =0.

b) Png: Khoang cach ngan nhat tir Trai Dat dén vé tinh Ia:

OB - R = /4032° + 07 +(-5376)° —6400 = 320 km

Vay khi xuat phat tai diém B thi vé tinh dang & d6 cao 320km so v&i mat dat

¢) Sai: Quy dao cua vé tinh ¢6 tim niam trén duong thang OB nén tm | nam trén duong thang OB

Mit khac: 1B =R, =13440=2.0B nén O la trung diém cua 1B

X, = 2%y — Xg X, =—4032
Khido 1y, =2y, -y, <y, =0 nén toa d¢ diém 1(-4032;0,5376)
2, =22, -1, z, =5376

d) Sai: Goi H 1a hinh chiéu cua K 1én mat phang quy dao y=0= H (0;0;5120)

Khi d6: KH =d(K,(y=0))=3840; IH =,/4032° + (5376 —5120)° = 64/3985

Tir d6 suy ra: NH = IN — IH =13440 — 64+/3985
NG6i | va H cat vé tinh tai N thi khi dé:

KN_ =+KH?+NH? = \/38402 + (13440 64\/3985)2 ~10154 (km)

Bai toan 9: Trong khéng gian véi hé truc toa do Oxyz , cho hai vién bi xanh va do ban dau dang hai

mat cau lan lugt 13 (S, ):(x=10)" +y?+(z-3)" =9 VA (S ):(x+12)" +y* +(2—-4)" =16. Biét mat
dat triing voi mat phang Oxy va hai mat cau nay tiép xdc véi mat phang Oxy véi diém tiép xdc nam
trén truc Ox. Truyén cho hai vién bi d6 va xanh lan luot céc toc do khong ddi v, =5(m/s) va v, =3
(m/s) thi hai vién bi lin thang vé phia nhau doc theo truc Ox (Piém tiép xtc luén nam trén Ox ). Sau
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khoang thoi gian bang bao nhiéu gidy thi hai vién bi va cham lan dau tién (Pon vi trén hé truc toa

d6 1a mét va két qua 1am tron dén hang phan chuc)

~
Y
~
~
~

L& giai
Goi M, N lan luot 12 vi tri tiép x(c cua bi xanh va bi d6 véi truc Ox

Dua vao phuong trinh mit cu thi khoang cach giita hai vién bi ban dau 1a 22m

Khi hai vién bj va cham nhau tirc 13 hai mat cau nay sé tiép xtc véi nhau va ban kinh hai mit cau

nay hon kém nhau 1m.
e . 1 N . .
Khi d6: sina == suy ra MN =7.cosx = 4+/3 nén hai vién va cham nhau khi MN =44/3.

Phuong trinh toa do diém M theo truc Ox: 105t
Phuong trinh toa d6 diém N theo truc Ox: —12+3t

8t—22=4+3 t ~1,88(nhan
Do MN :4\/§<:>|10—5t+12—3t|:4\/§<:{ \/_ { ( )

8t—22=—4\/§® t ~3,61(loai)

Vay sau khoang 1,88 gidy thi hai vién bi va cham lan dau tién.

Bai toan 10: Trong khong gian véi hé truc toa d6 Oxyz , mdt con chim bd cau xuat phat tir O(0;0;0)
di chuyén véi vecto van tc v, =(12;2). Cung lic d6, mot con chim én ciing bat dau di chuyén tur
A(0;0;5) V&i vecto van toc v, =(0;3;4). Ton tai mot ving khong gian nguy hiém, noi ma & d6 thuong

xuyén xut hién nhimg nguoi san bat chim c¢6 dang mat cau (x—2)"+(y—4)"+(z—-4)" =16. Biét
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rang moi don vi trén céc truc toa do6 trong khong gian twong dwong 1m va don vi do thoi gian tinh
bang giay.

a) Toc do di chuyén caa chim bd cau la 3m/s

b) Chim én c6 di chuyén vao ving nguy hiém trong qua trinh bay

¢) Thai gian ma chim bd cau di chuyén trong ving nguy hiém nho hon 5 gidy

d) Khoang cach giita hai duong thang quy dao cua hai con chim bang % m.

Loi giai:

a) Bng: Van téc cua chim bd cau: v, =12 + 22 + 22 =3m/s.

x=0
b) Pung: Phuong trinh quy dao bay ciachiménla d,:qy=3t  nén M(0;3t;5+4t)ed,
z=5+4t

Thay toa d6 diém M (0;3t;5+4t) vao phuong trinh mat cau (S) ta dugc:
4+(3t-2)" +(4t+1)" =16 =
Vay chim én c6 bay vao viing nguy hiém

Xx=t
¢) Dling: Phuong trinh qu§ dao bay ctia chim bd cau 1a: d,:{y =2t nén N(t;2t;2t)ed,
z=2t

Thay toa do diém N (t;2t;2t) vao phuong trinh mat cau (S) ta duoc:

(t-2)" +(2t-4) +(2t-4)' =16 =

2 2 2
Khi d6 A(gﬂﬂj va B(Q@@j nén AB= E—E + Q—ﬂ + Q—ﬂ =8m
333 3 3 ° 3 3 3 3 3 3 3

Thoi gian chim b cau bay trong ving nguy hiém Ia: t, = = ~ 2,66 m/s nho hon 5m/s.

w | o

d) Sai: Puong thang d, di qua M, (0;0;5) va d, di qua M, (0;0;0) nén M,M, =(0;0;-5)

Khoang cach giira hai duong thang quy dao bay cua hai con chim:

[wiu; ]} MM,

[oie,

d(d,;d,)= ~2,78m.
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Bai toan 11: Mot kho chira hang c6 dang hinh lang try dtng ABFPE.DCGQH Vvéi ABFE |a hinh
chit nhatva EFP 13 tam gi4c cantai P. Goi T 1a trung diém cua DC . Cac kich thudc cua kho chta
lan lwot 1A AB=6m; AE =5m; AD=8m; QT =7m. Nguoi ta md hinh hoa nha kho bing cach chon
hé truc toa do c6 gdc toa do 1a diém O thudc doan AD sao cho OA=2m va cac truc toa do twong

ung nhu hinh v€ dudi day. Khi do:

Hpf b -T2

a) Toa do diem Q 1a (-6;3;5).

b) Véc to OC ¢ toa do Ia (-6;6;0).

¢) Nguoi ta mudn lap camera quan sat trong nha kho tai vi tri trung diém cia FG va dau thu di lidu
dat tai vi tri O. Nguoi ta thiét ké duong day cap ndi tir O dén K sau d6 ndi thang dén camera. Do
dai doan cap ndi tbi thiéu bang 5+ 210 m.

d) Mai nha duoc lgp bang ton Hoa Sen, gia tién mdi mét vudng ton 1a 130.000 dong. Sé tién can bo
ra dé mua ton lop méi nha I1a 3.750.000 ddng (khdng ké hao phi do viéc cit va ghép cac miéng ton,

lam tron két qua dén hang nghin).

Loi gidi :
: G
]
1 s [
1 i
1
1 1
1 . 1
/ _r--WAH
Kp- " Db=pfomp-m==pC
P A T
Bf—
P AT
A B

€T

(a) K& TM L Oy, CN L Oy. Vi T la hinh chiéu cua Q I&n (Oxy) nén
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Xo =¥ =-OD =—(AD-0A)=—6

.Va z,=QT =7.Suy ra Q(-6;3;7).

X. =—OD =-6

A - .V’\ —: A . .
y.—ON = A W 1@ C(-6:6:0). Vay OC =(-6:6:0)

(b) Vi C e (Oxy) nén z. =0. Taco {

(c) Goi L la trung diem ctia FG . Ta co: z, =OK = AE =5. Suy ra K (0;0;5) = OK =5.
B, C lan luot 12 hinh chiéu ctia F, G I&n (Oxy). Suy ra F(2;6;5), G(~6;6;5).

Ma L la trung diém cua FG nén L(-2;6;5) = KL =2410.

Vay do dai doan cap téi thiéu tir O dén K sau d6 ndi thang dén camera la

OK + KL =5+210 (m)

(d) FG=(-6—2)" +(6—6)" +(5-5)" =8 (m).

GQ =(~6+6)" +(3-6) +(7—5) =13 (M). Sy 12 S, = FG-GQ =8V13 (m?).

Dién tich lop ton mai nha la 2S.,, =1613 (m?).

S6 tién can bo ra dé mua ton lop mai nha 1a 164/13-130000 ~ 7500000 ddng).

Bai toan 12 : Hinh 1 m6 ta mot chiéc ddng hd mat troi véi mot mit day hinh chir nhat nghiéng so
VGi mat phang nam ngang, trén d6 c6 mot mat dong ho hinh tron. Trén mat day nay c6 gan mot chiéc
coc, bong cua coc khi chiéu sang sé chi gio trén mat dong ho. Chiée ddng hd mat troi nhu vay duoc

md hinh hda trong mot hé toa &6 Oxyz nhu hinh 2. O day, hinh chit nhat ABCD véi A(5,-4;0) va
B(5;4;0) md ta mat ddy cua dong hd mat troi. Biém gan coc trén mit day trong mo hinh dwoc biéu
dién boi tim M (2,5;0;2) cua hinh chit nhat ABCD. Mot don vi d¢ dai trong hé toa d¢ tuwong ung 10

cm trong thyc té. Mt phang ngang trong md hinh dugc biu dién bai mat phang (Oxy)

Hinh 1 Hinh 2
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a) Mt phang (E) chta hinh chit nhat ABCD c6 vecto phap tuyén 12 n=(4;0;5).
b) Mat day cua dong hd nghiéng mot goc o so véi mat phang ngang. Dé ddng hd hién thi thoi gian
chinh xac tai vi d0 ¢ thi a+¢=90°. Vay chiéc dong hd nay dugc thiét ké tai noi c6 vi do nho hon
51°.
c) Trong md hinh, coc ddng hd dugc bicu dién bsi doan thang MS Véi S(4,5,0;4,5). Anh sang mét
troi chiéu vao ddng ho mat troi tai thoi diém t, nhat dinh trong mot ngay hé duoc md hinh héa bang
cac dudng thang song song ¢ vecto chi phuong i =(6;6;-13) thi bong cia dinh coc nim trong hinh
chit nhat ABCD
d) Ldc 6 gio, bong cua coc dong hd di qua trung diém canh BC . Lic 12 gid, bong di qua trung diém
canh AB va llc 18 gio, bong di qua trung diém canh AD thi thoi diém t, ma ta dang xét xay ra
trudc 12 gio.

Loi giai

a) Pung: W:(g;—m—zj; W:GA;—ZJ suy ra ﬁ//[m;ﬁ] /| (4,0;5)

nn| 5 5

] Vares VAL

b) Sai: n,, = k=(0;0;1) nén cosa = — o ~38,66° = ¢ ~ 51,34°

¢) Sai: Toa do diém S [%;o; %)

Anh sang mat troi di qua S tai thoi diém t, 1a dwong thang d di qua S va co

u, =(6;6;,-13)
x:g+&
2
Phuong trinh duong thang d :<y =6t
= 9 —-13t
2

Mt phang (ABCD) di qua A(5;4;0) c6 vecto phép tuyén n=(4;0;5) nén c6 phuong trinh
la:
4(x—5)+5(z2-0)=0<>4x+52-20=0

Vay S'=d m(ABCD):S’(%;S;—ZJ ma x, :%>5 nén diém S’ nam ngoai mién hinh chir nhat

ABCD.
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d) Bang: Goi 1;J lan luot 14 trung diém ciia AB va BC, ta co |@;4;2):W =(0;4;0)

Khi d6 M—S’:(S;S;—4):>cosa:%:a:64,9°

Bai toan 13: Trong khong gian véi hé truc toa do Oxyz , coi Trai Dat [a mot hinh cau c6 tam 1a géc
toa d6 va c6 ban kinh bang 16 (don vi dai trén mdi hé truc toa d6 12 400 km). Coi ting dién ly ludn
cach bé mat Trai Dat 400km, tic 12 ting dién li 1a mot mit cau c6 tam 1a gdc toa d6 O . Tir mot
dai phat A dit tai diém A(16;0;0) c6 phat mot song dién tir v6i tan s6 10MHz 1én trén cao (voi
toc d¢ khong ddi bang 3.10°m/s) hudng theo vecto u=(12;0), séng dién tir ndy gap tang dién
ly tai diém B, sau d6 bi phan xa va truyén tra lai gap bé mat Trai Dat tai diém C. Biét rang tinh

chat phan xa cho ta két qua 1a: bén diém O, A B,C thang hang va ABO = OBC, AOB = BOC

Téng Dién Li

Trai Dat

a) Tang dién ly la mot mat cau c6 thm O va ban kinh 16

Xx=16+t
b) Phuong trinh tham sb cta duong thang AB 1a: {y =2t (teR)

z=0
c) Néu toa do diém B la (a;b;c) thitaco (a+2b+c)” =256
d) Tinh theo don vi km (Két qua 1am tron dén hang don vi) thi quing duong thuc té 16n nhat di duoc
gitta A cad C ¢ bé mat Trai Pat khoang 1361km.

Loi giai
a) Pung: Ta c6 tang dién li ludn cach bé mat Trai Pat 400 km twong tng Véi 1 don vi d6 dai trong
hé truc toa d0 Oxyz nén khi d6:
Tang dién li 1a mot mat cau thm O va ban kinh bang R=16+1=17.

Khi 4y ta c6 phuong trinh mt cau tang dién 1i(S'): x> +y* + 2> =17°
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b) Dling: Puong thang AB di qua A(16;0;0) v&i vecto chi phuong 1a U = (1;2;0) nén ta suy ra phuong

X=16+t
trinh tham s6 cta duong thang tuong Gtng 13 {y =2t  (teR)
z=0

c) Sai: Taco B=ABN(S') thi khi do ta c6 toa dd B(16+t;2t;0), tir do ta c6 phuong trinh:

(16+t)2+(2t)2+02=172©t=% V42l oac t;l‘“fT V42l
Do AB =k.0 nén yB—yAzk>0:>yB=2t>0:>t>0tl’rc:tanhaamt:toz%*/m

SuyraT=(a+2b+c) = (X, +2ys +25) =(5t+16)", thé vao ta c6 dugc T =421
d) Sai: Trude hét tir hinh v& dudi, ta co:

OAOB t,+16
OAOB 17

t, +16

cosa =CcoSAOB =

— AOC = 2A0B = 2%arccos( ) (radian)

Goi (C) 1a duong tron giao tuyén tao bai mat phang (OABC) cat mat cau (S) tie Trai Dat.

Téng Dién Li

Quéng dwéng Ién nhét

Khi ay quing duong 16n nhat giira hai diém A va C chinh 1a cung Ién AC (ki hiéu la L ) thuoc
duong tron (C) nhu hinh v& trén.

Ta c6 chu vi duong tron (C) la C =2zR, =327

87 (to +16

Va d¢ dai cung nhé AC la |=AOC.R, = 4—5arccos j (cong thuc d6 dai cung tron)

Suy ra quing duong cantim 1a; L=C —1=327— i—Zarccos(to :716j

Vi t, = va 1 don vi dai =400 km thyc té, ta suy ra quing dudng thuc té 16n nhat can

-16++/421
5

tim bang L, =400 L ~ 40189 km.

Bai toan 14: (Sé Phi Tho 2025) Puong dng dan dau trén khong 1a hé thong duong dng duoc treo

trén cac gia d& hodc cot cao, dung dé van chuyén dau thd hoic cac san pham dau mo tir noi nay dén
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noi khac ma khong can chén duéi long dat. Hé thdng nay thudng duoc sir dung trong cac khu vyc
c6 dia hinh kho khin, ving bang gia, ring ram..., nhitng noi ma viéc dao duong éng ngam khong
kha thi.

Véi hé truc toa do Oxyz thich hop, mit dat 1a mat phang (Oxy), don vi trén mdi truc 1a mét, nguoi ta

x=0
thiét 1ap mot duong 6ng dan dau trén khong doc theo duong thang d:{y=t (tlatham sd). Vi dia
z2=20

hinh phiic tap, nguoi ta chon diém A(15;10;15) dé lam diém trung chuyén dau tir mat dat dén duong
ong nay.
a) Buong thang d nam trén mat phang (Oyz).
b) Diem ddi xng véi A qua mat phang (Oxy) c6 toa do A'(-15;-10;15).
¢) Do thyc té cong viéc, ngudi ta can xac dinh vi tri diém B(0;b; 20) thudc dudng 6ng va vi tri diém
C(m;n;0) thudc mat dat sao cho tong do dai cac doan dudng AB,BC, AC nho nhat. Tacdé m+n+b=
200
7
d) Gia tri nho nhét cua tong d6 dai cac doan duong AB, BC, AC lam tron dén hang phan chuc bang
45,5m.
Loi giai
a) Pung. Taco M (0;1,20) va N(0;2;20) thuoc duong thang d . Ma M (0;1;20) va N(0;2;20) ciing
thudc mat phang (Oyz):x =0 nén dudng thang d ndm trén mat phang (Oyz).
b) Sai. Néu diém 1 (a;b;c) thi diem dbi xtng véi | qua mat phang (Oxy) la 1(a;b;—c)
Do d6 diém doi ximg véi A(15;10;15) qua mat phang (Oxy) la A'(15;10;-15).

c) Pung. Tacé AB+AC+BC=AB+AC+BC>AB+AB

= 157 +(t=10)° +5° + /15" +(t—10)’ +35" > V15’ +5 + /157 + 35" =558 +5:10
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C t=10 B(0;10;20)
Dau bang xay ra <

=
C=ABN(Oxy) |C=ABN(Oxy)

Tacd A'B di qua B(0;10;20) va c6 1 vecto chi phuong l1a A'B =(-15;0;35)=-5(3;0;~7) nén phuong

X =3t
trinh AB la<y=10 .Vi C=ABn(Oxy)= 2, :O:t:?:C($;10;OJ
z=20-Tt
Do do m+n+b:@+10+10=@.
7 7
=z B
A
(0]
Yy
C
xr
AI

d) Sai. Ta ¢ 558 +5+/10 ~ 53,9
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CAC BAI TOAN XAC SUAT - THONG KE

Bai toan 1: Két qua 40 lan nhay xa cua hai van dong vién (VDV) Hung va Pat duoc lan luot théng
ké trong bang 1 va bang 2 dudi day (don vi: mét):

Bang 1 (VDV Hung):

Nhom | [6,22;6,46) | [6,46;6,70) | [6,70;6,94) | [6,94;7,18) | [7,18;7,42)
Tansd | 3 7 5 20 5

Bang 2 (VDV Dat):
Nhom | [6,22;6,46) | [6,46;6,70) | [6,70;6,94) | [6,94;7,18) | [7,18;7,42)
Tansd | 2 5 8 19 6

a) Trung binh két qua 40 lan nhay xa ctia van dong vién Hung tét hon van dong vién Pat.

b) Phuong sai cia mau s liéu biéu thi két qua nhay xa cta van dong vién Hung khoang 0,08. (Két

qua 1am tron dén hang phan tram).

¢) Do léch chuan cua mau sb liéu biéu thi két qua nhay xa cua van dong vién Dat khoang 0,06. (Két

qua 1am tron dén hang phan tram).

d) Néu so sanh theo do léch chuan thi van dong vién DPat c¢d két qua nhay xa 6n dinh hon van dong

vién Hung.
Loi giai
Xét bang sau:
Nhom [6,22;6,46) | [6,46;6,70) | [6,70;6,94) | [6,94;7,18) | [7,18;7,42)
Gia tri dai dién 6,34 6,58 6,82 7,06 73
Tan s6 cia VDV Hung | 3 7 5 20 5
Tan s6 cia VDV Pat | 2 5 8 19 6

- Vi théng ké két qua nhay xa caa VDV Hung:

Gid tri trung binh cia mau s liéu biéu thi két qua nhay xa cua Hung la x, =6,922.

Phuong sai ciia mau s6 ligu biéu thi két qua nhay xa caa Hing 1a s ~0,07.
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Do lech chuan cua mau sé liéu biéu thi két qua nhay xa caa Hung 14 s,, ~0,27.

- V&i thdng ké két qua nhay xa cua VDV Dat:

Gia tri trung binh cua mau s liéu biéu thi két qua nhay xa cia Pat 1a x, = 6,952.
Phuong sai ciia mau sb liéu biéu thi két qua nhay xa cta Pat 1 s? ~0,06.

Do lech chuan cua mau sé liéu biéu thi két qua nhay xa coa Pat 14 S, = 0,25.

a) Sai. b) Sai. c) Sai.

d) Bang. Do d6 léch chuan caa miu sb liéu biéu thi két qua nhay xa cua van dong vién Dat thip hon
d6 léch chuan caa mau sé liéu biéu thi két qua nhay xa caa van dong vién Hung.

Bai toan 2. Mot xi nghiép san xuat san pham co ti I¢ phé pham 1a 5%. M&i san pham sau khi san
xuat déu phai trai qua hai tram kiém tra doc 1ap. Cho biét & tram thr nhét, x4c suat nhan biét dung
véi chinh pham 12 0,9 ; xac suat khéng nhan biét duoc phé pham 1a 0,03. Con & tram tht hai, xac
suat nhan biét ding chinh pham 12 0,95 ; xac suat khong nhan biét duoc phé pham 1a 0,02. Néu ca
hai tram Kiém tra déu coi 1a chinh pham thi san pham duogc dua ra thi truong.

7t

2
a) X4&c suat mot phé pham dugc dua ra thi trudng bang 0,006.

b) Xéc suat mot chinh pham bi loai trong qué trinh kiém tra bang 0,145.

C) X4c suat mot san pham dugc dua ra thi truong 12 0,81228.

d) Xéc suat mot san pham cua xi nghiép da dua ra thi truong 1a phé pham xap xi 3,7-10°°.

Loi giai

Goi H labién cd: "San pham la chinh pham™; A 14 bién cé: "San pham duoc dua ra thi truong”.
Theo dé bai, ta c6: P(H)=1-0,05=0,95;P(A|H)=0,9-0,95=0,855;
P(A|H)=0,03-0,02 = 0,0006

Xéc suat mot phé pham duogc dua ra thi truong 1a P(A|H) =0,0006.

Do do y a) Sai.
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Xéc suat mot chinh pham bi loai trong qué trinh kiém tra la
P(A|H)=1-P(A|H)=1-0,855=0,145.
Do do y b) Pung.
Xéc suat mot san pham duogc chon ngau nhién trong s cac san pham chua kiém tra cua xi nghiép
s€ dugc dua ra thi truong la
P(A)=P(H)-P(A|H)+P(H)-P(A|H) =0,95-0,855+0,05-0,0006 =0,81228 .
Do do y ¢) Dung.
Xéc suat mot san pham caa xi nghiép dd dwa ra thi truong 1a phé pham bang

P(H)-P(A|H) _0,05-0,0006

P(H|A)= 5
(A) 0,81228

~3,7-107°.

Do do y d) bung.

Bai toan 3: C6 hai hop bat, hop thir nhat dung 5 chiée bat do va 4 chiéc but xanh, hop tht hai dung
4 chiéc but do va 6 chiéc but xanh, tat ca nhitng chiéc bat déu ¢ cling hinh dang, kich thudc va khoi
luong. LAy ngau nhién mét chiéc bt tir hop thir nhat chuyén sang hop thi hai, sau d6 14y ngau nhién
mét chiéc bt tir hop thix hai.

a) Xac suat dé chiéc bat lay tir hop thir nhat c6 mau do 1a g

b) X&c suat dé chiéc but dugc lay ra tir hop thi hai 1a chiéc bat chuyén tir hop thir nhat sang 1a %

¢) X4ac suat dé chiéc bat duoc lay ra tir hop thir hai c6 mau do va 1a chiée bat duoc chuyén tir hop

thir nhat sang 1a >
99
d) Xac suat dé chiéc but duoc Iy ra tir hop tht hai 1a chiée but duoc chuyén tir hop thir nhat sang,
biét ring chiéc bt d6 c6 mau do 1a 431 |
Loi giai
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Hop thir nhat 6 tat ca 9 chiée but, trong d6 c6 5 chiée but do. Do d6 xac suat dé chiéc bat lay tir hop

thir nhét c6 mau d6 12 g Do d6 y a) diing
Khi chuyén 1 chiéc bat tir hop thir nhat sang hop tha hai thi hop thir hai cé tat ca 11 chiéc but. Do
d6 xac sudt dé chon dugc ding chiéc bat chuyén tir hop thi nhat sang 1a % Do d6 y b) sai

Goi A 1a bién cb "Chiéc bat Iy tir hop tht hai 1a chiéc bat chuyén tir hop thir nhat sang”. Theo lap

luan trénta cé P(A) = 1—11 :

Goi B la bién c6 "Chiéc but lay tir hop tha hai c6 mau do".
Khi d6 bién cb "Chiéc but duoc lay ra tir hop thi hai c6 mau dé va la chiée bat duoc chuyeén tir hop
51 5

thir nhat sang” 14 AnB. Tacé P(AnB)=P(B|A)P(A) RTRETT Do d6 ¥ ¢) ding

X&c suat dé chiéc but dugc Iy ra tir hop tha hai 1a chiéc but dugc chuyén tir hop thi nhat sang, biét

rang chiéc but d6 c6 mau do, 1a P(A|B) = % Pé tinh P(B) ta lap luan nhu sau: néu chiéc bat
duoc chuyén tir hop thir nhat sang ¢6 mau xanh (véi xac suat 1a g) thi khi d6 xac suat dé chiéc bt
duoc chon tir hop thir hai c6 mau do la 1%; néu chiéc bat duoc chuyén tir hop thir nhat sang c6 mau

dé (véi xac suit Ia g) thi khi d6 xéc sudt dé chiée bat duoc chon tir hop thir hai ¢6 mau do 1a %;

suy ra P(B):ﬂ.i+§.£:ﬂ.
911 911 99
5. 41 5
Vay P(A|B)=—:—=—.Do déy d) dun
Ay P(AIB) =25 59 = a1 y d) ding

Bai toan 4: C6 hai hop bong A va B chi dung cac qua bong do6 va tring, trong d6 hop B dung 4 qua
bong do va 5 qua bong triang; tong s6 bong hai hop khong qua 20. Xét hai phép thir ngau nhién sau:

Phép thir thir nhat: LAy ngau nhién 1 qua béng tir hop A bé vao hop B rdi Iy ngau nhién 1
qua bong tir hop B. Bang thuc nghiém nguoi ta biét duoc ring kha ning 1iy duoc qua bong do tir

. 33
hop thtr hai bang —.
op thu ang 70
Phép thir thir hai: Lay ngau nhién 2 qua bdng tir hop A bo vao hop B. Sau do tiép tuc lay
ngau nhién 2 qua bong tir hop B.

a) Trong phép thtr tht nhat, néu lay duoc qua bong do tir hop A bo sang hop B thi xéc suat lay duoc
qua bong tring tir hop B bang 0,4.
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b) Hop thir nhat dung 4 qua bong d6 va 3 qua bong tring.

c) X&c suat dé lay duoc 2 qua bong do tir hop B bang %.

d) Néu biét rang hai qua bong lay dugc tir hop B cling c6 mau do, Xac suat dé co it nhat 1 qua la tur

: . 67
hop A chuyén sang bang —.
op ye g bang 128

Loi giai:

a) Ménh deé sai.
Trong phép thir tht nhat, néu liy duoc qua bong do tir hop A bo sang hop B thi khi d6 hop B ¢6 5
qua bong do, 5 qua béng tring. Do d6 xac suét lay duoc qua bong trang tir hop B bang 0,5.

b) Ménh dé sai.
Trong phép thir thi nhat, goi cac bién cd X : “Lay duoc qua bong do tir hop A” va Y: “Lay dugc qua
bong do tir hop thir hai”. Dat P(X)=xe(0;1); suyra P(X)=1-x.

Ta ¢ so d6 hinh ciy sau day:

Theo gia thiét ta c6 P(Y):O,5x+0,6(1—x):3—§:> ng :

Vi tong sé bdong hai hop bong khdng qua 20 ma hop B ¢6 9 qua bong nén hop A ¢ khdng qua 11
qua bong, ma xac suat dé liy dugc qua bong do bang ; nén hop A co

5 qua bong do va 2 qua bong trang. Hop B

| 15 do: 5 wing) 03 Y
c) Ménh dé sai. : <
Trong phép thir th hai, ta goi 2P 13 bién ¢6 “LAy ding 2 qua bong d6 S
tr hop B”.
Vi thong tin ¢é duoc, ta co so do hinh cay cho phép thar ngau nhién

0.4 Y
X <
thu hai: Hop B 0.6 %

{4 d6; 6 tring}

c: e cic c C2cl (25
Czcl CcZ ci c2cki |uss|

T do suyra P(2D)=

d) Ménh dé sai.
Goi X 1a bién cb lay duoc it nhat 1 qua 1a tir hop A chuyén sang, Hop I
ta co: C/s {6 do; 5 tréng)

C52(24+ 1 J+5214 HopI c\c! Hop I

2 2 2 2 2 5342

P ( X | ZD) = C7 Cll Cll C7 Cll = E (5 do; 2 trfng} {5 d6; 6 tring)
P (ZD) 128 . Hop II

{4 do; 7 tring}
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Bai toan 5: Mot 16 hat giéng duoc thu gom tir ba ngudn khéac nhau. Ngudn I chiém % sb hat cua 16,

A 1 v MA  a R A ) 1A \ A [T A s
nguon Il chiem 3 so hat caa 16, con lai la nguon 11, Ti I¢ hat nay mam doi véi cac hat thugc cac

ngudn I, 11, III twong tng 12 90%,80%, 70% . LAy ngau nhién 1 hat.
a) Hat ldy ra 1a hat nay mam véi xac suat 12 80%.

b) Gia sir hat 1y ra khdng nay mam, ta néi rang "Nhiéu kha ning hat d6 thudc ngudn 111",
¢) Ta ndi rang "Xac suit dé hat lay ra 1a khdng nay mam" 1a nhu nhau véi ca ba ngudn.

d) "X&c suat dé hat khong nay mam" nhiéu kha nang thudc vao hat giong lay ra tir nguon II.

Loi giai
Goi N,,N,, N, lan luot la cac bién ¢ "Hat lay ra tir nguon 1", "Lay ra tir nguon 11", "LAy ra tir nguon
™. Taco P(N,)=2:P(N,)=Z:P(Ny) =

Goi K 1a bién c6 "Hat lay ra nay mam"
a) Sai. Theo cong thirc x4c suat day du, ta co

P(K)=P(N1)P(K IN,)+ P(NZ)P(K | N2)+P(N3)P(K IN,)

_ 19,18 1 7 _21+1647_5 83339,
210 310 6 10 60 6
:>a)sa|( P(K)——j
Theo cOng thuc Bayes ta co
_ 11 1 2
P(N.)P(K|N PRT Y _ P(N,)P(K|N 210
P(NllK): ( 1) (_ | 1):2 10=i’ P(Nle)= ( 2) ( | 2):3 ]_Ozi,
P(K) 1 20 P(K) 1 20
6 6
_ 1 3
_ P(N,)P(K|N ~'1n
P(N,|K) = (Na)P(KIN:) 5730 _3
P(K) 1 20
6

Vay P(N,|K)>P(N,|K)=P(N,|K)@). Tur (1) suy ra b) sai; c) sai; d) ding.

Bai toan 6: Song sinh co thé 1a cung trang (identical) hoic khac tring (fraternal). Biét rang 1/3 s6
cap song sinh 1a cuing trimg. Hién nhién, song sinh cling trang phai cing gidi tinh; song sinh khéc
trieng c6 thé cuing hoac khac gisi tinh. Gia st song sinh cuing trirg c6 xac suit Ia hai bé trai hoac hai
bé gai nhu nhau, trong khi vai song sinh khéc trizng thi tt ca bon kha nang déu ¢ xac suat nhu
nhau. Mot nha khao sat tim gip ngau nhién mét ngudi phu nit dang mang thai doi.

a) X4c suat dé nguoi phy nit mang thai d6i 1a bé gai bang 0,5 biét rang day 1a cap song sinh cling

trang.
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b) X&c suat dé thai doi cuia nguoi phu nir 1a mot cip trai gai bang 0,3

. L, 1A At LA \ , o~ A . Ly 1
Cc) Xac suat de thai d6i khong cung trirng va ciing khong phai con trai bang 3

d) Xac suat dé ngudi phu nit mang thai d6i 1a cung tring bang 0,5 biét ring ¢ ay ha sinh duoc hai
bé gai.

Loi giai:
Goi A la bién Co “Nguoi phu nir mang thai doi cing trimg”, c4 ky hiéu BB, GG, BG, GB lan luot_
chi cac bién cb thai d6i 1a trai-trai, gai-gai, trai-gai, gai trai. Ta c6 so d6 hinh cay sau: 12

a) Ménh d@é ding.
Taco P(GG| A):l.
b) Ménh dé sai.

Ta co P(BGuGB):P(BGuGB|A):3-(1+1j:1.
34 4) 3
c) Ménh aé sai.
Taco P(ANGG)= 211
] 34 6
d) Ménh de dung.
Taco P(GG)=1.142. 1.1
32 34 3

11
P(A)-P(GGIA) 33

Do d6 P(A|GG)= P(GG)

=0,5.

1
3
Bai toan 7: C6 hai do6i tham gia mdt cudc thi boi 16i. Boi I ¢6 7 van dong vién, d6i II ¢6 9 van dong
vién. Xac suat gianh huy chuong vang ctia mdi van dong vién doi I va doi II 1an luot 12 0.07 va 0.06.
Chon ngau nhién mot van dong vién (Két qua lam tron dén hang phan trim)
a) Xac suat dé van dong vién dugc chon thude doi I 1a 0,56
b) Xéc suit dé van dong vién nay khong gianh duoc huy chuong vang néu thudc doi 11 1a 0,94
C) Xac suat dé van dong vién nay gianh dugc huy chuong vang 1a 0,1
d) Gia sir van dong vién duoc chon gianh huy chuong vang. Xéc suat dé van dong vién nay thudc
doilla 0,48
Loi giai

a) Sai: Xac suat dé van dong vién chon ra thudc doi I 1a % ~0,43.
b) Pung: Xac suit khong dat huy chuong vang ctia mdi van dong vién doi IT 1a 1—0,06 = 0,94
c) Sai: Goi A 1a bién cb: “Van dong vién dat huy chuong vang”, B 1a bién c¢d: “Thanh vién d6i I”
thi bién ¢6 ddi ctia B 12 B: “Thanh vién doi I1”.

7 9

Do do: P(B)=—;P(B)= =

- P(A|B)=0,07;P(A|B)=0,06

Theo cong thirc xac suit toan phan ta co
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P(A)=P(B).P(A[B)~+ P(E).P(AIE)z%.0,07+%.0,06:%z0,06
U 0,07
, . P(B).P(A|B) 15 49
d) bing : Taco P(B|A)= ( I)D(,g\)l ):16103 :ﬁzo’%
1600

Bai toan 8: Cho mot hop bi thir nhit dung 6 vién bi d6i mot khac nhau gdbm: 2 vién bi mau xanh,
2 vién bi mau do va 2 vién bi mau vang. Cac vién bi dugc xép ngau nhién thanh mot hang ngang.

a) Tong sb cach xép 6 vién bi khac nhau thanh mét hang ngang 1a 720 cach

b) Xéc suét dé hai vién bi mau xanh ding canh nhau khi xép ngau nhién 6 vién bi la %

C) X&c suat dé hai vién bi mau vang dung canh nhau, biét rang hai vién bi mau do dang canh nhau
khi xép ngiu nhién 6 vién bi Ia %

d) Nguoi ta 1ay thém mot hop bi thir hai gdm 6 vién bi d6i mot khac nhau (2 vién bi mau xanh, 2
vién bi mau do6 va 2 vién bi mau vang) va sap x&p theo cach sau: Dau tién xép hai vién bi xanh canh

nhau, sau d6 xép ngau nhién 4 vién bi con lai vao cac vi tri c6 thé. Mot hop dugc chon (hop thir nhat
hoac hop tha hai) ngau nhién vai xac suat bang nhau va tir hop do lay ra mot cach xép. Néu quan sat

thiy hai vién bi mau vang dirng canh nhau thi xac suat do6 1a cach xép tir hop thi hai 1a %

Loi gisi
a) Pung: S6 cach xép 6 vién bj khac nhau 1a 6!=720cach
’ , 1 51
b) Bung: Xac suat dé hai vién bi mau xanh ding canh nhau la: P = 26_'5 =%
¢) bung: Goi A 14 bién cé hai bi vang diing canh nhau, B 1a bién ¢ hai bi d6 ding canh nhau
12121 / N
Khi P(B) :%(tu’cmg tw ¥ trén) va P(AB)= 4"2;'2' :%. Vay xac suit cin tinh Ia:
2
P(AB) 1&
P(A| B):(_)ZEZZ
P(B) 1 5
3

d) Sai: Goi H, la bién c6 chon dugc hop thir nhat; H, 1a bién ¢ chon duoc hop thi hai

Theo gia thiét, ta co: P(H,)= P(H2)=%

X&c sut quan st thay hai vién bi mau vang canh nhau khi chon hop thtr hai

42120 2
P(A[H,)= =<
(AlH.) 52141 5

Taco: P(A)=P(A[H,).P(H,)+P(A|H,)P(H,) ma P(A| Hl):%: P(A):%

Vay X4c Xuat d6 1a cach xép tir hop thir hai néu quan sat thay hai vién bi mau vang dtimg canh nhau
la:

21
_P(Al[H,).P(H,) 57 6
PRIA)=——50  ~ 1 u
30
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Bai toan 9: Cho mét hop bi thir nhit dung 6 vién bi d6i mot khac nhau gdm: 2 vién bi mau xanh,
2 vién bi mau do va 2 vién bi mau vang. Cac vién bi dugc xép ngau nhién thanh mot hang ngang.

a) Tong sd cach xép 6 vién bi khac nhau thanh mot hang ngang 1a 720 céch

b) Xéc sut dé hai vién bi mau xanh ding canh nhau khi xép ngau nhién 6 vién bi la %

¢) X&c suat dé hai vién bi mau vang dang canh nhau, biét rang hai vién bi mau do dang canh nhau
khi xép ngau nhién 6 vién bi I g

d) Nguoi ta 1dy thém mot hop bi thir hai gdm 6 vién bi d6i mot khac nhau (2 vién bi mau xanh, 2
vién bi mau do va 2 vién bi mau vang) va sap xep theo cach sau: Dau tién xep hai vién bi xanh canh

nhau, sau d6 xép ngau nhién 4 vién bi con lai vao cac vi tri c6 thé. Mot hop dugc chon (hop tha nhét
hodc hop tha hai) ngau nhién vai xac suat bang nhau va tir hop do 1ay ra mot cach xép. Néu quan sat

thay hai vién bi mau vang dirng canh nhau thi xac suat do6 1a cach xép tir hop thi hai 1a %

Loi giai
a) Pung: S6 cach xép 6 vién bj khac nhau 1a 6!=720cach
, . 1 5l
b) Blng: Xac suat dé hai vién bi mau xanh ding canh nhau la: P = 26_'5 :%
¢) Pung: Goi A la bién cé hai bi vang diing canh nhau, B 12 bién ¢ hai bi do diang canh nhau
. 1 PR \ 412121 2
Khi P(B)==(tuong tu y trén) va P(AB)= =
(B)= (twong tr y trén) va P(AB) = === ==
2
. Lo A er \ P(AB) 1&g
Vay xac suat can tinh la: P(A|B) = ( )ZQZE
P(B) 1 5
3

d) Sai: Goi H, la bién c6 chon dugc hop thir nhat; H, 1a bién ¢ chon dugc hop thir hai
Theo gia thiét, ta co: P(H,)=P(H,) :%
X&c suat quan sat thay hai vién bi mau vang canh nhau khi chon hop thir hai

412121 2
P(AIH,)= 52141 5

1

Tacé: P(A)=P(A|H,).P(H,)+P(A[H,).P(H,) ma P(A|H,)== 1

= P(A)=—
(A)=3
VAy xac xuat d6 1a cach xép tir hop thir hai néu quan sét thay hai vién bi mau vang dting canh nhau

la;

21
P(A|H,).P(H,) &5
P(HzlA): ( 2) ( 2):5112_11

P(A) )
30

Bai toan 10: (Chuyén KHTN Ha N§i 2025) Mot nha may c6 hai phan xuéng A va B tuong ting

lam ra 60% va 40% san pham cua nha may. Ti 1é phé pham cia hai phan xwong A va B lan luot 12

1% va 2%. Chon ngau nhién mot san pham caa nha may.

a) Néu san pham chon ra thudc phan xuong A thi xac suat dé nd khong la phé pham 1a 0,98.

b) Xac suat dé san pham chon ra 1a phé pham va thudc phan xudong A 12 0,006.
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¢) X4c suat dé san pham chon ra la phé pham 13 0,014.
d) Néu san pham chon ra la phé pham thi xé&c suat dé n6 thugc phan xuong A 1a ; .
Loi gidi
Goi A,B lan luot la bién cé chon dugc san pham thudc phan xuéng A,B. Ta c6 P(A)=0,6;
P(B)=0,4
Goi P 1a bién cb chon phai mot san pham 1a phé pham.
Ti 1& phé pham cta phan xuéng A 13 1% = P(P|A) =0,01.
Ti I& phé pham cua phan xuong B 1a 2% = P(P|B)= 0,02.
a) Sai: Néu san pham chon ra thuoc phan xuong A thi xac suat dé no khong l1a phé pham la
P(P|A)=1-P(P|A)=0,99.

b) Pihng: Xac suat d& san pham chon ra 1a phé pham va thudc phan xuwong A la
P(ANP)=P(A).P(P|A)=0,6.0,01=0,006.

c) Pang: Xac suat dé san pham chon ra la phé pham 1a tong xac suat chon duoc phé pham tir phan
xuong A vatir phan xusng B: P(P)=P(A).P(P|A)+P(B).P(P|B)=0,6.0,01+0,4.0,02=0,014

d) Sai: Ap dung céng thic Bayes

Néu san pham chon ra la phé pham thi xac suat dé nO thuoc phan xuong A la

P(AnP) 0,006 _3
P(P) 0014 7

P(AIP)=
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2. Phan tra loi ngan
CAC BAI TOAN SU DUNG TiCH PHAN

Bai toan 1: Mot bién quang cdo c6 dang hinh vuéng ABCD canh AB =4m. Trén tim bién d6 c6 cac

duong tron tim A va dudng tron tAm B clng ban kinh R =4m , hai dudng tron cit nhau nhu hinh

v&. Chi phi dé son phan gach chéo 1a 150 000 d6ng/m?, chi phi son phan mau den 1a 100 000 dong/

m? va chi phi dé son phan con lai 1a 250 000 dong/m?

D C
4m
A B
dm

Hoi s tién dé son bién quang cao theo cach trén (Pon vi: triéu dong va két qua 1am tron dén chir sb

thap phan thir hai sau dau phay)?
Lo giai
Goi | la giao diém ctia 2 cung tron AC;BD . Chon goc toa do A(0;0) = B(4,0)

Xét cung tron ¢ phuong trinh y =+/16—x?

NN

4
Phan dién tich gach chéo S = 2.J‘\/16—x2dx:16(x+lsin 2xj 16z —43
> 2 z
Phan dién tich mau den: 2.(%;;.42 167 43 j 2”+8\@
Phan dién tich con lai: 16— (16” 43+27 183 j 16———4f

S tién dé son bién quang cao:

(163” 43 j 150 ooo+( 3 +8y3 j 100 000+(16— ; ~43 ] 250 000~ 2, 2triéu dong.
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Bai toan 2: Ban An thuc hién thiét ké mot logo hinh
con mit cho mét phong khdm nhan khoa. Logo 1a mot

hinh phang gi¢i han boi hai parabol y=f(x) va

y=9(x) c6 cac kich thuéc nhu hinh v& dudi day

B

(phan duoc té mau den) va mét hinh tron ¢ béan kinh

bang 0,5dm ¢ giita 1 phan con nguoi (phan duoc td

mau xanh), don vi trén mdi truc toa do la decimet.
Biét rang chi phi dé son phan con nguoi hinh tron mau xanh 13 25000 ddng/dm? va chi phi dé son
phan con lai mau den 1a 20000 dong/dm2. Chi phi dé son logo trén 1a bao nhiéu nghin déng? (Két
qua 1am tron dén hang don vi)

Loi giai

Goi phuong trinh parabol y=f(x) 13 f(x)=ax’+bx+c véi a=0 di qua cac diem co toa do 1an
luot 1a (2;1),(0;2),(-21).

a=-=
4

Lap hé phuong trinh ba an, tir d6 suy ra dugc <b=0 nén f(x)=->x*+2
c=2

Goi phuong trinh parabol y=g(x) 1a g(x)=mx’+nx+p véi m=0 di qua cic diem cd toa do lan

luot 1a (-2;0),(0;-1),(2;0).

Lap hé phuong trinh ba an, tir 46 suy ra duoc

Phuong trinh hoanh d¢ giao diém: f (x) = g(x)<:>—%x2 +2:%x2 —1©%x2 =3 x=+/6

Dién tich hinh tron dugc son mau xanh 1a: S, = 7zr° = 7z(0,5)2 = 0,257 (dm?)

Dién tich hinh phang gi¢i han béi hai duong thang y = f (x) va y=g(x) la:

S, = _Jfg‘ f(x)—g(x)[dx :j'; (—%xz +2j—(% X —1) dx
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N3
Dién tich phan son dugc té mau den la: S, =S,-S, = f (—% X% + 2} —G x? —1j dx—0,257
5
Chi phi dé son logo la:
el 1 1 \
T =0,257.25000 +£ I (_Z x* + 2} —(Z x? —lj dx-0, 257[}.20.000 =200 nghin dong.
5

Bai toan 3: Mot vat chuyén dong thang. Khi vat bit dau qua diém O, nguoi ta bit dau quan sat, do

dac chuyén dong cua vat thi thay van tdc tic thoi cua vat tai thoi diém t(s) 12 v(t)(m/s), ham van
téc v(t) co dd thi phu thudc thoi gian 1a mot phan cua dudng parabol dinh | (g—%j nhu hinh bén

(Vi t >0 va moc tinh thoi gian 1a 1Gc bat dau quan sat chuyén dong). Tinh tong quang duong vat di
duoc tir luc dau dén luc vat tro lai diém O lan cudi cung (két qua tinh bang mét va lam tron dén hang

phan trim).

~ ¥

Loi giai
Tra loi: 5,49.
Dua vao db thi ta thiy
=3
Cb a=3
v(t)=at’ +bt+c; ;—:(gj =4b=-8=v(t) =3t*-8t+3(m/5s)
a

(5] o {53
a-|—| +b: |- |+Cc=—=
3 3 3
:>J'v(t)dt=t3—4t2+3t+C:»s(t)=t3—4t2+3t+c VGi s(0)=0 = s(t) =t —4t>+3t.

t=0

Tai céc thoi diém vat qua O @ng véi t thoa man s(t) =0 < L _3
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Do d6 thoi diém cudi vat qua O 1a t=3(s). Neén téng quang duong vat di duoc tir lac dau dén lac

VAt tro lai diém O Ian cudi cing S = [ v(t)| dt = [ [3t* ~8t + 3t ~ 5,49(m).

Bai toan 4: Hoa si thiét ké mot micro c6 dang khéi tron xoay, mat cit dirng chua truc cua khéi tron

xoay c6 dang nhu hinh sau, trong 46 OA=0B =0l =2cm, MC =MD =1cm, dudng thang OM 12

duong trung truc cua doan thang CD,OM = 20cm, AOB =90' .

Thé tich cua micro nay la bao nhiéu cm® ? (Lam tron két qua dén hang don vi)

Loi giai
Traloi: 117.

Dit hé truc Oxy nhu hinh v&, don vi cia mdi truc 12 1 cm. Goi y = f(x) 1a d6 thi bao gdm cung nho

20 Np) 20
KA va doan thing AC, trong d6 AN2;/2).V = ﬂj(f(x))zdx = ﬂj (f (x))zdxmj (f (x))2dx
-2 -2 2

-zﬂ d

0 X

AN

Vi A(V2;4/2),C(20;1) nén phuong trinh duwong thang AC 1a

Xx—20 y-1

J2-20 J2-1

Phuong trinh duong tron 12 x? +y2 =4, ham sb ¢6 dd thi cung nho KA a

e y-1=(2-1)

—_
J2-20

=20 (1-v2)x+19v2

M
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y =v4-x2,xe[-242].
ﬂf( 4—x )dX+72'.|.|:(1 \/_)X+19\/_}

20-/2

NA
1-/2)x+194/2
=z |(4-x*)dx+ 7 ( dx ~117(cm
J;_( ) Ii 20-+/2 } (o)
Bai toan 5: Xét phan dung nudc bén trong mét luc binh c6 dang mat tron d B

xoay trong do duong sinh 1a duong cong (C) quay quanh truc (d) nhu

hinh bén. Biét rang (C) 1a dudng cong bac ba; chiéu cao phan dung nuéc y
14 35 cm ; ban kinh ddy phan dung nuéc 1 10 cm ; ban kinh miéng phan g »
dung nudc 1a 14,375cm; chd rong nhat cua phan dung nudc ¢6 béan kinh } L >
30 cm ; d6 cao cua phan dung nudc tinh tir day dén chd rong nhat 1a 10
cm. Thé tich t6i da ma chiéc binh nay dung duoc 12 bao nhiéu lit? (két qua

lam tron dén hang phan chuc)

Loi giai
Tra loi: 49,1.

Doi don vi vé déximét. Ta ¢ thé minh hoa duong sinh(C) va truc quay d nhu hinh bén.

d

(]
;
(W]

Gan hé truc nhu hinh v& (truc quay d la truc hoanh, truc tung cat duong sinh tai diém thudc phan

rong nhat).
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VA
)
Irr‘ \
/ A2 S
AR
25 0O | X
Dit (C):y = f(x)=ax® +bx? +cx+d . Dya vao do thi ta thay
f(0)=0 c=0 a=-0,5
f(0)=3 d=3 b=-15
R =
f()=1 a+b+c+d=1 c=0

f(-2,5)=1,4375 -15,625a+6,25b—2,5c +d =1,4375 d=3.
y = f(x)=-0,5x*-1,5x* +3.

Khi d6 thé tich phan chira nuéc chinh 1a thé tich khéi tron xoay tao thanh khi quay phan hinh phang
bi giGi han bai (C):y= f(x), truc hoanh, cac dudng thang x =-2,5;x=1 quanh truc hoanh. Do d6
thé tich nay bing V = j_lzvs(—o,5x3 ~1,5x2 +3) dx ~ 49,1(1)

Bai toan 6: Hé thdng loc nudce bé boi vo cling quan trong khi tién hanh xay dung cong trinh boi 16
dé nguon nudc dugc lam sach thudng xuyén va gitr vé sinh cho ngudi boi. Trong qua trinh van hanh
loc nude thi lwgng nudce trong bé sé thay doi theo thoi gian. Lugng nudc trong bé giam néu hé théng
dang xa nudc ban ra khoi bé va ting néu hé théng dang cap thém nudc sach cho bé. Biét riang 1
gallon gan bang 3,785 lit, dung tich cua bé la 1000 gallon va thoi diém 6 gio sang bé chira 250
gallon nudc. Ham sé f (t) biéu thi cho tc do thay doi lugng nudc trong bé theo thoi gian t gio, tir

100t khi0<t<3
thoi diém 6 gio sang dén 6 gid chidu duoc cho bai f (t) = {900 - 200t khi 3<t<6 Vi mbc thoi gian
100t —900 khi 6 <t <12

t =0 tai thoi diém 6 gio sang. Hoi ¢ thoi diém 6 gio chiéu thi trong bé chaa nhiéu gallon nudc ?
Loi giai

Pap an: 700.

+) Goi F(t) la mot nguyén ham cia ham sé f (t)

Vi f(t) biéu thi cho téc do thay doi lugng nudc trong bé theo thoi gian t nén F(t) chinh la luong

nuéc cd trong bé theo thoi gian t.
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+) Lugng nudc trong bé I0c 6 gio sang (ing véi t=0) 1a F(0)=250.

Luong nuéc trong bé l0c 6 gid chiéu (ang voi t=12) la F(12). Ta co

lf f(t)dt=F(12)-F(0)=F(12)= |:(o)+lj2 f (t)dt

0 0

3 6 12
& F (12) = 250+ [100t dt + [ (900 — 200t ) dt + [ (100t —900)dt = 700 gallon.
0 3 6

Bai todn 7: Mot burc twong hinh chir nhat ABCD c¢6 kich thudc 6(m), 4(m) dugc ban Ha trang tri
bang cach v& hai do thi f(x)=a*, g(x) = log, X dbi xtrmg nhau qua dudng thing d:y=x va chia
thanh ba phan (tham khdo hinh vé bén). Phan H, dugc son mau xanh da troi, phan H, duoc son mau
vang, phan H, duoc son mau xanh 14 cay. Biét rang mdi hop son cac mau chi son duoc 3(m?) tudng,
dong thoi gia ciia hop son mau xanh da troi 12 100.000 dong/hdp, hop son vang 1a 140.000 dong/hdp,
hop son xanh 14 cay 1a 130.000 ddng/hop. Tinh gia tién ban Ha mua dé son buc tuong nay? (don vi

la triéu dong va cvra hang son chi bdan so nguyén cua hop).

AY y
D 2 s C.-
Ui
__--//O z
I g 5 I
A 31 B
Loi giai

Pap an: 1,15.
Do dd thi cia f(x)=a* va g(x)= log, x ddi xtng nhau qua duong théng y=x=>a=b
Mat khac do thi ciia y=log,x di qua diém C(3;2)=b=+3. Hai ham s§ la f(x)=(v3) va
g(x) =log A X
D6 thiciia f(x) cat y=2 tai diém (IogJ§ 2;2) va dd thi ciia g(x) cat y=-2 tai (%;—2).
log 52
Dién tich cia mién H, la: S = I (2—\/§X)dx:5, 233. Dién tich cta mién H; I

-3

S, = [(log 5 x+2)dx =7,145.. Dién tich ctia mién H, la: S, =6x4-5,233-7,145=11,622.

W | ey 0O
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Vay can dung 2 hop son mau xanh da trdi, 3 hop son mau xanh 14 cdy va 4 hop son mau vang.

S6 tién ban Ha can dung mua son la: T =100.000x 2+130.000x3+140.000x4 =1.150.000 (d6ng).
Bai toan 8: Mot qua bong bau duc theo quy dinh dugc sir dung trong giai bau duc qudc gia cé kich
thudc 28(cm) tir dau nay dén dau kia va duong kinh 17(cm) ¢ phan day nhat ( quy dinh c6 phép

thay d6i mét chit vé cac kich thuée nay) ( Nguon: NFL).

Hinh dang cua mét qua bong bau duc co kich thudc ndi trén cé thé dugc tao thanh khi quay phan
dién tich hinh phang gi¢i han bai d6 thi ham s f (x)=ax® +bx+c, truc hoanh va cac duong thang
x=—4; x=24, trong d6 x tinh bang centimet (cm). Thé tich ( don vi: ecm®, két qua lam tron dén
hang don vi) ciia qua bong bau duc c6 kich thudc néi trén bang bao nhiéu?

Loi giai

Dap an: 3390

£ 4 L L

Ta thay d6 thi ham sb f(x)=ax’+bx+c di qua cac diem (—4;0),(24;0) va (10;%} nén ta cd hé

phuong trinh :
a=_ 17
(—4)"a+(-4)b+c=0 392
24’a+24b+c=0 < bzg
102a+10b+c=% o 204
49

Vay thé tich caa qua bong bau duc trén la:
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392 98 49

24 2

(—i X2 + 85 204) dx = 16284 T~ 3390(cm3)
Bai toan 9: Mot qua trang khing long d6 choi bang
nhya cd thiét dién qua truc 16n 1a mot duong elip. Biét
d6 dai mdi truc 12 12 cm va 8 cm.

Bén trong qua trimg ngudi ta can thiét ké mot chiéc hop

hinh tru dé dung cac dd choi tré con nhu bong dén xanh

do, keo v.v...
Hoi khéi try nhu thé cd thé tich t6i da bao nhiéu cm® (Iam tron dén hang don vi).
Loi giai:

Gan elip 18n hé truc toa dd Oxy nhu hinh v&, elip c6 2a=12=a=6;2b=8=b=4.

2 2

Phuong trinh chinh tic elip (E): XY .
36 16

Dit chiéu cao va ban kinh day hinh tru noi tiép elip 1a h, r thi diém tiép

xuc M(g;rj Vol 0<h<12:0<r<4.

(hjz

2 2 " 2

biém M thuoc (E): X—+y—:1:2—+r—:1
36 16 36 16

2 2 2
_hr r2:16[1—h—J.

144 16 144

2 3 3
Thé tich khéi tru 13 V = zr*h = 716 1= h= 2160 hay |V =7 T
144 9 9

2 2
Taco V':ﬂ[16—h§j;V':0:>16—h?:O: h2:48:>h:4\/§e(0;12).

3
, : , 43
Gia tri I6n nhat cua thé tich khoi tru la v, =V (4J§) =7 16-4\/5—% ~|232| cm®

Bai toan 10: Cho dudng tron tam O, ban kinh bang 2. Trén duong tron, lay 6 diém chia déu duong
tron, lan luot 1a A, B,C,D,E,F . V& cung tron C, tiép xdc voi hai doan thang OA va OB, di qua hai
diém A va B. Tuong ty, V& cung tron C, tiép xdc véi hai doan thang OB va OC, di qua hai diém
B va C. Tiép tuc bang cach twong tu, ta V& cac cung tron C,,C,,C,,C, tiép xlc véi cac cap doan

thang lién tiép tao boi cac diém trén.
Trang. 51



CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

Haéi: Dién tich phan dugc bao boi 6 cung tron C, dén C, 1a bao nhiéu? (lam tron két qua dén hang
phan tram)

Loi gidi

Traloi: 3,46

Gan hé truc toa d6 nhu hinh vé&

C,
Ta dé c6 duoc goc AOF :% suy ra dudng thang OA:y =+/3x do d6 diém A(l; J§)

Pé tién tinh toan: Ta xét riéng dién tich to dam duoc tao bai cung tron C, véi hai doan thang OA; OB

Cy

D& thdy dugc duong cong C, 1a d6 thi ham sé parabol d6i xtiing qua truc Oy . Do d6 ham sé parapol

d6 c6 dang: y =ax®+b va do thi ham sb nay di qua diém A B.

5 |2 o,

, |a+b=+/3 92

T : Vav (C N2

aco{zazﬁ:bﬁ ay (C):y X242
2

Khi d6 dién tich t6 ¢am duoc tao boi cung tron C, véi hai doan thang OA;OB 1a:
(3 NG
S, =2| | = x*—/3x+— |dx
1 ,[o[ 2 \/_ 2 j
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Suy ra dién tich phan dugc bao bai 6 cung tron C, dén C, la
S =6S, :12_[01[§x2 —\/§x+§de: 2.3 ~3,46

Bai toan 11: Mot chiéc dong hd cat nhu hinh v& gdm hai phan déi xting nhau qua mit phang nam
ngang va dit trong mot hinh try. Thiét dién thang dung qua truc ciia no 14 hai parabol chung dinh va
dbi xtng nhau qua mit phang nim ngang. Ban dau luong cat don hét ¢ phan trén caa dong hd thi

= A 5 z M 2 = A 5 A r 3 ~ z 5 <\ A A .z r.:
chiéu cao ctia muc cat bang 3 chiéu cao cua bén do6 (xem hinh v&). Cat chay tur trén xuong dudi véi

téc do v(t)=0,2t+13(cm¥/phat). Khi chiéu cao cua cat con 4cm thi bé mat trén cing cua cat tao
thanh mot duong tron ¢é chu vi bang 8z cm. Biét sau 20 phut thi cat chay hét xudng phan bén duéi
ctia dong ho. Hoi chiéu cao cua khoi tru bén ngoai bang bao nhiéu centimet? (Iam tron két qua dén

hang don vi).

Léi giai

Goi (P) la parabol phia trén. Chon hé¢ truc toa do Oxy sao cho dinh O trung véi dinh cua parabol

va truc Oy la truc d6i wng cua parabol. Khi chiéu cao cua cat 1a 4cm, chu vi duong tron bé mat céat

A Py r r \ by pY 87[
l& 87 cm nén ban kinh duong tron la r = Py 4cm
T

Vay parabol (P) di qua diém A(4;4), thay vao phuong trinh y=ax’ < 4=a4’=a= %

2

Khi d6 phuong trinh cua parabol (P):y = XZ

Thé tich cat ban dau bang thé tich khai tron xoay sinh ra khi quay nhanh phai cta parabol (P) quanh

truc Oy . Thé tich nay ciing bang luong cat chay xubng trong 20 phut.

h h
Thé tich ban dau la: V = [ x*dy = 7 [ 4ydy = 27h”
0 0
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20 20
Luong cat chay ra trong 20 phit bang: V = [ v(t)dt ={(0,2t+13)dt =300
0 0

Do dé 27h? =300 > h? = 390 — 150
T

2
Chiéu cao ciia muc cat ban dau bang g chiéu cao cua mot bén parabol, tic 1a h =§H Vi H 1a
chiéu cao mot bén cua parabol.
o e . 3 [150
Vay chiéu cao cua khoi tru bén ngoai la: | = 2.5. —— =21lcm.
T

Bai toan 12: Mot phan caa bé mit phia trén caa cac gon séng cua nudc bién

c6 hinh dang d6 thi ham sb bac ba khi gan hé truc toa do Oxy . Biét rang d6 3
B

ST A oA L . 2 <A N \ e
thi ham so6 bac ba c6 cac diém cuyc tri lan luot 1a M (-2;1) va N(0;1,2), don
vi trén hé truc toa do 1a mét. Hai vi tri A va B ¢6 hoanh d6 lan luot 1a -3
va 1 nam trén dudng cong cua cac gon song d6. Tinh d dai dudng cong AB (Két qua 1am tron dén

hang phan trim). Biét rang do dai duong cong c6 phuong trinh y= f (x) tir diem C(c; f (C)) toi

d

diém D(d; f (d)) voi c<d duoc tinh boi cong thirc T :NlJr(f’(x))2 dx..
Loi gidi

Goi ham s6 bac ba la y = f (x)=ax’ +bx’ +cx+d cO f'(x)=3ax’ +2bx+c

f'(-2) Ova{f(_z):

, -2)= 1
Do M (-2;1) va N(0;1,2) 1a hai diém cuc tri nén
£'(0)=0 f(0)=1,2

Thay vao tim dugc a=-0,05; b=-0,15;c=0;d =12 suy ra f'(x)=-0,15x*—0,3x

1
Vay do dai duong cong AB la: |, = I \/1+(_o,15x2 —0,3)2dx ~ 4,07 mét.

23
Bai to4an 13: Mot cong vién sinh thai mudn bd tri mot manh veon hoa nho. Cu thé béi canh cua
cong vién di dugc do dat nhu sau: Pudng di 14t gach chay thing, 14y 1am ranh du6i ciia manh vuon.
Hang rao udn cong 1a db thi parabol y = % x?, biét do thi parabol nay tiép xuc véi duong di tai toa do
dinh ctia nd. Ao ca 1a duong tron ¢ ban kinh bang 1m tiép xtc véi dudng di dong thoi c6 chung
mot diém duy nhat véi hang rao. Khu vec manh vedn hoa nam gitra hang rao, 16i di va ao ca (mau

xanh trong hinh minh hoa). Bé hd trg cho viéc chuan bi vat tu trang tri, hiy tinh dién tich manh vuon

hoa d6 bang bao nhiéu mét vudng? (Iam tron két qua dén hang phan muoi)
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Loi giai
Tra loi: 0,9

Gan hé truc toa d6 nhu hinh v&

JA

O T

2
Goi A(a;%Je(p), | (b:1) 12 tam cia (C), (b>a>0).
B(b;0)=(C)Ox, (d) latiép tuyén cia (P) tai A.

2-a’

2(b-a)

, hé s6 gdc cua (d) la: k, =a.

— _2—3.2 A A 2 , N
Al = b—a,T , hé s6 goc cua Al la: k, =

Ta co: T e k,=—~—.
{klkzz—l g Tl AT
a. =-1 2
2(b-a)
Do d6 Al c6 phuong trinh la: y=—§(x—¥}+l=—§x+; Ma AB=+3= AIB:Z?”. Dién
. 3
3,2 2
tich hinh phang giéi han bai (P), (C), Ox la:S = j%dx+ {—§X+2de—squm“5
0 Ng
5 33
3 2
== 4+ —ﬁx2+§x —22—27ﬁ_8”z0,9m2-
6], 6 2 ), 3 24

Bai toan 14: Ngudi ta tao mot 16i di xung quanh mot san choi hinh luc giac déu ABCDEF tdm O

gisi han bai cac canh cia luc giac va mot duong cong kin (L) (nhu hinh v&). Néu diém M thudc
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canh ctia lyc giac va tia OM cat (L) tai diém N thi ta ludn c6 MN =2m. Biét ring OA=8m. Dién

tich cua 161 di d6 bang bao nhiéu mét vudng (1am tron dén hang don vi).

Léi giai

2 2
Do dai luc giac déu la a=0A=8m nénsuy ra S,;., =6. a 2 3. 6.8 f

Chon hé truc toa do Oxy sao cho toa do cac dinh la 0(0;0), A(4J§; —4), B(4J§; 4) va don vi trén mai
hé truc toa d6 12 mét. Xét diém M thudc doan thang AB (vi tinh d6i x(rng ta s& nhan 1én sau lan két
qua nay)

Ta co: M(4\@;m) e[AB],N(x;y), trong d6 -4<m<4,x> 43, suy ra ON = /x2 + y?

Khi d6: OM =ON —MN =/x?>+y?—2. Goi H,K lan luot 1a hinh chiéu vuéng géc caa M,N Ién

truc hoanh.

2 2
Theo dinh Ii Thales, ta c6: ON :OK:NK: X _ NX*Y t ,dat t=x?+y?
OM OH MH " 4/3 [x¢iy?-2 t-2

Phuong trinh twong duong: 443t = x(t-2) < t(x — 4\/§) =2Xx&t=

2
Ma t=1x*+y?nénsuyra (L):y=+Jt* - x* =J_r\/( 2:\@) - x?
X_

Khi d6: OA: y:—%m(L): P(5v3;-5) va OB:y:%m(L):Q(&@;S).

Va (L)nOx < =X x=2+4Y3= (L) nOx=R(2+4V30).

x—4\/§

Ta co: S,opq = %.OP.OQ.sin 60° = %.OPZ.sin 60° = 25./3 (M?).
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2+443 2
Dién tich cua 16i di 1a: 6| 25v/3 + j 2\/( 2X j — x2dx |—96+/3 ~103,903 ~104 (M?)
53 X —4+/3
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PHUONG PHAP TOA PQ TRONG OXYZ
Bai toan 1: Hé thdng dinh vi toan cau GPS (Global Positioning System) 12 mét hé théng cho phép
xéac dinh vi tri caa mét vat thé trong khong gian. Trong cung mét thoi diém vi tri cia mot diém M
trong khong gian s& dugc xac dinh boi bén vé tinh cho trudc nho cac bo thu phat tin higu dat trén
cac vé tinh. Gia su trong khdng gian Oxyz, ti 1€ dai trén céc truc la 10km tinh cho mét don vi ti I€
trén mai truc, cho bdn vé tinh cd toa do 1an luot 1 A(-12,-1),B(L4;0),C(3,0;9),D(7;10;~1)dang
tién hanh theo dai vat thé M (coi Ia mot chat diém). Céac vé tinh dung song dién tir ¢6 tan s 1IMHz

. O mot thoi diém ca 4 vé tinh ban tin hiéu vé M thi sau nhan duoc tin hiéu tra vé ngay sau do trong
nhirng khoang thoi gian la t, =0,4 ms,t, =0,2 ms,t, =§ ms,t, =0,4 ms. Tinh khoang cach tir M dén

O (Biét rang van tdc cua song dién tir bang van toc anh sang ¢ = 3.10° m/s va két qua tinh duoc 1am
tron dén hang phan tram)

Loi gidi

Turvé tinh A s& phét tin hiéu dén diém M va sé thu tin hiéu quay vé A

ct, 3.10°%0,4.10°

Tir d6 ta c6 thé suy ra dugc: 2AM =ct, = AM =%. Do d6 AM = 5 =60000m

=60km va ta quy ddi trong hé truc Oxyz thitacdé AM =6.
Tuong ty: BM =3, CM =10, DM =6.

Tai thoi diém bén vi tinh ban tin hiéu vé diém M . Khi d6 ta c6 hé phuong trinh sau:

(a+1)2+(b—2)2+(c+1)2:36 (1) (2)~(1): —4a—4b—2c 38

S (a_1)2+(b2_4) +C22=9 @), (3)—(1):-8a+4b—20c =20
(a_3)2+b +(C_29) :108 (3) (4)-(1): ~14a—14b = —144
(a—7)" +(b-10)"+(c+1) =36  (4)

Giai hé phuong trinh nay, ta tim duoc a=3b=6,c=1= M (3;6;1)

Viy khoang céch tir M dén O Ia: ,(3—0)° +(6—-0) +(1-0)° =46 ~6,78.

Bai to4n 2: Mot phan san trudng dugc dinh vi boi cac diém A, B,C, D nhu hinh v&.
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A 25m B

15m 18 m

D\c

Budc dau chung duoc ldy "thing bang" dé c6 cing d6 cao so vai mat dat, biét ABCD la hinh thang

vubng & A va B véi do dai AB=25m, AD =15m, BC =18m. Do yéu cau ki thuat, khi lat phiang phan
san trudng phai thoat nudc vé goc san & C nén nguoi ta ldy do cao ¢ cac diém B,C, D lan luot xudng
thap hon so véi dd cao & A 1a 10cm,acm, 6 cm twong tng sao cho bn diém A, B,C’, D’ dong phang.

Timgiatricua a.

Léi gidi

Dap an: 17,2.
Ddi: 25m =2500cm;15m =1500cm;18m =1800cm.

Z A

Chon hé truc toa do Oxyz sao cho: O trung A, tia Ox trung AD ; tia Oy trung AB.

Khi do: A(0;0;0), B(0; 2500; 0), C(1800; 2500; 0), D(1500; 0; 0) .

Khi ha d6 cao cac diém & cac diém B,C,D lan lugt xudng thip hon so véi do cao ¢ A la:
10cm, acm,6¢cm tuwong Gng thi ta co cac diém mai: B'(0;2500;-10),C'(1800; 2500; —a), D' (1500; 0;—6).

Theo bai ra ¢ bon diém A,B',C',D’ ddng phang.

Vecto phép tuyén cia mat phing (AB'D) I fi= [ﬁ,ﬁ} = (1:1;250) .
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Phuong trinh mgt phang (AB'D') la: x+y+2502=0.
Vi C'(1800;2500;-a) «(AB'D') nén ta co: 1800 +2500-250a=0<>a=17,2. Vay a=17,2.

Bai toan 3: Mot phan thiét ké cia mot cong trinh dang xay dung c6 dang nhu hinh bén, trong d6
ABCD la hinh wvubng canh 6m,AM,BN,DP cung vubéng goc véi (ABCD),AM =4m,
BN =3m,DP =2m. Goc giita hai mat phang (ABCD) va (MNP) (Iam tron két qua dén hang don vi

cua do) 1a n° véi n 1a s6 nguyén duong. Gia tri cia n 1a bao nhiéu?

M

Tra loi: 20.

Chon hé truc Oxy nhu hinh v& véi don vi cia mdi truc la mét, A(0;0;0),B(6;0;0),
D(0;6;0), M (0;0;4), N(6;0;3), P(0;6;2) . Phuong trinh mit phang (MNP)la x+2y+6z-24=0, vecto
phép tuyén ctia (MNP)1a n=(12;6). (ABCD) c6 vecto phap tuyén k = (0;0;1).

cosn’ =cos((ABCD), (MNP)) = [1-0+2:0+6-1] = 6\/@. Suy ra n=20.
VP +22 462407 +0°+12 M

Bai toan 4: Mot bé ca day nuéc cd dang hinh hop chit nhat ABCD.EFGH véi AB=6 (dm), AD =8

(dm) va canh bén bang 10 (dm). Mot chi ¢4 con boi theo nhitng doan thang tir diém G dén cham
mat day cta ho, roi tir diém dé boi dén vi tri diém M 14 trung diém ctia AF duoc md hinh hoa nhu

hinh vé sau:
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Dé duong di ngan nhit thi chi ¢4 boi dén diém dudi ddy hd cdch BA va BC nhitng doan bing a va
b. Khi d6 tong D =3a+6b bao nhiéu ?

Loi giai
Pap s6: 20.
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Dung hé truc Oxyz nhu hinh v&. Khi d6 toa do cac diém Ia B(0;0;0), C(8;0;0), D(8;6;0), A(0;6;0)
, G(8,0;10), F(0;0;10). Taco: M 1a trung diém ctia AF = M (0;3;5).
Con ca boi tir diém G dén cham mat day ho tai diém | (x;y;0)e(Oxy) v6i 0<x<8, 0<y<86.

Goi N la diém d6i xung ciia diém M qua (Oxy) = N(0;3;-5). Quang duong di chuyén ctia con ca

A G-1-M.Taco: IM+IG=IN+1G>GN =/(0-8) +(3-0)’ +(-5-10)° =298

DPé IM +1G nho nhét thi ba diém 1, G, N thang hang. Suy ra IG, NG cung phuong.

— — , 8—=x -y 10 8 8
IG=(8-x;—V¥;10), NG =(8;—-3;15). Dod0 —=——=—.Suyra x=—, y=2=1{-:;2,0].
( ¥:10) ( ) Dodd == == =15 Sy 3 ) (3 j

Khi do, a:d(I,BA):g, b=d(1,BC)=2. Viy D:3a+6b:3-g+6-2:20.

Bai toan 5: (Binh Phwéc lan 1 - 2025) Bé xéac dinh vj tri ciia may bay khi dang bay, nguoi ta gan
mét hé truc toa d6 Oxyz véi goc toa do dit tai mot san bay dé xac dinh toa do cua san bay. Biét rang
cao do cua toa d6 may bay chinh 1a d6 cao ciia may bay ddi véi mat dat. Pon vi do dai trén mdi truc
toa d 1a 100 m. Mot may bay dang bay véi quy dao 1a mot dudng thang trong khéng gian véi van

téc bay khong d6i. Tai mot thoi diém nao d6, may bay dang & vi tri ¢6 toa do (200;70;118) . Sau 50
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gidy, d6 cao ctia may bay so véi mit dat giam 400 m. Hoi sau 25 gidy nita, khoang cach tir san bay
tGi may bay l1a bao nhiéu km, biét ring trong sudt qua trinh bay ndy, may bay c6 di qua diém cd toa
do (80;105;113) ?
Loi giai

Pap an: 16,8
Do may bay bay trén dudng thang di qua hai diém (200;70;118) va (80;105;113) nén quy dao bay

X = 200 — 24t
Cia may bay la duong thang c6 phuong trinh: {y=70+7t

z=118-t
Sau 50 gidy, do cao cua may bay giam 400 m, tirc 1a cao d6 cua may bay giam di 4. Do may bay bay
VvGi van téc khong doi nén sau 25 gidy, d6 cao cua may bay s& giam di thém 200 m, tirc 1 cao do
giam di thém 2. Khi d6, tai thoi diém nay, cao do cua may bay 1a 118—4-2=112.
Xét phuong trinh 118—t =112 <>t =6. Khi do, sau 75 gidy, toa d6 cua may bay la:

X, = 200—24.6 =56
Y, =70+7.6=112
z,=118—-6=112

Khoang cach tir sin bay dén may bay khi d6 1a S = /5600 +11200% +11200° =16800(m)
Bai toan 6: Mot doi ki thuat dang trién khai hé thong khao sét tai khu vure dia hinh c6 nhiém
phong xa. Bé duy tri két ndi gitta tram chi huy A(=1;0;0) va robot tu hanh B(2;3;4), ngudi ta can
dat hai thiét bi tiép song nho tai cac diém M va N dé truyén tin hiéu trung gian. Khu vuc cho phép
dat thiét bi tiép song phai nam trong viing giao thoa tin hiéu gitra hai tram phat séng vé tinh, mdi
tram phét tin hiéu theo dang cau:

- Tram 1 phu ving tin hiéu theo mat cau: (x—1)2+(y+1)?+z> =4

- Tram 2 phu ving tin hiéu theo mat cau: x?+y2+z2+2y—-2=0
Hai thiét bi tiép song M, N phai dugc dat trong mat phang chia giao tuyén cua hai viing phi song
nay dé dam bao tin hiéu manh nhat. Bé téi vu héa chi phi va thiét bi, khoang céach giita hai diém tiép
s6ng MN =1 (don vi d6 dai). Khi d6 tong quing dudng truyén tin hiéu AM + BN nho nhat bang bao
nhiéu (don vi do dai)?
Loi giai

Traloi: 5
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Trong khéng gian Oxyz, cho hai diém A(-10;0) va B(2;3;4). Goi (P) la mit phang chira duong
tron giao tuyén cta hai mat cau (S,): (x—-1)%+(y+1)*+2z°=4 va (S,):x* +y*+22+2y—-2=0. Xét
M, N 1a hai diém bat ki thuoc mit phang (P) sao cho MN =1. Gia tri nho nhat cia AM +BN bang

bao nhiéu?”

Khi d6 ta giai quyét bai toan nhu sau:

-

A

x=0

2 2 2 2 2 2 _2_
X&t ha {(x—l) +(y+1)° +z _4<:>{X + Y +2°-2x+2y-2 0:>

X +y*+7242y-2=0 X +y*+2°+2y-2=0

Vay phuong trinh mat phang (P) 1a x=0 ((P)chinh Ia mat phang Oyz).

Goi C(0;0;0) va D(0;3;4) lan luot 14 hinh chiéu vudng goc cua A(-10;0) va B(2;3;4) trén mat
phang (P).

Suyra AC=1BD=2,CD=5.

Ap dung bét ding thic va? +b? ++/c2 +d? > \/(a+c)? + (b+d)?,

ta dugc AM + BN =+ AC?> +CM?2 ++/BD? + DN? 2\/(AC+BD)2+(CM +DN)? 2\/9+(CM +DN)?.
Laicd CM +MN+ND>CD=5 nénsuyra CM +ND >4

Do d6 AM +BN >5.

bang thac xay ra khi C,M,N,D thang hang theo tha tu d6 va A—Czﬂ, tec 1a M| 0:2:28) va
CM DN 515

N (0%%) Vay gié tri nho nhat cia AM +BN 14 5.

Bai toan 7: Mot chiéc thuyén dang chuyén dong déu véi van toc 10 m/s theo hudng tir Nam 1én Bac
trén mat hd. Trén cdy ciu nim cach mit hd 20m theo phuong thing ding, c6 mot chiée 6 t6 chuyén

dong déu véi van toc 20m/s theo hudng tir Ty sang Dong.
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Nhu hinh v&, tai thoi diém hién tai, thuyén ¢ vi tri cach diém P (nam duwdi cdu) 40 m theo phuong
Nam, con 6 t6 & vi tri cach Q (#én cau) 30 m theo phuong Tay.
(B qua kich thuéc ciia thuyén va é t6; doan thang PO luén vuéng géc véi hudng chuyén dong ciia
ca thuyén va 6 t6)
Hoi: Khoang cach giita thuyén va 6 to dat gia tri nho nhét bing bao nhiéu mét?
Loi giai

Tra loi: 30
Chon hé toa do nhu sau trén mat phiang ngang (truc x hudéng Pong, truc y huéng Bic, goc O tai
diém P ngay trén mat nude, bén dudi diém Q trén cau):
- biém B, la vi tri thuyén Ilic t =0 ¢4 toa d (0;-40;0) vi thuyén cach P 40m theo phuong Nam
-biém C, vitri 610 ltc t=0 c0 toa do (-30;0;20) Vi 6t cach Q 30m vé phia Tay va cao 20m so
VoI mat nudce.
Khi t gidy trdi qua:

- Thuyén di lén Béc véi van toc 10m/s = vi tri B(t)=(0;-40+10t;0)

- O t6 chay vé Dong véi van toc 20m/s = vi tri C(t)=(-30+20t;0;20) .
Khoang cach binh phuong gitra thuyén va 6 to la

D?(t) = (X —Xg )2 +(Ye = Ve )2 +(z. - 23)2 = (—30+20t)* + (0— (-40+10t))* + (20— 0)°.
Do d6 D?(t) = 400t* —1200t + 900 +100t* —800t +1600 + 400 = 500t — 2000t + 2900.

—(~2000) 2000

Ham D?(t) 1a ham bac hai nén dat cyc tiéu tai t, = = =
2-500 1000

2 (giay).

Gia tri nho nhat: DZ,, =500-(2) — 2000 2+ 2900 = 2000 — 4000+ 2900 = 900 — D, ,, =+/900 =30(m).

Vay khoang cach nho nhat 1a 30m.

Bai toan 8: (Sé¢' Ha Tinh 2025) Tram tau cuu ho duogc dat tai vi tri A(5;0;0) trén mot hon dao nho

trong khong gian Oxyz (don vi trén mdi truc duoc tinh bang km), duoc sir dung lam tram cau ho,
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Ctru nan trén bién. Tau du lich B dang di chuyén (van téc khong d6i) trén tuyén duong dugc md ta

X=1+t
boi duong thang d,:{y=3-2t. Tau ché hang C dang di chuyén (van tc khong doi) trén tuyén
z=0
X=2-5
duong van tai duoc md ta boi duong thang d,: {y=9+s. Do thoi tiét xdu, nén hai tau B va C gap
z=0

su ¢b va can duoc tiép can khan cdp. Tram ctiu ho diéu mot tu ciu ho xuét phat tir A dé lan luot
tiép can tau du lich B trude, sau d6 dén tu ché hang C. Xét vi tri tdi wu cua tau du lich B dung lai
va tau cho hang C dung lai sao cho téng quing duong tau ciu ho can di P = AB+BC +CA la nho
nhat. Khi d6 P, =+/a(km), hdy tinh a+ 2025 ?

Loi giai

Traloi: 2189

Nhdn xét: Péi véi cac bai todn thuc té nay, trudc khi gidi ta nén chuyén bai toan vé thuan Oxyz sau
dé giai cho don gian va dé véi hon!

Xét bai toan trong mat phang Oxy (do tat ca cac diém, duong déu c6 z=0). Goi

X=1+t {X=2—S

A(5,0), d,: , d:
(5.0). d, {y=3—2t ?"ly=9+s

Ta can tim hai diém B ed, va C ed, sao cho P = AB+BC +CA nho nhit.
Goi A; A lan luot 1a diém d6i xing cua A qua duong thang d,;d, .
Dé dang tim duoc toa do diém A; A, lan luot 1a: (1;,—-2);(11;6) . Khi d6 vi tinh chat ddi xang cho nén:
AB=AB;AC = AC, nhu viy: P= AB+BC +CA=AB+BC+AC > AA =164
Do d6 a=164 va a+2025=164+2025=2189 .
Bai toan 9: (Cum chuy&n mén sé 3 - Pik Lik 2025) Trong khéng gian ba chiéu Oxyz , toa do cac
khu vuc duge xac dinh nhu sau:

Khu vuc A(20;30;0) nam trén mat dat, cach trung tam thanh phé 2 km ;

Khu vuc B(70;50;40) nam trén tda nha cao tang va & do cao 40 m ;

Khu vuc C(50;80;70) nam trén mot dinh doi & d6 cao 70 m.
Goi vi tri lap dat tram phét song 1a D(a;b;c) sao cho khoang cach tir D dén ba khu vuc ké trén 1a
bang nhau va c6 khoang cach dén ching 1a nho nhat. Tinh T =a+b+c. (Viét két qua lam tron dén

hang don vi).
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Loi gidi
Traloi: 120
Théng qua bai toéan ta hiéu duoc A,B,C e(P) va A B,C (D,R) (duong tron tm D)
(a—20)? +(b—30) + (c—0)? = R?

Ta co {(a—70)%+ (b—50)% + (c —40)2 = R :»{
(a—50)% + (b—80)% + (c — 70)? = R?

ba+2b+4c :385(*)
3a+5b+7c =625

AB = (50; 20; 40), AC = (30;50;70) = n 5, = [ﬁ, E] — (-6,-23;19)

Viy phuong trinh mat phang (P) qua A(20;30;0) la

—6(x—20) —23(y —30) +19(z — 0) = 0 <> 6x + 23y —197 —810 = 0 (**)

Vi yéu cau khoang cach dén cac diém 1a nho nhat cho nén D e (P)
5a+2b+4c =385

Tir (%) va (*%) ta duoc hé: 13a+5b+7c =625 .Vay: T =a+b-+c~120.
6a+23b-19c =810

Bai toan 10: Trong khéng gian vé&i hé truc toa d6 Oxyz (mdi don vi trén

truc toa d6 dai 1cm) dugc dat mot géc trong mot can phong. Co mot cay

quat tran c6 ba canh quat va mdi canh cach déu nhau (minh hoa nhu

hinh v& bén). Goi A(-10;—-15;300) va B(12;20;300) la hai trong ba dinh

cua canh quat tran. Chiéu cao cua 6ng treo voi hop dién canh quat gan vao tran nha 1a 50 cm va dinh

S(a;b;c) véi a>0 la giao diém gitra tran nha va éng treo canh quat. Tinh T =a—b+c. (Két qua lam

tron dén hang don vi)

Léi giai

So SI L(ABC) nén z; =300+50 =350 nén S(a;b;350) va I(a;b;300)

Do ba canh quat ciing nam trén mot mat phang z =300 nén ta chi xét

cac yéu té trén cing mit phang toa d6 (bo qua yéu td cao do)

Goi K la trung diém cua AB thi K(l;%} va AB =(22;35)
Vecto KI 7/ (35,-22) nén KI =k(35;-22) ma

Kl = AK.cot60° =
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f1709
170 1
Do vay |k(35;-22) = <k =+t—
ay [k (35-22) <K= %22 ket

, | X, =a=x,+35k a=1+35k | 1 1
Taco = mado a>0=1+35k>0=k>—-—=k=——
y,=b=y, —22k  |b=2-22k 35 J12
a= 1+£
J12
a=1+35k
Tl‘l’dé{ = b—2—£ nén T=a-b+c= (1 35 j—(Z 22) +350 ~ 365.
b=2-22 J12 J12 J12
c =350

Bai toan 11: Mot ki su thiét ké mé hinh trang tri cho mot san khau néi ¢é dang hinh 1ap phuong
ABCD.AB,C,D, véi do dai cac canh bang 5m. Dé tao ra nét doc ddo cho san khau, nguoi ki su mudn
thiét ké mot dan dén anh sang ndi tir mot diém M trén doan thang AD, xudng diém N trén doan
thang BD thoéa mdn AM =ND. Dan dén anh sang c6 chiéu dai ngin nhat 1a bao nhiéu mét? (Iam

tron két qua dén hang phan trim)

Loi giai
Pap sb: 2,89

Chon hé truc toa do Oxyz c6 gdc O tring véi diém A, B thudc tia Ox, D thudc tia Oy, A thudc
tia Oz. Dat AM =DN =x+/2 thi M (0;%;x) va N(x;5-x;0). Do d6 MN? =6x> —20x+25.

5.3

Tur d6 tim dugc min MN = =
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Bai toan 12: Trong khong gian Oxyz, mot khinh khi cau & toa d6 A(-16;-10;10) bét dau bay voi

véc to van toc khong doi v(4;3;-1) (don vi van toc 1a km/h) va du kién bay trong thoi gian 10 gio.

Biét tram kiém soat khong luu dit & vi tri goc toa d6 O Kkiém soat duoc céc vat thé cach tram mot

khoang t6i da bang 12km. Thoi gian ké tir khi tram kiém soat khong luu phat hién ra khinh khi cau

dén khi khinh khi cau ra khéi viing kiém soéat 1a bao nhiéu pht?

Loi giai

Tra loi: 240.

OA=(-16;-10;10)= OA= \@ = 2114 ~ 21,35(km). Khinh khi ciu bay theo huéng cua véc-to

v(4,3-1), do d6 vi tri cta may bay & vi tri Mthi OM =tv,(0<t<10). Suy ra

M (4t—16;3t—10;—t +10),(0 <t <10), t (gi0).

Theo bai ra OM <12 < (4t-16)" +(3t—10)° + (-t +10)° <144 < 26t> —208t +312<0 < 2 <t <6.

Thoi gian ké tir khi tram kiém soat khong luu phat hién ra khinh khi cau dén khi khinh khi cau ra

khoi viing kiém soat 1a 4 (gio) = 240 (pht).

Bai toan 12: Trong khong gian vaéi hé truc toa do Oxyz , mot camera an ninh c6 géc quan sat ngang
X=t

la 120° dwoc gan trén thanh xa 1a mot dudng thang c6 phuong trinh d:{y = -2t(teR). Ba thiét bi
z=0

dugc dit tai cac vi tri A(L,2;0),B(18;0) va C(7;2;0). Biét rang c6 mot vi tri trén thanh xa d sao cho

tong binh phurong khoang céch tir vi tri d6 dén ca ba thiét bi 12 nho nhat va camera van quan sat duoc

ca ba thiét bi. Tinh tong binh phuong khoang cach nhé nhat do.

Loi gidi

Goi M (t;—2t;0) la vi tri gan camera quan sat trén thanh xa
Céc thiét bi duoc dat tai A(1,2;0),B(L8;0) va C(7;2;0). Khoang cach tir M dén céc diem nay la:
MA? =5t + 6t +5; MB? =5t + 30t + 65; MC? = 5t* — 6t + 53

Xét ham sb d(t) la tong binh phuong khoang cach tr M dén A,B,C, ta co:
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d(t)=15t*+30t +123 c6 d'(t)=30t+30=0<t=-1

Khi d6 vi tri ciia camera la M (-1,2;0) suy ra MA =(2;0;0);MB =(2;6;0); MC =(8;0;0)

MAMB 2 .. _ MBMC 2 ero
cos(AMB):‘WHW‘:@:AMBz51 : cos(BMC)_‘m‘.‘M_C‘_m:AMB~51
cos(AMC)zmzlz AMB =0° suyra A M,C thang hang

Bl

Nhu vay, goc Ién nhét giia hai thiét bi quan sat tir M déu gan bang 51° va ludn nho hon 120° nén
camera cd thé quan sat duoc ca ba thiét bi.

Vay tong binh phuong khoang cach nho nhét 1a: d (-1)=15.(-1)" +30.(~1) +123=108.
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CAC BAI TOAN XAC SUAT - THONG KE

Bai toan 1: Dé thi tét nghiép THPT Quéc Gia bit dau tir nim 2025 s& ¢6 ba phan, trong d6 ¢ phan
cau hoi dung sai. Mot cau hoi s& ¢ bdn y va mdi y hoi chi co thé tra 1o dung hodc sai. Thi sinh tra
loi dang 1 ¥ dwoc 0,1 diém, tra 101 dung 2 ¥ dwoc 0,25 diém, tra 10i dung 3 ¥ duoc 0,5 diém vatra
loi dung ca 4 ¥ duoc 1,0 diém. Ban Nam khi tra loi cac y cua cau hoi ndy mot cach ngau nhién. Biét
rang ngudi ra dé khong dé dap an cau nay 1a toan dung hoic toan sai. Tinh xac suat dé ban Nam
duoc it nhat 0,5 diém. (Két qua 1am tron dén chir s thap phan thir hai sau dau phay)
Léi giai
S6 phan tir ciia khdng gian mau 1a n(Q)=2*-2=14
Goi A labién c6 1am duoc it nhat 0,5 diém (lam ding 3 ¥ hodc 1am ding ca 4 V)
Goi T, la bién c6 ma dap an co k y diing, suy ra c6 4—k y sai.

Trwong hop 1: Néu k =1 thi dap an c6 1 ¥ diing va 3 y sai. Gia str dap an 1a BSSS

1

XAc suét dé c6 1y ding va 3 ¥ sai la %
Néu mudn dugc it nhat 0,5 diém thi c6 4 cach: DSSS; PPSS; DSPS; PSSD
Vay xac suat duogc it nhat 0,5 diém s& 1a ﬁ

Trwong hop 2: Néu k =2 thi dép an c¢6 2 y ding va 2 ¥ sai. Gia sir dap an 1a PSS

2

XAc suét dé c6 2 ¥ ding va 2 ¥ sai la (1:—2
Néu mudn duoc it nhat 0,5 diém thi c6 5 cach: PDSS; SPSS; DSSS; PPDS; PDSD
Vay xac suat duogc it nhat 0,5 diém sé 1a %

Truong hop 3: Néu k =3 thi dép an c¢6 1 y diing va 3 ¥ sai. Gia sir dap 4n 1a DPPPS

3
X&c suit dé c6 2 y dung va 2 ¥ sai 1a f—; Néu mudn duoc it nhat 0,5 diém thi c6 4 cach: PPDS;

SPDS; BSPS; PPSS. Vay xac suat duoc it nhat 0,5 diém s& 1a i

Khi d6 x4c sudt dé bai cantinh fa: p= 2 42 6 5 4 4 31 44

14 14 14 14 14 14 98
Bai toan 2: Mot mau rudi giam dung dé 1am thi nghiém c6 hai loai: rudi mat do va rudi mat trang.
Biét rang c6 65% la ruoi cai va 35% la rudi duc. Ti I€ rudi cai mat do la 90%, con ti 1é ruoi duc mat
do la 85%. Chon ngau nhién mot con rudi mat trang. Biet rang xac suat dé do 1a ruoi duc bang
%,a,beN va (a,b)=1. Tinh b-a.
Loi giai
Tra loi: 26.
Goi A 1a bién cb: "Rudi chon duoc 1a rudi méit do™; B 1a bién cb: "Rudi chon duoc 1a rudi duc”.

Khi @6, ta c6: P(B)=0,35P(A)=0,65-0,9+0,35-0,85=0,8825;
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P(A|B)=0,85= P(A|B)=1-0,85=0,15.

Ap dung cong thuc Bayes, ta cé P(B|A) = P(B)ng\ = S 3(;3 808;: %

Vay b—a=47-21=26.

Bai toan 3: Mot cong ty tién hanh hai du an | va Il. Biét rang xac suat thanh cong cua it nhat mot
trong hai dy an 1a 0,76 ; xac suat thanh cong cua du an | 12 0,4 ; xac suat d€ du an I thanh cong nhung
du an 11 khéng thanh cong la 0,26. Tim x&c suat dé du an 1l thanh céng néu biet rang du an | khéng
thanh cong.

PROJECT | PROJECT Il
Léi giai

Traloi: 0,6.

Goi A la bién cb: "Dy an | thanh cong™; B: "Du an II thanh céng". Theo dé bai, ta co:

P(AUB) =0,76;P(A) =0,4; P(AB) =0,26 . Str dung biéu db Venn, ta co:
P(AB)=P(AUB)-P(A)=0,76-0,4=0,36 va P(AB) = P(A) — P(AB) =0,4—0,26 = 0,14

Hon nita:  P(B) = P(AB)+P(AB)=0,14+0,36 =0,5. iy X4c suat dé duy &n Il thanh cong néu biét

P(AB) 0,36

rang du &n | khong thanh cong 1a P(B| A) = P(A) ~1-0.4

=0,6

Bai toan 4: Mot - hop chira 10 vién bi xanh va 5 vién bi d6. Ban An ldy ra ngau nhién 1 vién bi tir
hop, xem mau, rdi bo ra ngoai. Néu vién bi An 13y ra c6 mau xanh, ban Binh s& 14y ra ngiu nhién 2
vién bi tir hop; con néu vién bi An ldy ra c6 mau do, ban Binh sé& 1y ra ngiu nhién 3 vién bi tir hop.
Tinh xac suit dé An léy duogc vién bi mau xanh, biét ré‘mg tat ca cac vién bi dugc hai ban chon ra déu
c6 du ca hai mau.
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Loi giai
bap an: 0,55.
Goi A la bién cb: An lay ra vién bi mau xanh. Khi d6 {A, A} la mot hé day du cac bién cd voi
P(A) =§; P(A) = % Goi B 1a bién c: Tat ca cac vién bi duoc hai ban chon ra déu c¢6 du ca hai mau
Tacd P(B|A)=Xac suat 2 vién bi Binh lay ra c6 it nhat mot vién bi mau do, do d6

cz-c? 55

P(B|A) = =2
BIA cz o1

Tuong tu P(B|A)=Xac suat 3 vién bi Binh lay ra c6 it nhat mot vién bi mau xanh, do d6

— Cl-C; 90 ; A g A ,
P(B|A)=—_—="—_ Ap dung cong thuc xac suat Bayes, ta co
Cl 91
255
P(A)P(B|A)+P(A)P(BIA) 25 190 20
391 3091

Bai toan 5: (Binh Phwéc lan 1 - 2025) C6 ba dong xu dugc dung trong mét hop kin. Bong xu thi
nhat 1a mot ddng xu can doi véi ty 1é mat ngira va mat sap bang nhau. Bong xu thi hai 1a mot déng
xu bi 18i c6 kha nang mat ngira xuat hién 1a 70%. Pong xu thi ba 1a moét dong xu hai mat ngira (khi
tung ludn ra mat ngira). Ban An iy ngau nhién mot dong xu tir hop va tung né hai lan. Két qua caa
hai 1an tung cho thay xuat hién mot 1an mat sap va mét 1an mit ngaa. Tinh xac suat dé déng xu ban
da chon 1 d¢ong xu thir hai (dong xu bi 16i) (Két qua 1am tron dén hang phan tram)

Loi giai
Pap an: 0,46
Goi A 1a bién c6 chon ddng xu th n (n=12;3). B 1a bién cb tung hai 1an thi thiy xut hién mot

lan mat sap va mot 1an mat ngira. Vi chon ngau nhién nén P(A)=P(A,)=P(A)==

L4y ngau nhién mot ddng xu tung hai lan duoc mot mat sap va mot mat ngira thi ta c6 ba
truong hop nhu sau:

2
Truong hop 1: Chon dugc dong xu thir nhat 1a S-N va N-S nén P(BIA)= zej :%

Truong hep 2: Chon dugc ddng xu thir hai 1a S-N va N-S nén ta c6:
P(B|A,)=0,7.0,3+0,3.0,7=0,42
Trudng hep 3: Chon duge dong xu thir ba 1a N-N nén P(B|A,)=0
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Ap dung cong thirc Bayes ta tinh duoc x&c suat chon duoc ddng xu thir hai Ia:

1

_ P(BIA)P(A) s
R A P(BTA P 8P (31A) PRI P(BIA) 11 51 017

VAy xac suit chon dugc dong xu thir hai 1a 0,46 .

Bai toan 6: Ky thi tot nghiép THPT nam 2025 du Kién thi ba budi. Ngay dau thi chung Vin va Toén,
budi thir ba to chirc thi tit ca cac mon con lai theo ding hai khung gio. Ban Hién va ban Hoa thi
chung mét phong thi nhung thudc hai nhém mén khac nhau. Ban Hién hoc nhém mén (St; Anh; Ly;
Hoé; Sinh; Tin) con ban Hoa hoc nhém mén (Sir; Anh; Dia; KT & PL; Cong ngh¢). Mdi ban chon

ngau nhién theo tha ty 2 mén trong nhém mén minh hoc dé thi. Xac suat dé ban Hién va ban Hoa

thi budi thir ba tring dung mot mon thi trong cling mét khung gio bang % (tdi gian). Tinh a+b.

Loi giai:

Ta ¢6 2 truong hop:

TH1: Mén thi dau cua hai ban tring nhau

TH2: M6n thi thir 2 cua hai ban trung nhau.

Cach giai:

S6 cach chon thir tr 2 mén thi cia Hién 13 6.5=30 (cach)

S6 cach chon thi tu 2 mon thi caa Hoa 1a 5.4 =20 (cach)

Hai ban Hién va Hoa hoc 2 mén triing nhau 1a mén St va mén Anh.

+ TH1: Mon dau tién cua hai ban triing nhau. Khi ¢6 mon dau tién c6 2 céch chon.
Néu Hién chon mon thi hai 1a mon con lai thi Hoa c6 3 cach chon cho mén thi hai.
Néu Hién chon mén tha hai khong phai mén con lai caa hai ban hoc tring nhau thi Hoa c6 4 cach
chon cho mon tha hai.

Suy ra s6 céch chon trong truong hop 1 12 2(1.3+4.4)=38 (cach)

+ TH2: M6n tha hai trung nhau
Tuong tu truong hop 1, ta c6 sé cach chon cua trueong hop 2 1a 38 (cé4ch)
Viy xac suit dé Hién va Hoa trung ding 1 mén thi 13

38+38_19 A L 1-10b-150=a+b=169.
3020 150 b
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Bai toan 7: Trong cong truong xay dung, c6 mot bd khung sét ﬁ
hinh 13p phuong nhu hinh v& (ta xem n6 la hinh lap phuong dang : !

2x2x2). Nguoi ta nhin thay mét con kién va mot con gian Xuat 5 |

phat cung luc trén hai dinh thugc duong chéo Ion cua khung sat Y 2 v .
hinh 1p phuong va di chuyén trén cac canh cua mdi hinh vuéng v /
nho. Con kién can dén vj tri ma con gian xuét phat va nguoc lai,

mdi con ngay cang di chuyén xa vi tri ma né xuat phat. Tinh xac Pan "}"' 1 #
suit dé hai con con triing nay gap nhau biét rang van téc cua gian . ' /
bang 4 cm/s, van téc cua kién 12 2 cm/s. Két qua dugc l1am tron
dén hang phan tram.

Loi giai:
Ta xem mdi buéc di chuyén cia mdi con 1a 1 don vi (&ng véi canh hinh -
vuong nho). e

-----------------------

Pé di hét hanh trinh cia minh thi gian can di xudng 2 don vi, sang trai 2,

i . 7 R } ) ”X :
don vi va di doc 2 don vi (c0 tat ca la 6 budc di chuyén) nén so cach di cua

gian 1a C2C2; hoan toan tuwong tu Kién ciing c6 sé cach di la C2C?. Goi Q

la khdng gian mau thi n(Q) =(CZC7 )2.

Van téc cua gian gip doi van téc cua kién nén néu hai con gap nhau thi tai vi tri ching gap gian da
di chuyén 4 budc, kién di chuyén 2 bugc. Vi tri hai con gap nhau (néu c6) dugc danh dau & 6 vi tri
trén hinh vé.

- Tai vitri A : Gian c6 2 lan di chuyén sang tréi, 2 1an di chuyén doc; sau d6 di tir A dén dich thi no

can 2 lan di xudng. So cach di ctia gian 1a C2C2C2. Hanh trinh cua Kién ciing tuong ty ma theo chiéu

nguoc lai nén kién c6 C2C2C? cach di. S6 cach di hai con la (CfCZZCZ2 )2. Tai cac vi tri A, C, E thi s6

cach di mdi con 1a nhu nhau.

- Tai vi tri B : S6 cach di cua hai con la (CjC§C§C§)2.

Tai cac vi tri B,D,F thi s6 cach di mdi con 1a nhu nhau. Goi X 1 bién ¢ hai con con tring gip
3(cicict) +3(cicicict) 17

nhau trén duong di, ta c6: P(X) = Ty =%z0,27.
(ceci)

Bai toan 8: Vao mot hai thi thiét ké dén 16ng Trung thu, ban té chirc nhan dugc mét chiée deén 16ng
dac biét c6 hinh mot tir dién déu. Trén mdi canh ti dién thi sinh thiét ké 3 bong dén nam & 3 vi tri
chia canh ti dién thanh 4 doan bang nhau. Ct mdi phut trdi qua, s& c6 ngau nhién 3 bong dén phat
séng, cac bong con lai thi tit. Tinh xac suat dé ngay phut dau tién dugc ban giam khao cham diém,
c6 3 bong dén phat sang tng voi 3 diém tao nén mat phang song song voi dung mot canh cua tir
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dién, biét ring 3 bong dén khdng hoan toan thudc vé mét canh tir dién. (Két qua duwoc lam tron dén
hang phan tram).
Loi giai:
Tong s6 cach chon ra 3 trong 18 diém la C, =816. Tuy nhién, s& c6 cac truong hop ba diém thang
hang, d6 1a khi ta ldy ba diém thuoc cung mot canh, téng s6 cach la 6xC>=6.
Do d6 n(Q)=816-6=810.
Xét cac mit phing qua 3 diélp (3 béng dén) va song song v6i doan AB.
[Trwong hep 1: Chon 1 cip diém thudc mat phing (ABC)
va 1 diém khoéng thuoc (ABC).
e Budrc 1: C6 3 cach chon 1 cip diém thudc (ABC).
e Budc 2: Vi m6iﬁ cach chon trong bwéc 1 thi 1€ ra sé c6
9 cach chon 1 diém khong thugc mét phang (ABC); tuy
nhién vi dieu kién mat phang qua 3 diem chi song
song ding 1 canh ti dién (¢ day la AB) nén ta loai 3
diém trong s6 9 diem khong thuge (ABC) (vi du khi chon
cap diém M, N thudc (ABC) thi ta loai P, Q, R thudc AD,
BD, CD).
Do vay ta c6 [3x6=18] cach chon bo ba diém trong
truong hop nay.
Truong hep 23 Chon 1 cap diém thuoc mat phing (ABD) va 1 diém khong thuoc (ABD). Ta
cling c6 [3x6=18] cach chon b ba diém thoa man.
Vi tinh chét binh ding ciia 6 canh trong tir di¢n déu, ta co tat ca 6(18+18) =216 bo ba diem thoa
man. Vi vay xac suat can tinh 1a P = % = % ~ .
Bai toan 9: Trén mit phang toa do nhu hinh v&, hai diém A va B cung luc bat dau di chuyén, méi
budc di ding mot don vi theo ludi.

C

1 B(5,7)

OfA X
- biém A xuat phat tir 0(0,0), mdi budc cd thé di mot 6 sang phai hoac mot 6 18n trén.
- Piém B xuat phat tir B(5,7), mdi budc o thé di mot 6 sang trai hozc mot 6 xudng dudi.

Gia str mdi diém déu di dung 6 budc, va trong so tat ca cac dudng di ngan nhat (déu gom 6 budc)
thi mdi dudng dugc chon véi X4c suat nhu nhau.
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Héi: Xac suat dé hai diém gap nhau trén mit phang toa do bang bao nhiéu (lam tron két qua dén
hang phan muoi)
Loi giai

Traloi: 0,2
Tong sb duong di hop 1é ciia mdi diém déu 1a: C2+Cl+C2+C3+C +C2 =63
Goi M (xy) la diém gdp nhau sau 6 budc di cua A va B, khi dé: X+Yy=6 hay M nam trén duong
thang y =-X+6 hay chiing gap nhau tai cac diém: (0;6);(1;5);(2;4):(3;3);(4:2);(5:1)

Y B(5,7)

(0:6)

TH1: Gap nhau tai (0;6);(5;1) €0 1.@.2:12 cach
5!

TH2: Gap nhau tai (1,5);(4;2)c0 k 46;2 2=6.15.2=180 cach
P . 6! 6!
TH3: Gap nhau tai (2;4);(3;3) €0 ——.——.2=15.20.2=600
2141 3131
792 88
Vay x4c suat dé hai diém gap nhau trén mat phang toa d6 1a: —— = — ~0,2
63.63 441

Bai to4n 10 : Mot nha méy san xuat san phim A c6 ty 18 san pham bi 18i 1a 296. Nha may st dung
hai h¢ thong

kiém tra chat luong doc lap dé phat hién 16i:

Heé thdng 1: Xac suat phat hién chinh xac san pham 15i 1a 959. Xac suat bao I6i nham trén mot san

pham khoéng 15i 1a 19%.

Hé thong 2: Xac suat phat hién chinh x4c san pham 15i 1 90%. XA&c suat b&o 15i nham trén mot san

pham khong 15i 13 59%.

Chon ngau nhién mot san pham. Biét rang sdn pham nay bi cd hai h¢ thong kiém tra déu bao 1061.
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Tinh xac suat dé san pham nay thuc té khong bi 16i. Két qua xac suit nay sau khi di 1am tron dén
hang phan nghin 13 sé ¢6 dang 0,0ab (vi du néu két qua 1a 0,024 thi a=2,b=4). Tinh gia tri cua
a+b.

Dan an: 10
Goi A la bién ¢b chon duoc san phém 16i.
Goi M, N 1an luot 1a bién cb hé théng 1 két luan san phém 16i, hé théng 2 két luan san phélm 16i.
o P(AMN)
Ta can tinh xac suat diéu kién: P(A| MN ) = P(TN)

Taco P(A)=2%=0,02=P(A)=1-P(A)=0,98 va P(M|A)=95%=0,95; P(M|A)=1%=0,01.
P(N|AM)=90%=0,9; P(N | AM }=5%=0,05. Ta co:
P(MN)=P(AMN U AMN )= P(AMN )+ P( AMN ).
Mat khac: P(KMN):P(R).P(M |R).P(N |K|v|)=o,98.o,01.o,05 va
P(AMN)=P(A).P(M |A).P(N|AM)=0,02.0,95.0,9.

Vay P(Z|MN): 0,98.0,01.0,05 _ 5 ~0,028= a+b=10.
' 0,98.0,01.0,05+0,02.0,95.0,9 1759

Bai toan 11: Quan sat hai ma c6 phiéu A va B nguoi ta nhan thay trong mdi phién giao dich, néu cb
phiéu B khong giam gia thi c6 phiéu A giam gia voi xac suat %.Nguqc lai, néu c6 phiéu A khong
giam gia thi c6 phiéu B giam gia véi xac suat ; . Hon nita, X&c suat ca hai co phiéu A va B giam gia
trong ciing mot ngay 1a 0,1. Hay tinh x4c suat dé cd it nhat mot trong hai co phiéu A va B giam gia
trong mat phién giao dich.

Loi giai
Goi A va B lan luot 12 bién ¢4 ma co phiéu A va B giam gia trong mot phién giao dich.
bit a=P(A) va b=P(B) V4i a,b<[0;1].
P(AB) _P(A)-P(AB) _a-01

Khi d6 ta co: %:P(AI B)= =5a+2b=25 (1)

P(B)  1-P(B) 1-b
_. P(BA _ _
Tuorngtu:fzp(m A): (_)=P(B) P(AB) _b 0’1:>4a+7b=4,7 (2)
7 P(A) 1-P(A) 1-a
5a+2b=25 [a=0,3
Tt va (2) ta co hé ph trinh ’ ’
v VR ¥ prone T {4a+7b=4,7®{b=0,5

X&c suat dé co it nhat mot trong hai ¢o phiéu A va B giam gia trong mot phién giao dich 1a:
P(AUB)=P(A)+P(B)-P(AB)=0,7
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Bai toan 12: Hién nay, nudc ta dang trong qua trinh tinh gon b may nha nudc va thuc hién nghi
quyét khdng to chirc cdng an cap huyén. Do vay, trong dot diéu dong can bd cong an tir huyén vé
cong tac tai co so hodc cong tac tai cong an tinh, phong td chirc can bo nhan thiy rang:
e CO 60% can bd co nguyén vong vé cong tac tai co so 1a cac & viing sau ving xa,
sd con lai nguyén vong vé cong tac tai cong an tinh.
e Trong s6 can bo co nguyén vong vé cong tac tai co so thi 70% cO trinh d6 dai hoc
va 30% c0 trinh do trung cap.
e Trong s6 can bo ¢o nguyén vong vé cong an tinh thi 80% co6 trinh d6 dai hoc va
20% c6 trinh d6 trung cap.
Tuy nhién, ning lyc cong tac cling 1a mot yéu td quan trong. Dua trén hd so danh gia ning
luc:
e Trong s can bd co nguyén vong vé co s thi ty 18 can bo dugc danh gia c6 niang luc
“Tét” trd 16n véi trinh d6 dai hoc 12 60% va trinh do trung cap 13 30%.
e Trong s can b co nguyén vong vé cong tac tai cong an tinh thi ty 18 dugc danh gia
la c6 nang luc “Tot” trd 1én véi trinh do dai hoc 1a 85% va véi trinh d6 trung cép la
25%.
Chon ngau nhién mot can bo cong an. Biét rﬁng can b nay vira c0 trinh d dai hoc, vira
dugc danh gia c6 nang lyc “Tot” tro 1én. Tinh x4c suat dé nguoi ndy €6 nguyén vong vé
cong tac tai co so 1a cAc x4 viing sau ving xa (Két qua 1am tron dén hang phan tram)
Loi giai
Goi céac bién ¢ nhu sau:
“ A 1a bién cb can bd c¢6 nguyén vong vé cong tac tai co sd (ving sdu ving xa)”
“B la bién cb can bd c6 nguyén vong vé cong tac tai cong an tinh”
“C la bién cb can bo co trinh d6 dai hoc”
“D la bién cb can bd co trinh d trung cap”
“E 1a bién ¢6 can bo dugce danh gia ning lyc “Tét” trd 1én”
Xéc suit nguyén vong vé co so va vé cong an tinh la: P(A)=0,6; P(B)=1-P(A)=0,4.
Xéc sudt trinh d6 dai hoc c6 nguyén vong vé co so: P(C|A)=0,7; P(D|A)=0,3
Xéc suat trinh d6 hoc van theo nguyén vong vé tinh: P(C|IB)=08; P(D|B)=0,2
XA4c suét nang luc “Tét” trd 1én theo nguyén vong vé co s& va trinh do hoc van:

P(E|CNA)=06=P(E|DNA)=0,4
Xac suét nang luc “Tot” tro 1én theo nguyén vong vé cong an tinh va trinh d6 hoc van:
P(E|C~B)=0,85=P(E|DNB)=0,25
Xac sudt dé can bo co nguyén vong vé cong tac tai cac xa vling SAu vling xa, biét rang can bd nay
vira c6 trinh do dai hoc, vira dwgc danh gia ning luc “Tot” trd 1én la: P(A|CNE)

Str dung cong thic Bayes:
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P(CNE|A)P(A) 0,6.0,7.0,6 _ 63
P(ANE) 0,6.0,7.0,6+0,85.0,8.0,4 131
Vay xé4c suat dé can bo nay co trinh d6 dai hoc, dugce danh gia c6 ning luc “Tét” va ¢6 nguyén vong

vé cong tac tai co s& 1a cac xa ving sau ving xa 1a 0,48.

0,48

P(A|CNE)=
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CAC BAI TOAN VE GIA TRI TOI UU
Bai toan 1: (THPT Yén Lac — Vinh Phic 2025) Theo théng ké tai mot nha may Z , néu 4p dung
tudn 1am viéc 40 gio thi mdi tuan c6 100 t6 cong nhan di 1am va mdi to cong nhan 1am duge 120 san
pham trong mot gio. Néu ting thoi gian 1am viée thém 2 gio mdi tudn thi s& ¢6 1 to cong nhan nghi
viéc va ning suat lao dong giam 5 san pham/1 t6/1 gid. Ngoai ra, s6 phé phim mdi tudn udce tinh

~ 95x* +120x

la P(x) , v6i x 1a thoi gian 1am viée trong mot tudn. Nha may can ap dung thoi gian

lam viéc mdi tuan may gid dé s6 luong san pham thu dugc moi tuan 1a 16n nhat?
Loi giai
Tra loi: 36.

Goi s6 gio 1am ting thém mdi tuan la t, teR. S6 t6 cong nhan bo viéc 1a % nén sb to cong nhan
A TA pY t A ~ A 9 A A A by 5t 9 R A =y

lam viéc la 100—E (t6). Nang suat cua to cong nhan con 120—E san pham mot gio.

S6 thoi gian 1am viéc mot tuan 1a 40+t = x (gio).

40+t>0

Dé nha may hoat dong duoc thi 120—5—2t >0=>te(-40;48). S san pham trong mot tuan lam dugc:

100—£>0
2

S= (100—%)(120—%)(@“) . S6 san pham thu duoc la:

40+t)° +120(4
f(t):(1oo—lj(1zo—§j(40+t)—95( 0+t) +120(40+1)
2 2 4
f'(t)=_—1(120—§J(4O+t)—5(100—3](40+t)+(100—1](120—§j—§(40+t)—30
2 2 2 2 2 2) 2
=§t2—@t—2330
4 2
t=—4
Taco f'(t)=0< 466 . Tac6 BXD:
t=—+(L)
3
z | —40 —4 48
y' + o -
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Duwa vao bang bién thién ta c6 s luong san pham thu duoc 16n nhat thi thoi gian 1am viéc trong mot
tuan 13 40+—-4=36
Bai toan 2: (Binh Phwéc 1an 1 - 2025) Mot doanh nghiép kinh doanh mét loai san pham T duogc
san xuat trong nudc. Qua nghién ctiu thay rang néu chi phi san xuat mdi san pham T 12 x($) thi s6
san pham T cac nha may san xuét s& 1a R(x)=x—200 va s6 san pham T ma doanh nghiép ban dugc
trén thi trudng trong nudc s& 13 Q(x) =4200—x. S6 san pham con du doanh nghiép xuat khau ra thi
truong qudc té vai gia ban mdi san pham on dinh trén thi truong quéc té 1 x, =3200$. Nha nudc
danh thué trén mdi san pham xuat khau 1a a($) va ludn dam bao ti 1¢ gitra I3i xuat khau cua doanh
nghiép va thué thu duoc cta nha nude twong ng 1a 4:1. Hay xac dinh gia trj caa a biét 1ai ma doanh
nghiép thu dugc do xuat khau 1a nhiéu nhat.

Loi giai
Dap an: 100.
Pidu kién: R(x)=x—200>0;Q(x)=4200—x>0=>200< X < 4200.
S6 san pham suat khau 1a: R(x)—Q(x) = x—200—(4200-x) = 2x — 4400
L&i xuat khau cia doanh nghiép 1a: L(x)=(R(x)-Q(x))(3200—x—a)=(2x—-4400)(3200—x—a).

Thué thu dugc ctia nha nuée 1a; T (x)=(2x—4400)a.

Taco L(x):T(x)=4:1, suy ra (2x—4400)(3200—x—a)=4(2x—4400)a=a= 3200-x
Khi d6
L(x):(2x—44oo)(3200—x—3200”()
~ (2x-4400) 2800 4X _ %(—SXZ +43200x —56320000)

Bai toan dua vé tim x dé L(x) dat gia tri I6n nhat.
Taco L'(x)= %(—16x+43200) =0 <> x = 2700 € (200;4200) Lap bang bién thién ta thiy L(x) dat gia

tri 1on nhat khi x =2700, suy ra a = %52700 =100.

Bai toan 3: Trén mot khuc song c6 dong nudc ling, mot chiée tau chay véi toe d6 khong doi, chi
phi nhién liéu duoc tinh bai hai phan: Phan thir nhat khdng phu thudc vao toe do va mat chi phi 630

nghin dong/gio; Phan tha hai ti 1¢ thuan voi binh phuong ciia tée do, khi v=10(km/h) thi chi phi

Trang. 81



CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

phan thtr hai 13 70 nghin d6ng/gio. Tim tdc d6 cua tau dé tong chi phi nhién liéu khi tau chay 1 km

trén song 1a it nhat (két qua 1am tron d&én hang phan tram).

Loi giai

Tra loi: 9,49.
Goi x(km/h) la tdc d6 cua tau (x >0). Thoi gian dé tau chay 1 km trén song la 1 (9i0).
X

Chi phi cho phan thir nhat dé tau chay 1 km Ia: p, = 630-% _ %0 (nghin déng/gid).

Chi phi cho phan tht hai dé tau chay 1 km c6 dang: p, = kx® 2k (nghin d6ng/gio).
X
Khi x=10 thi p, =70 nén k=7.Do d6 p, = 7x (nghin dong/gid).

Vay téng chi phi dé tu chay 1 km trén khuc song d6 1a: f (x) = @+7x (nghin dong/giv). Ta co:
X

f(x)= —220+7 . Giai phuong trinh: f'(x) =0 <> x =310 (thoa man) hoic x =-310 (loai vi x>0
X

). Lap bang bién thién ctia ham sé f(x) véi x>0, ta tim dugc min,_g.., f(x)= f(3v10) =42+10.
Vay tdc d6 cua tau dé tong chi phi nhién liéu khi tau chay 1 km trén séng it nhat 1a 3410 ~9,49(km/ h)

Bai toan 4: Manh dat vuon caa nha anh Diép ¢ mot phan ranh gidi

cling 1a mot phan duong cong (C): yz%;, bao quanh né la sbng

nudéce. Véi hé truc toa do Oxy thich hop, don vi trén méi truc 1a 10 mét

thi duong cong (C) di qua diém (2; 3) va c6 dudng tiém can ding x =1

. Hang ngay anh Diép phai ding thuyén may dé van chuyén trai cay tur

khu vuon cua minh dén hai tuyén dudng A :2x+y—-4=0 va
A,:x+2y—2=0 cho nhimg ngudi lai budn tir noi khac dén. Anh Diép can xac dinh mot vj tri
M (%, ¥o) thudc khu vuon ciia minh dé tong cac khoang cach tir vi tri M d6 dén hai tuyén duong
A,, A, 13 bé nhat. Hoi khoang cach tir vi tri dugc chon l1am géc toa do dén diém M 14 bao nhiéu mét

(1am tron dén hang phan chuc)?
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Loi giai:
Do thi ham sb c6 tiém can ding x=-b=1=b=-1.

Khi d6 db thi ham sb y:iil qua (2;3):3:%:a:1; ham sé 1a

X+1

_X*2 ().
y="—©
Goi M [xo;onrﬂe(C),x0 >1. Tong khoang cach tir M dén hai duong thang A, A, 1a
-
2xO+X°+1—4‘ x0+2~X°+1—2‘
X — —
d=d(M,A,)+d(M,A,)= 2 + - ;
(M., (M) - -
o 5y +5| |y? 4 25y a5 . 2x¢ —5%,+5>0
\Ed=| Yo —O% T |+ =% |: %o =% 10 KRR i {x, -1>0 VX, >1).
‘ X, —1 ‘ X, —1 ‘ X, —1 X, —1

2
X;—%,+4>0

0

2_
Pit +/5d :3)(‘)—6)(i+9=g(x) V6i x>1.

2_ p—
Ta co: g'(x):?’xz—&i")z3;g'(x):O:>3x§—6x0—3:0:>x0 =1+/2 >1.
XO_

Taco: min,,, g(x)=g(l+~2)=6v2=+5d 262 =d>

6410
=

Déu ding thic xay ra khi x, =1+~/2 = M (1+~/2;1++/2) .

Khoang cach OM trén thyc té 13 10xy/(1++/2)? + (1++/2)? =10x (1++/2)/2 ~34,1 mét,

Bai toan 5: Mot khu rirng phong ho hinh chit nhat PQRS c¢6 chiéu dai PQ =50km, chiéu rong
PS =40km . Khu rirng dugc chia thanh 2 khu vyc va trong, cham séc hai loai cay véi do tudi khéc,
doan chia khu rirng 12 MN trong d6 M 14 trung diém cta PS,N 1a trung diém cua QR. Mot may
bay khong nguoi lai (drone) quan sat thuc hién bay dinh ki theo 2 doan thiang ngau nhién, xuat phat
tir diém P va két thic tai diém R tao thanh duong gip khic PXR véi X 1a mot diém thuoc MN .
Trong khu vuc PMNQ may bay bay véi van téc 20km/ h, trong khu vuc con lai né bay véi van téc
20km/h. Bé thuc hién dugc mot hanh trinh bay quan sat khu ring phong ho trén thi may bay hét it

nhét bao nhiéu phat? (1am tron dén hang don vi)
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£ 0
M| ’ N
X
\\»\
S \\R
Loi giai
Tra loi: 156.

bat MX =x(x >0), don vi: km. Quang duong va thoi gian drone bay ¢ khu vuc ring PMNQ |a:

/ 2
s, =+400+x* vat, = %
Quang duong va thoi gian drone bay & khu vyuc rieng MNRS |a:

_ 2
s, = /400 + (50— x)? Va tzz\/(so X)"+400

20

_ J(50—X)? +400 N VX2 +400

Tong thoi gian bay cua drone 12 t =t, +t,

20 30
)2 2
Xét ham sé f(x) = J(50- )" + 400 JRESET [0:50].
20 30
Taco f'(x)= x50 X 0o x~357

20,/(50— X)? + 400 " 30v/x2 + 400
Suy ra ming, f(x)=f(35,7)=2,59. Ddi 2,59 gio thanh 156 phut.

Bai toan 6: (Anh Son - Nghé An 2025) Nha may A chuy@n san suat mot loai san pham cho nha may
B. Hai nha may thoa thuan rang, hang thang nha may A cung cap cho nha may B s6 lugng san pham
theo don dit hang cia nha may B (t6i da 100 tan san pham). Néu s6 luong dat hang 1a xtan san

pham. Thi gid ban cho m&i tan san pham 13 p(x)=90-0,01x(don vi tri¢u dong). Chi phi dé nha
may A san suit x tan san pham trong mét thang la C(x):%(200+27x) (don vi: triéu dong), thué

gia tri gia ting ma nha may A phai dong cho nha nudc 1a 10% téng doanh thu mdi thang. Hoi nha
may A ban cho nha méay B bao nhiéu tan san phdm mdi thang dé thu duoc loi nhuan (sau khi d trir
thué gié tri gia tang) cao nhat?

Loi gidi

Pap s6:50

Gia sir 50 lugng dit hang 1a xtan san pham 0<x<100. Doanh thu B(x)=x.p(x)=x(90-0,01x*).
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Thué gia tri gia tang T (x)=10%B(X) =%x(90—0,01x2) .

Loi nhuan: L(x)=B(x)-C(x)-T(x)= x(90—0,01x2)—%(200+27x)—%x(90—0,01x2)

:—ix3+@x—100.
100 2
, 27 , 135 A s .z A . A £ .
L'(x) :—mx +7 =0<«> x=50. Lap bang bién thién ta dugc lgi nhuan cao nhat khi x=50.

Bai toan 7: Cho ngon nui c6 dang hinh nén nhu hinh v&. Nguoi ta can xay dung duong ray cia doan
tau du lich xuét phat tir diém A, chay mét vong quanh ngon ndi réi dén diém B. Bé duong ray c6
tong quing duong la ngan nhat, thi dudng ray s& c6 mot doan 1én déc va sau d6 1a doan xudng doc
dén diém B. Hoi do dai cua doan duong xuéng déc 1a bao nhiéu? (1am tron két qua dén hang don

Vi)

Loi giai
Tra loi: 42
Khi trai hinh non ra, ta duoc mét hinh quat, theo dé duong ray c6 tong quing duong la ngan nhat

nén ta dugc doan AB la doan théng.

Q/ 50 B 10 A

60

40m

Dé noi rang: dudng ray sé ¢ mot doan lén déc va sau do 1a doan xudng doc dén diém B. Nhu vay
diém cao nhat cua dudng ray nay chinh 1a diém ma khoang céch tir dinh caa ngon nui dén dudng ray

la ngan nhat. Tic, OH L AB hay doan Ién doc 1a doan AH va doan xuéng déc 1a HB
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Tacd: AB2 =0A?+0B? - 2.OA.OB.COS(%T) — 602 +50% — 2.60.50.(—%) AB =10+/91

Xet S, =£OA-OB.sin(2—”j:1.AB.OH — OH :M
2 3) 2 Jot
C6: BH? =0B2—OH? = BH =190 _ 45
Jo1

Bai toan 8: Mot xuang tha cdng my nghé san xuét loai chup dén trang tri dang hinh chép cut ti giac
déu. Goi x 1a do dai canh day 16n (don vi:dm). Tinh toan cho thiy tong chi phi vat liéu (tinh bang
nghin déng) cho mot chup dén 1a C(x)=x*+108 (nghin ddng). Thoi gian san xuat cho mot chup
den dugc xac dinh 1a T (x) =x+6 (gio). Xudng mudn xac dinh kich thudc x dé chi phi vat liéu trung
binh trén mot gid san xuat 1a thap nhat, nham t4i wu hoa hiéu qua st dung thoi gian va vat liéu. Hay
tim gia tri cua X.

Pan an: 6

Goi ham chi phi vat liéu trung binh trén mot gio san xuét la f (x)= =

, 2 — x=-18(L
Taco f'(x)=%=0©{x 5 )
X+ =
x 0 6 +o0
j’(:l:) — 0 +
18 +oc

Tu bang bién thién ta thdy f (x) dat GTNN bang 12 khi x=6.
Viy dé chi phi vat liéu trung binh trén mét gid san xuat |a thip nhat thi x=6.
Bai toan 9: Hinh dang phan dat lién cua hai xa thudc tinh Pong Thap duoc md hinh hda boi do thi

2
N e X“+ax+b e A . A L2 . e LA
ham s6 yz—z;bletdo thi c6 mot diém cuc tri la (1; 1), véi hé

truc toa do Oxy nhu hinh v&, don vi trén mdi truc 13 10 mét. Bé thuan

tién cho giao thong hai xa, 1anh dao tinh da phé duyét du an xay mot

chiéc cau néi phan dat lién caa hai x& nay. Nham tiét kiém chi phi cho

cong trinh, ngudi Kk su truong thiét ké co nhiém vu nghién ciu dé

chon dugc hai vi tri A, B trén phan dat lién hai x4 sao cho d6 dai chiéc
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cau (doan AB) la ngan nhat c6 thé. Hoi do dai ngin nhét caa chiéc cau do (tinh theo dudng chim

bay) 14 bao nhiéu mét (Iam tron dén hang phan chuc)?

Loi giai:
Pap sb: 43,9
2_Ax—2a— , . , 1)=1
Taco y’:x 4x 2? b.Vi (1;1) 1a diém cuc tri cia d6 thi ham so nén y’()
(x—2) y'(1)=0
1+a+b:1 a+b=-2 a=-1
=4 1-2 = = .
2a+b=-3 |b=-1

1?~4.1-2a-b=0

Ham s tro thanh y =

2_ J—
X X21=x+1+i2,x¢2.
X — X—

Goi A(2+a; 3+a+1], B(z—b; 3—b—%) I3 hai diém thuoc hai nhanh d thi véi a, b>0. Ta co:
a

1 1Y a+b 1Y
ABZ:(a+b)2+[a+b+—+Bj :(a+b)2+[a+b+—bj :(a+b)2{1+(1+—bj}

a a a

AM -GM AM -GM
=(a+b)z(2+%+azlb2j > 4ab(2+£+%]:8+8ab+% > 8+842.

Do dai ngin nhat cua cdy cau (theo dudng chim bay) 13 ABx10 =+/8+8/2 x10 ~ m.

Déu “=" xay ra khi va chi khi a=b va 8ab=— <> a=b=

ab g
Bai toan 10: (Sé Pha The 2025) Mot doanh nghiép san xuat doc quyén mot loai san pham. Gia s
khi san xuat va ban hét x san pham (0<x<2500), tong s6 tién doanh nghiép thu duoc 1a
f (x) = 2006x — x2 va téng chi phi 1a g (x)=x*+1438x-1209 (don vi: nghin ddng). Gia sir muc thué
phu thu trén mot don vi san pham ban dugc 1a t (nghin dong) (0 <t <320). Gia tri cla t bang bao
nhiéu nghin déng dé nha nudc nhan dugc s6 tién thué phu thu 16n nhat va doanh nghiép ciing nhan
duoc lgi nhuan 16n nhat theo muc thué phu thu d6?
Loi giai

Traloi: 284.
Ta c6 ham lgi nhuan:

P(x)=f(x)—g(x)—xt=2006x—x —(x2 +1438x —1209)— xt = —2x* +568x — xt +1209

=-2x* +(568—t)x+1209
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Khi loi nhuan lén nhat P(x) thi x=—2 28— _ 568~
2 2(-2) 4

2
Khi d6, s tién thué thu duoc xt = 563_t t= %(5684) < %[@j = 20164 .

DAu "=" xdy ra khi 568—t =t <>t =284 (0;320) (Théa man).
Bai toan 11: Mot doanh nghiép kinh doanh san xuét dong ho cé
dd thi ham téng chi phi theo sé san pham 1a mot phan db thi cua

_ax’+bx+c

nhu hinh vé& (mdi
X+e

ham s6 bac hai trén bac nhat f (x)

don vi trén tryc hoanh twong tng 100 san pham va mdi don vi trén

tryc tung tuong ung 1000USD). Biét rang tim ddi xing cua do thi _O

hamsé f(x) la A(—l; %) va duong tiém can xién cua d6 thi ham
s0 di qua diém B(3;2). Theo khao sat, tong doanh thu ciia doanh nghiép nay dugc mo ta bsi ham sb

R(x)=x*+2x va lgi nhuan thu vé khi ban 200 san pham bang 5250 USD. Khi chi phi theo sé san

pham dat gia tri nho nhat thi sé san pham san xuat duoc 1a bao nhiéu? (Két qua lam tron dén hang
don vi)
Loi gidi
D& dang suy ra duoc e =1 va d6 thi c6 duong tiém can dtng 1a x=-1
Goi duong tiém can xién ciia do thi ham sé f (x) 1a y =ax+b

2 1

Theo gia thiét ta co: " 3< 4 3 nénduong tiém can xién 1a y:1x+1
3
3a+b=2 b=1

2
Ham so f (X)zax;r—b;wrc duoc viét lai dudi dang f (x):%x+1+i1
+ X+

Loi nhuan = Doanh thu — Chi phi < P(x)=R(x)-f (x) < x2+2x—%x—1—i1
X+

Theo gia thiét loi nhuan thu vé khi ban 200 san pham bang 5250 USD.

Khi d6 P(2):5,25c>%—%:5,25<:>d 232

x:ﬂ—l(loai)
Vay f(x)=1x+1+ 32 co daoham £1(x)=1- 25 _oo 2
3 X+1 3 (x+1) J39

=YY _1(nh
X 5 (nhan)
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Bang bién thién:

() — 0 +
400
17
f(x) 4\\/_
39 2
3 '3

Vay s6 san pham khi chi phi dat gié tri nho nhat 1a [@—1}100 ~ 25 san pham.
Bai toan 12: Cong ty san xuat "SmartTech" dang 1én ké hoach san xuat hai loai san pham A va B.
Modi san phém A dem lai lgi nhuan 800.000 dff)ng va moi san phém B dem lai lgi nhuan 500.000
ddng. Tuy nhién, viéc san xuat moi san pham doi hoi nguyén vat lidu va cong nhan khac nhau:
e Dé san xuat mot san pham A cong ty can st dung 2 kg nguyén vat lidu va 3 gid lao
dong.
e Dé san xuat mot san pham B cong ty can sir dung 1 kg nguyén vat liéu va 4 gid lao
dong.
Hién tai, cong ty c6 sin 100 kg nguyén vat liéu va c6 thé sir dung t6i da 180 gid lao dong. Cong ty
can san xudt m san pham A va n san pham B dé t6i da hoa loi nhuén, dong thoi thoa man cac diéu
kién vé nguyén vit liéu va gid lao dong. Khi d6 tong m+n bang bao nhiéu?
Loi giai
Goi x 1a s6 lwong san phdm A va y 14 sé luong san pham B (Piéu kién: x>0;y >0)
Diéu kién vé nguyén vat liéu: 2x+y <100. Diéu kién vé gio lao dong: 3x+4y<180.
x>0
y>0

2X+Yy <100
3x+4y <180

Ta c6 hé bat phuong trinh:

Mién nghiém cta hé bat phuong trinh 1a mién khéng bi gach soc nhu hinh v& dudi day:
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2% 7
0 X
125%

A

Ta c6 mién nghiém ctia hé bat phuong trinh 1a mién trong cia tir gidc OEFG

Trong do, E(0;45), F(44;12),G(50;0).

Ti wu hoa 1gi nhuan: Ta s& tinh toan loi nhuan P =800.000x +500.000y tai cac dinh cua mién nghiém
ta duoc:

Tai E(0;45): P=22.500.000; F(44;12): P =41.200.000; G(50;0): P =40.000.000

Vay dé toi da hoa loi nhuan thi nha may can san xuat 44 san pham A va 12 san pham B.

Khi d6 tong s6 1 44+12 =56 san pham hay m+n=56.

Bai toan 13: Anh An thanh 1ap mét cong ty san xuat in an Sach Gido Khoa chuong trinh "Chan troi
séng tao". Nham tao diéu kién cho cac nha séch tiéu thu gia hop 1i, don gia mdi bo sach ban dau
duoc bicu dién theo ham p(x)=200-3x (nghin dong) véi x 1a s6 lwong ting bo sach ban ra va tong
chi phi san xuit dugc biéu dién theo ham C(x)=75+(80+T)x—x* (nghin ddng) voi moi x thoa
0<x<40, trong 46 T (nghin d6ng) 1a muc thué gia tri gia ting VAT phai dong trén tirng sé luong
bo séach san xuat ra ma cong ty anh An phai chi tra. Xem nhu cong ty anh An san xuat déu dan trong
diéu kién li twong, khi loi nhuan cia cong ty dat gia tri cao nhét thi tong muc thué phai chi tra ciing
ddng thoi cao nhat. Khi d6 muc thué cia mdi bo sach ma cdng ty phai tra 13 bao nhiéu (Pon vi:
nghin d6ng)?

Loi giai

Trudc hét ta cd ham chi phi san xuét 1a: C(x) =75+(80+T )x—x*

Doanh thu ctia cong ty anh An bieu dién theo ham R(x)=x.p(x) = x(200-3x)

Loi nhuan ma cong ty anh An c¢6 dugc la: P(x) = R(x)—-C(x)=-2x*+(120-T)x—75

Do can xéc dinh sb lugng bd sach ban ra dé loi nhuan 1a cao nhat nén ta co:

P'(x):0c>—4x2+(120—T):0<:>x:BO—E

Trang. 90



CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

Khi d6 véi thué mdi bo sach 1a T thi tdng muc thué cong ty phaitra 13 G(T)=T (30—%)

Khi lgi nhun cua cong ty dat gié tri cao nhat thi tong mic thué phai chi tra ciing ddng thoi cao nhét
néntasuy ra G'(T)=0 @2—30: 0< T =60 (nghin dong).
Bai toan 14: Mot doanh nghiép kinh doanh mét loai san pham T duoc san xuit trong nudc. Qua
nghién ciru thiy rang néu chi phi san xuit mdi san pham T 1a x (USD) thi sé san pham T cac nha
MAy san xuat s& 1a R(x)=x—200 va s san pham T ma doanh nghi¢p ban dugc trén thi truong trong
nuéc & 13 Q(x)=4200-x. S6 san pham con du doanh nghiép xuat khau ra thi trueong quoc té voi
gia ban mdi san pham on dinh trén thi truong quéc té 1a x, = 3200 (USD). Nha nuéc danh thué trén
mdi san pham xuat khau 1a a (USD) va luén dam bao ti 1¢ gira 14i xuat khau caa doanh nghiép va
thué thu duoc cua nha nude twong ung 1a 4:1. Hay xac dinh gia tri ciia a biét 1ai ma doanh nghiép
thu duoc do xuat khau 1a nhiéu nhat.

Loi giai
San pham du xuét khau khi s6 san pham san xut Ién hon s6 san pham ban trong nuéc, tic 1a:
R(x)>Q(x) < x—200> 4200 - x < 2x > 4400 < x > 2200
S6 luong san pham xuat khau 1a: S, = R(x)—Q(x)=(x—200)- (4200 - x) = 2x — 4400
Gia ban rong sau thué mdi san pham xuat khau 1a: 3200—a (USD)
Tong doanh thu tir xuat khau 1a: Dy, =S,,.(3200—a)=(2x—4400)(3200-a)
Tong chi phi san xuat cho sb san pham xuat khau la: C,, =S, .x =(2x—4400)x
Loi nhudn tir viéc xuat khau san pham la:

L =Dy —Cye =(2X—4400)(3200-a) — (2x — 4400) x = (2x — 4400)(3200—a — x) (1)
Thué thu dugc tir san pham xuét khau la: T =as,, =a(2x-4400)

Theo bai ra, ty Ié giira I4i xuat khau cua doanh nghiép va thué thu duoc cua nha nudce twong tng 1a

4:1 nén ta co:
LTA:%Q Ly = 4T < (2x—4400)(3200—a—x) = 4a(2x— 4400) < a = 320§—x

Thay vao (1) ta duoc: L, :%(x—2200)(3200—x) tim gia tri 6n nhat cua bieu thic dat duoc tai

x=2700.

Khi do6 a:wzloo.
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Bai toan 15: Gia sir cuong d6 anh sang cia mot ngudn diém ti 1é thuan véi cudng d6 caa ngudn
sang do6 va ti 1& nghich véi binh phuong khoang céch tir nguén sang. Hai nguon diém c6 cudng do
lan luot 1a S va 8S, cach nhau 90 cm. Xét mot diém M niam trén doan thang ndi hai ngudn, cuong
d6 &nh sang tai diém d6 nho nhat thi diém d6 cach ngudn c6 cuong d6 S bang bao nhiéu centimet (
cho biét cuong do séng tai diém M bang tong cudng do sang mdi nguon tai diém do)?

S 8S

o b2

90 cm

< |
< >

Loi giai: Tra loi: 30.
Z A ) ’ \ A A 4 5 A A R Y I r \ \ A
Ta c6 cong thirc tinh cuong do anh sang cua mot nguon diém la 1 =k.—2, trong do: | la cuong do
r

anh sang caa mot nguon diém, 1, 1a cudng d6 ctia nguon sang, r 1a khoang cach cua diém dé dén
ngudn sang.

Goi x la khoang cach tir M dén ngudn c6 cuong do 12 S .

Vi cudng do sang tai diém M bang téng cudng do sang moi nguon tai diém do6 nén suy ra cudng do

sang tai diém M 12

S 8S
IM:IM(S)+IM(SS):k'?+k'm,(o<x<90).
—8-1 (90— x)* |"
=1, =k.S %+L2 ,(0<x<90)=1",=k.S. —2—1(4- [( 4)] =0
X2 (90-X) X (90-x)
-8 -2-(90—X
Q_%+ [ ( . )]: <:>—£3+ 16 -=0<8x*=(90-x)° < (2x)° = (90-x)°
X (90—x) x> (90-x)

S 2X=90-x < x=30.

Vay cudng d anh sang tai diém d6 nho nhat khi SM =30( cm).
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CAC BAI TOAN THUQC NQI DUNG KHAC

Bai toan 1: (THPT Kinh Mén — Hai Dwong 2025) D6 dbc ciia mai nha 13 tang caa goc tao bai mai
nha dé véi mit phang nim ngang. Cho biét kim tu thap Memphis tai bang Tennessee (M§) cé dang

hinh chép ti giac déu. Biét rang dién tich dé Iat tat ca cac mit cua kim tu thap bang 80300 m?(gém
mat bén va day) va biét goc o la goc mat bén kim tu thap véi mat day khi d6 tana = g Tinh chiéu

cao caa kim ty thap. (Lam tron dén hang don vi)

Traloi: 146.
bat AB=BC=CD=AD=4a, SO=h.Ta c6: SO L(ABCD):ASOM Vuf)ng tai O

ansMO =2 =2 - 50=2.2_2 5 tace S0?+MO?=sM? = sM =0 4
5 MO 52 10 10
1 7106
Sasec = Sascp = Sasap = Oasas = - oM.BC = a’
2 20
\/106

Tong dién tich cac mat 1a 4.

a’+a?=80300=a=~162= SO :iaz146.
0 10
Bai toan 2: (S& Hai Phong 2025) Nguoi ta du dinh 1am mot ham ruou c6 dang hinh chép cut déu
c6 hai canh day 1a 7m va 5m: mit bén va day nho tao thanh goc nhi dién c6 sé do bang 120° (tham

khao hinh vé bén). Thé tich ciia ham ruou trén bang bao nhiéu mét khoi (1am tron két qua dén hang

don vi)?
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Tra loi: 63

Goi hinh chép cut déu la ABCD.A'B'C'D’. Goi O, O’ la tdm cua hinh vudng ABCD va AB'C'D’.
Goi H, H' latrung diém cua CD va C'D’'. Ké HK LOH .
Tacd O'H' LC'D’ va HH' LC'D’. Suy ra O'HH la g6c phang nhi dién tao bai mat bén va day nho.

= O'H'0 =120° = HHO = 60°. AHHK vudng tai K c6 tan HHK=%.

= HK = HK - tan60° = 00’ = (OH ~OK)-1/3 = 00" = (OH —~O'H") /3

:>OO’=[%7—§5)«/§=«/§.Thé tich cia ham ruou 1a:

v:éoof-(sABCD+sA,B,C,D,+ SABCD-SA,B,C,D,)=%-\@-(72+52+\/72-52) ~63(m?*).

Bai toan 3: Mat Triang chuyén dong quanh Trai Dat theo quy dao 1a mot elip (E) ma Trai Dat 1a mot
tiéu diém. (E) c6 do6 dai truc 16n va do dai truc bé lan luot 1a (khoang) 768800km va 767619km.
(Ngudn: Ron Larson (2014), Precalculus: Real Mathematics, Real People, Cengage). Hoi khoang
cach ngan nhat tir Trai Pat dén Mat Trang bang bao nhiéu nghin ki-16-mét (1am tron két qua dén

hang don vi).

Tra loi: 363
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2 2
Gia str (E) c6 phuong trinh chinh tac la %+§ =1 trong do:

a=768800: 2 =384400(km),b =767619:2 =383809,5(km) .

Ta co: c=+/a? —b? =/3844007 —383809,5° =,/453627709,8 ~ 21298,54(km).

Khoang cach ngan nhat tir Trai Dat dén Mat Trang la:

a—C ~ 384400 — 21298, 54 = 363101, 46(km) ~ 363 (nghin km)

Bai toan 4: (S¢ Ha Tinh 2025) Mét hd boi dugc ché tao tir mot khéi hop chit nhat c6 chiéu dai 12
mét, rong 6 mét, sau 1 mét & dau néng va sau 3 mét ¢ dau sau (nhu hinh v&). Nudc duge bom vao
hd boi véi the d6 0,25 mét khdi mdi phat. Biét rang trong bé ¢d 1 mét nudc & dau sau. Dé lugng

nuéc dat 75% dung tich bé boi thi can bom trong thoi gian bao 1au? (don vi tinh bang phat).

4 min I m
I/

. /6 m

3 mI -

T je——— |12 m —>

Loi giai
Tra loi: 360

N

M ! e
i ¢

I ' £ g Py - E
‘B

£ *’}/ pd

X /’/
A D

+) M6 hinh hoa bé boi nhu hinh v&, véi mat trén cua bé 1a ABCD va mat day bé 1a MNGH
Tacod AD=BC=12(m),AB=CD=6(m), AM =3(m) va DH =1(m)

Dién tich cua hinh thang ADHM Ia S, :%(DH +AM).AD = 24(m?)
+) Thé tich bé boi bang thé tich khéi lang tru dimg c6 day la ADHM va chiéu cao AB=6(m) nén

thé tich be boi 1a: V, = S,.AB = 24.6 =144(m’). Suy ra 75% dung tich bé boi 1a V :%.144:108 (m°)
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+) Goi 1IJKL 1a bé mat myc nudce ban dau thi Ml =NJ =1(m) va IL=%EH =6(m) suy ra di¢n tich

ctia tam giac MIL 1a S, =%MI.IL=3(m2)

Suy ra thé tich phan nuéc trong bé boi luc ban dau bang thé tich cua khéi lang tru dimg c6 day 1a
tam gidc MIL va chiéu cao AB=6(m) nén thé tich bé boi 1a: V, = S,.AB =18(m’).
+) Vi tdc d6 bom nudc vao bé 1a 0,25 mét khi mdi phit va can bom dé lugng nudce dat 75% dung

tich bé boi khi lwong nudc trong bé da c6 18(m®) nén thoi gian can dé bom la: t= 108;518 =360

(phat).

Vay thoi gian bom nuéc vao bé boi 1a 360 phut.

Bai toan 5: Mot chiéc 6 to dugc dit trén mat day dudi ctia mot khung sat ¢ dang hinh hop chit nhat
VGi day trén 1a hinh chit nhat ABCD, mat phang (ABCD) song song véi mat phang nam ngang.
Khung st d6 dugc budc vao méc E cua chiéc can cau sao cho cac doan day cap EA EB,EC,ED ¢
d6 dai bang nhau va clng tao véi mit phang (ABCD) mét goc 60° (Hinh 4). Chiéc can cau kéo
khung sét 1én theo phuong thang ding. Biét rang cac lyc cang F,, F,, F,, F, déu co cuong do la
6000+/3(N), trong luong cua khung sit 13 2500(N) va gia toc roi tu do l1a g =9,8(m/s?). Tinh khéi

lwong cuia chiée xe 6 t6 theo don vi kilogam (két qua 1am tron dén hang don vi).

Loi giai
Dap s6: 3418.

Goi M,N,P,Q lan lugt la cac diém sao cho EM =F,,EN =F,,EP=F,, EQ=F,.

Goi O la giao diém ciia MP va NQ, E’ la diém ddi xiang cua E qua O.
Ta co: |F|=|F,|=|R,|=|F,|=6000v3( N) cac mit bén cia hinh chép E.MNPQ la tam giéc can bing
nhau. Vi cac doan ddy cdp EA,EB,EC,ED c6 do dai bang nhau va cling tao véi mat phang (ABCD)

mot goc 60° nén cac tam gidc AMEP, ANEQ 1a tam giac déu, bang nhau.
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Suy ra: EO= =9000( N)

EM+/3 6000343
2 2

Mat khac: P =(F, +F,)+(F, +F,) = EE'+ EE' = 2EE' = 4EC suy ra |P| = 4/EC| = 4.9000 = 36000(N).

Vay trong lugng cua chiéc xe la: P, =P -R,,,, =36000-2500=233500(N), suy ra khi luvong cia

chidc xe 1a m_ =D ~ 3418 kg

g
Bai toan 6: Mot cai ly nuée hinh hinh tru c6 chiéu cao 9 cm. Lugng nudéc trong
ly chiém % thé tich ly nuéc. Hoa dat mot vién kim cuong hinh 1ap phuong vao

miéng ly nudc thi théy mot dinh cta vién kim cwong cham vao mat nudc, déng

thoi mé hinh ly nude va kim cuong cung 14y truc ly nudc lam truc doi xing. Néu

ban dau Hoa do nudc day ly thi sau khi dat khéi lap phuwong nhu trén, luong
nuéc tran ra 1a bao nhiéu cm khéi (1am tron dén hang phan chuc va bo qua do day cua ly)?

Loi gii:

Xét hinh chép tam giac déu SABC trong d6 S 1a dinh cua hinh Iap phuong nim bén trong ly nudc
va A B,C la cac diém chung caa kim cwong véi miéng ly; O 1a trong tam tam gidc ABC va H 1a

trung diém BC.

Pit x(cm) 14 canh déy hinh chép thi AO = % AH = % - % _ % .
Vi hinh chdp S.ABC c6 SA,SB,SC bing nhau va d6i mot vudng gac (tai S ) nén SA=SB =SC = %

2 2
Tur d6 suy ra SO =+/SA* —OA? :4/%—% :$.

Theo gia thiét thi chiéu cao hinh chép S.ABC bang % chiéu cao ly nudc, tic 12 SO==.9=3

x\/6

37233X=3\/gcm

Wl

Ta biét rang thé tich nudc tran ra bang véi thé tich khdi chop S.ABC. Thé tich do 1a

2
v-lsos, 1,63 _27\3

~ 23,4cm’.
3 3 4 2
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Bai toan 7: Mot tén trom dang cb gang kéo C » B
thung nir trang qua mot bic tuong c6 d6 day 05m
BC =1m; biét rang tudng cao 4 m va soi day !

4m

duoc kéo theo dudng gip khic ABCD c6 do dai

E

khong dbi bang 20 m, doan BF =0,5m. Trong

khi kéo thi t&n trom luon ghi dau day theo mot

thanh vin cua cau thang (dau day dich chuyén theo phuong AF). Biét riang thanh vin cau thang hop
v6i phuong ngang mét goc bang 30°.

Khi hai cht canh sat xuat hién thi vi tri A cach F khoang 6 m va thiing D tién vé phia E véi téc do 1
m/s. Hoi dau day A roi xa diém F véi toe do bao nhiéu m/s? (Lam tron két qua dén hang phan tram).
Loi giai:

Pit DE=x(m),AF=y(m). Ta c6 CD=vx*+16 va AFB=180"-60"=120; suy ra

AB =/y?+0,5? —2-0,5-yc0s120 =/y? +0,5y+0,25.

Taco AB+CD+1:2O<:>\/\/XZ+16+\/y2+0,5y+0,25 =19 (¥).

Thay y =6 vio (*) ta duoC v/x* +16 ++/6% +0,5-6+0,25 =19 = x ~12,1. Pao ham hai vé cua (*) theo

bién t ta duoc: L-%+ 2y+0,5 -ﬂzo (**)
Jx?+16 dt 2,/y?+0,5y+0,25 dt
dx

Thay y=6m;x:Az12,1m;a=—1m/s (do x ngay cang giam theo thoi gian t ) vao (**) ta tinh

duoc % ~0,95m/s hay dau day A roi xa diém F véi toe do khoang 0,95m/s .

Bai toan 8: Tir mot khdi gb hinh lap phuong ¢ canh bang 5
dm, ngudi tho moc chi can dén hai lat cat 1a ¢d thé tao ra mot
khdi g c6 dang hinh chép S.ABCD véi day ABCD Ia hinh

vubng va SA=AB =5 dm. Nguoi tho can tao ra mot vat dé
trang tri theo yéu cau cta khach hang, anh di chon M 14 trung
diém SB, N thudc canh SD sao cho SN =2ND ; sau d6 anh ta tiép tuc thuc hién cac lat cit dé co duoc
vat thé hinh tir dién ACMN, thé tich vat thé sau cing ma ngudi tho moc 1am ra 1a bao nhiéu dm?
(1am tron dén hang phan chuc)?

Lo giai: Goi O 1a giao diém ciia AC va BD trong mit phang day.

. 1 5% 125
TaCo Vs paep = 3 SAS pgep = 3 = 3
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Vi OM la duong trung binh tam giac SBD nén OM//SD = SD//( AMC).
Do do d(N, (AMC))=d(D, (AMC))=d(B, (AMC)).

Suy ra. VACMN :VN.MAC :VD.MAC :VB.MAC :VM.ABC'

Ta lai co

' SABCD

d(M, (ABCD))-S,c 9(S: (ABCD)):
Voee d(S,(ABCD))-Seeo  d(S, (ABCD))-

1
Viase _

nNlE=
N

ABCD

1 1125 125
=V ==V =—- =——~10,4 dm®.
M.ABC 4 12

S.ABC — Z ?

Bai toan 9: Cho ba dong ho cat A, B,C . Luong cat ban dau trong mdi dong ho lan luot 14 3%;9°;27¢
va mdi gidy, cét trong mdi dong ho s& chay tir ntra trén xudng nira dudi véi toe do ¢b dinh lan luot
la a;b;c (don vi: khdi lwong cat/gidy). Cac sé a;b;c theo thir ty 1ap thanh mot cap sé nhan; dong thoi,
cac s 3*;9";27° ciing theo thu tu 1ap thanh mot cap s6 nhan, va hai cap s6 nhan nay cé cling cong
boi. Goi t,;t,;t. (tinh theo gidy) la thoi gian ma ting dong ho cat A B,C do duoc (khong lat nguoc
dong ho sau khi cat da chay hét). Tinh giatri t, +t, +t,

Loi giai

Traloi: 27

, 3 9 27° . [b*=ac b* =ac b? =ac
Taco: t,=—;t; =—:t. = va = &
a I 92b — 3a'27c 34b — 3a+30 4b — a+30

a=c(*)

16b? =16ac
,~>(@-c)(a-9c)=0<
a=9c

=
16b* =(a+3c)
Xét (*)tacod ar’=c=r>=1 hay 3*r* =27° = 3* =27° < 3* = 27* (v0 ly) nén loai

b
Xét a=9c thi b=3c suyra r=9:9—a<:>3—cz36°’9°<:>1=3’3°:>c=l:>b:1;a:3
a 3 9c 3 3

Vay t, +t, +t. =9+9+9=27

Bai toan 10: Cho td gidy hinh chir nhat ABCD nhu Hinh 1, véi AB=3 AD=27.Goi M latrung
diém caa doan AD . Gap to gidy theo hai duong thaing BM va CM sao cho hai diém A va D tring
nhau tai mot diém P nhu Hinh 2. Khi 6, goi . 6. 1a goc giita hai mit phang PMB va BCM . (Khéng

xét do day cua to gidy)
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A M D

s e Hinh 2
B Hinh 1 C B o

Gia tri cua cos@ bang bao nhiéu? (1am tron két qua dén hang phan tram)
Loi gia

Traloi: 0,78
Ké MN L BC tai N.Khidéké PH L MN (dé ching minh dugc PH L (MBC))

_ MB L PE
Ké PE L MB tai E, suy ra{ :»MBL(EPH)—>0089=%(*)

MB 1L PH
AA=P J I D
% B D
3 g0 g
PR
4.7 AT
ol H ‘
Z ]
B C

Xét tam gi4c vubng AMB cO: AB.AM = BM.AE < 3+/7 =4AE = AE :%ﬁ

Tacd ABAM -~ AAEM nén %IﬁzﬂC}i:ﬂ:}EM :Z
AE AM EM 7 EM 4
Dé thdy AHM = AME va HAM = ABM =BMH nén BA_EM -
AM  EH 12
w7
Tu (*) ta co: COS@=E=L:—zO,78
PE 3J7 9
4

Bai toan 11: Mot qua bong bay hinh cau dang duoc bom khi véi toe do khong doi 2cm?® / gidy (hinh

vé tham khao).

Thoi gian 1 Thoi gian 2 Thoi gian 3

Y
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Hoi: Toc @6 tang ban kinh cta qua bong 1a bao nhiéu (don vi cm/gidy) khi ban kinh dat 3cm (1am
tron két qua dén hang phan trim)
Loi gidi
Tra loi: 0,02
Thé tich V ctia mot qua cau ban kinh r (tinh bang cm) duoc cho bai cong thic: v :%nr3(cm3)
Vi qua bong dang duoc bom khi, nén ca thé tich va ban kinh déu la cac ham sé theo thoi gian.
Do d6, tai thoi diém t gidy sau khi bat ¢au bom, thé tich khi bén trong qua bong Ia:

4
V()= gﬂ[l’(t)r (cm®)
L4y dao ham hai vé theo thoi gian t: V'(t) = 4z[r()]*r (t)

Diéu nay cho thay téc do thay ddi cua thé tich lién quan dén téc do thay ddi cua ban kinh.

- Qua bong dang dugc bom khi véi tée do khong doi 2cm®/ gidy, nén: V' (t) = 2cm® / gidy

Do d6: 2=4zx[r()]’r (t) = r (t) = ———cm/ giay.

0 do Zlr@Ir () =r(t) 27 OF giay
Thé r =3 vao cong thic: r'(t) —L—icm/giéy
- ' 27(3) 18x '

Vay tdc d6 tang ban kinh cua qua bong tai thoi diém ban kinh 3 cm 1a: BL ~0,02cm/ gidy
T

Bai toan 12: Mot cai chau dung nude c6 dang hinh chop cut déu day 1a cac
tam giac canh bang 1 dm va 3 dm. Chiéu cao chau nudc bang 4 dm. Nguoi
ta bom nudc VAo chau véi luu lugng khong d6i 0,5 lit/phat. Bén phat thi

10 thi téc do dang Ién cua nudc trong chau la bao nhiéu dm/phat? (Két qua

dugc 1am tron dén hang phan tram).
Loi giai:
Pap s6: 0,17

Goi MN 14 d6 dai canh tam giac déu theo myc nudc tic thoi (MN thay doi).
Pit MN =axh+b (ham sb bac nhét theo h).
s Khi h=0 thi MN =1; khi h=4 thi MN =3.

: bh=1
Tl Do dé b=1 = suy ra |MN = 1h+1
W o do : -z .
;N §4 4a+b=3 a:l y 2
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Dién tich mat nudc tac thoi la S =

MN2y3  (0,5h+1)"y/3
= .

4

ON THI THPTQG 2025

Thé tich nuéc tic thoi 12 V = ( +4/S,S + S) , la dién tich mat nuéc ban dau (day nho).

4

4 4 4

V=2h
3

h/3
1(

1 [ﬁ+Jﬁ (0.5n+1)' V3 _(0.5h+1)° 3 =h\/§[
12

V= 0,25h% + 1,5h+3)=§(0,25h3+1,5h2+3h) (*).

Sau 10 phut thi lugng nudc trong chau la V =0,5x10 =5 dm®.

B3

Do d6 E(O 25h* +1,5h? +3h) =5=h=~3,27 dm (Lwu vao A).

dvf
1

T (o 75h2+3h+3) dn

Tir (*) dao ham hai vé theo t ta duoc:

dv dh

(*)-

1+(L+0,5h)+(1+0,5h)° |

Thay cac giatri h=A;V =5; T 0,5 vao (**) ta duoc: Pl 0,17| dm/phut.

Bai toan 13: Mot manh dat hinh chit nhat ¢ kich thugc 40mx50m

B,

dang duoc nguoi chi trdng cé ty nhién. Vao budi sang, khi mat troi

20 m

vira 1&n, manh dét ndy bi mot mai nha xuong gan do chin anh sang. |

Khi mit troi 1én cao hon, anh sang da chiéu tir tir 18n manh dat. Ta

20 m)

xem ranh gigi gitta phan duoc chiéu sang va phan tbi 1a cac duong
o

thang song song thay doi.

C6 thoi diém duong ranh gidi nay di qua hai diém A, M nhu hinh vé&

(M 1a trung diém mét canh hinh chir nhat).

50 m A

Phiin sing manh dit

Khi dién tich phan ti cia manh dat bang 75 m?, ngudi ta do duoc tbe d6 giam canh theo phuong

AD bang 2 cm/s; hoi tc d6 giam dién tich phan téi cia manh dat 1a bao nhiéu cm?/s? Két qua duoc

lam tron dén hang phan chuc.
Loi giai
Traloi: 120
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Xeét tam giac ABM vudng tai B c6 tan BAM _BM_ 3_ B som A

AB 5
Dit x=DF €[0; 40], y=DE €[0; 50] (x, y thay di (giam) vi

20m

anh sang ngay cang lan rong).

M % Phén sing manh dit
N n X 2 5X
Vi EF//AM nén tanFED =tanBAM < — ==& |y =—/|.
y 5 2 20m
e XL As iy o1 1 5x 9. v
Dién tich phan toi tac thoi la S_Exy_ix.? hay S_ZX - - ; D

(1).

Khi dién tich phan téi bang 75 m? thi %xz =75= x? =60 = x = 2+/15 m.

DPao ham hai vé cua (1) theo bién t ta duoc: d—f :gx-% ).

Thay x =215 m=200+15 cm va % =2 cm/s vao (2), ta dugc Z—? ~[3873| cm?/s.

Bai todn 14: Hinh vé dudi day la hai banh rang cia mot dong co, chung c6 cung kich thudc. Khi
dong co hoat dong, hai banh ring quay déu ciing chiéu. Biét toc d6 quay cua banh rang & hinh 2 gap
d6i toc do quay cuia banh rang ¢ hinh 1 va phuong trinh biéu thi d6 cao cua diém A & banh ring thi

nhat 1a h=2R + Rsin (%t] (trong d6 R 13 ban kinh banh ring, t 1 thoi gian tinh bang giay, h 1a do

cao cua diém A). Gia str tai thoi diém bat dau khoi dong, hai diém A va B c6 do cao bang nhau.
Sau bao nhiéu giay ké tir thoi diém dau tién sau khi dong co hoat dong hai diém A, B c6 do cao

bang nhau. (Két qua lam tron dén hang phan trim)

Léi giai

Vi hai banh ring c6 cung kich thudc, te do cua banh ring thir hai gap doi tbe do ciia banh ring thi

nhat va tai thoi diém ban dau, hai diém A, B co d6 cao bang nhau nén phuong trinh biéu thi d6 cao
cua diém Bla h'=2R+ Rsin(%tj .
Hai diém A, B co6 do cao bang nhau khi h=h’. Ta c6 phuong trinh:
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, , 27 T k2n
2R+ Rsin zt =2R +Rsin —ﬂt & sin —”t =sin zt = 5 5
5 5 5 5 27 T

—t=r-=t+k2x
5 5

- 7t =k10x t=10k (k Z)

= €
3t =57+k10x t=§+k%

Ho nghiém thir nhit ¢6 nghiém dwong nho nhat 1a t =10. Ho nghiém tha hai ¢6 nghiém dwong nho

nhat 1a t=g. Vay, thoi diém dau tién sau khi dong co hoat dong, hai diém A, B c6 do cao bang

nhau 12 t=§z1,67 giay.

Bai toan 15: (Chuyén Phan B§i Chau — Chuyén Ha Tinh 2025) Trong lan dau tién nudi ga, mot
trang trai do thiéu kinh nghiém nén dy tinh luong thirc n cho ga hang ngay 1a khong doi va da du
trix thirc an du dung trong 50 ngay. Nhung thuc té, theo su phat trién cia ga, dé dam bao chat luong
thi ké tir ngay thir 2 tré di luong thirc 4n nudi ga moéi ngay cua trang trai di ting thém 1% so Véi
ngay trudc d6. Hoi lwong thirc dn ma trang trai du trir di ding cho ga an tbi da bao nhiéu ngdy ma
van dam bao chat lrong an mdi ngay? (lay két qua s6 ngay 1a sé nguyén).
Léi giai

Tra loi: 40
Goi a la luong thtrc an hang ngay theo du kién thi tong luong thirc dn da du trix 1a 50a.
Gia st luong thire an du dung cho toi da n ngay.

Ta c6 luong thirc an tiéu thu trong ngdy thir k (1<k <n) la a-1,01*.

1,01" -1

Do d6 phii ¢6: a(1+1,01+101* +...+1,01"") <50a <

<50 «<1,01" S%@ n<40,75.

Viy luong thire an du dung cho tdi da 40 ngay.

Bai toan 16: Nhu hinh v&, anh sang dugc chiéu vudng goc véi mat ABC ciia mot hinh tir dién déu
ABCD duoc lam bang gidy den. DBé anh séng chi chiéu 1&n mat day BCD, nguoi ta khoét mét 13 hinh
vubng trén mit ABC . Biét ring do dai mot canh cua hinh vudng 1a 2 , hay tinh dién tich caa phan

dugc chiéu sang trén mat day BCD.
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Loi gidi
Traloi: 12
Vi hinh t& dién déu nén ké AH L (BCD) ta c6 dugc H 14 trong tim tam gidc BDC

Ké DH LBC tai M suyra M 1a trung diém cua BC (do tam giac BDC 1a tam giac déu)
Suy ra BC L (ADM) hay géc giita hai mat phang (ABC);(BDC) bang géc AMD =6
Goi dién tich tich hinh vudng da khoét trén mat (ABC) la S, =4.

Goi dién tich chiéu trén mat day BDC 1a S .

Khi do ta co: S, :S.cosezs.w=8.1:4:>8 =12
AM 3
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Il — Cac bai tap c6 dap an

1. Phan tra |oi ding sai

CAC BAI TOAN SU DUNG TiCH PHAN - PAO HAM

Bai toan 1: Hai thanh phd cach nhau mét con song. Lay A va B
lan luot 12 hai diém mdc cua hai thanh phé trong viéc do dac, don
vi 1a km. Nguoi ta xay dung mot cdy cau EF bic qua song biét
rang vi tri A cach con song mot khoang AH =5km va vi tri B

cach con song mot khoang 1a BK =7 km (xem hinh v&), biét

HE + KF =24 km va d6 dai EF khong d6i. Bat HE =x (km), V6i

xe(0; 24).

a) AE =+/25+x2 (km), BF =4/49+(24—x)* (km).

b) Téng quing dudng di tir A dén B bang ~/25+x2 +/49+ x> + EF (km).

X X—24
X2 +25 x?—48x+625

) Néu dat f(x)=AE+BF (km)thi f'(x) ,Vx e (0; 24).

d) Nguoi ta muén di tir A dén B theo quing duong ngan nhat thi ho phai xay cau sao cho khoang

cach hai diém E, H bang 9 km.

Bai toan 2: Mot vat dugc ném 1én tir 46 cao 300 m v&i van toc dugc cho bai céng thic
v(t)=-9,81t+29,43(m/s). Goi h(t)(m) la d¢ cao cua vat so véi mat dat tai thoi diem t(s)tinh tir
lGc bat dau ném vat.

a) Van toc cua vat triét tiéu tai thoi diém t=2s.

98l

b) Ham s6 h(t)= +29,43t .

¢) Sau 11stinh tir IGc ném thi vat d6 cham dat (1am tron dén hang don vi).

d) Vat dat do cao 16n nhat 13 344 m (Iam tron dén hang don vi).

Bai toan 4: (Sé Hoa Binh 2025) Cay ca chua khi trong c6 chiéu cao 5cm. Téc d6 ting trudng chiéu
cao cua cdy ca chua khi trong duoc cho bai ham sé v(t) = -0,1t° +t2, trong d6 t tinh theo tuan, v(t)
tinh bang centimét/tuan. Goi h(t) (tinh bang centimét) 1a chiéu cao cua cdy ca chua & tuan thi

t(t>0)
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a) h(t) =—4i0t4 +%t3.

b) Giai doan ting truéng chiéu cao cua cay ca chua kéo dai 10 tuan.

¢) Chiéu cao cua cdy ca chua ¢ tuan tha 6 I6n hon 40cm.

d) Chiéu cao t6i da ciia cay ca chua khong vuot qua 90 cm.

Bai toan 5: (Sé Pa Niing 2025) Mot bé chira dau ban dau c6 50.000 lit dau. Goi V(t) 1a thé tich dau
(Iit) trong bé tai thoi diém t, trong d6 t tinh theo gid (0<t<24). Trong qua trinh bom dau vao bé,
thé tich dau ting theo tdc do dugc biéu didn boi ham s6 V'(t) =k/t, v6i k 1a hing s6 duong. Sau 4
gio bom lién tuc, thé tich dau trong bé dat 58.000 it.

a) Ham s6 Vv (t) 1a mot nguyén ham cua ham sé f (t) =kt .

b) V(t)=%.t\ﬁ+50.000 VGi 0<t<24 va k la hang sd.

¢) Sau 16 gio bom lién tuc, thé tich dau trong bé dat duoc 148.000 lit.

d) Trong qué trinh bom dau, néu sau mdi gio luong dau bi ro ri déu din véi tée do 500 lit/gio, thi tai
thoi diém t bang 9 gio, thé tich dau trong bé 1a 72.500 lit.

Bai toan 6: (S& Vinh Phiic 2025) Quan sat qua trinh sinh truong va phét trién caa mot giong ca
chua méi trong 18 tuan ké tir khi trong, cac ki su thuoc mot trung tdm giéng cay trong nhan thay:
chiéu cao than cay sau t tuan ke tir khi trong dugc tinh xap xi béi ham s6 h(t)=40log, (2t +1)+12

(don vi: centimet, 0<t <18). Sau 9 tuan ké tir khi trong, hoa bat dau két trai. Ké tir d6, duong kinh

217
trai ca chua ¢ tuan thtr t xap xi boi ham sé d (t)=3 8 -3 (don vi: centimet, 9 <t <18).

a) Khi duoc 4 tuan tudi, chiéu cao cua than cay ca chua la 92 cm.

b) Chiéu cao cua than cdy ca chua lién tuc ting trong sudt 18 tuan.

¢) Sau 4 tuan, ké tir khi két trai, duong kinh trai ca chua lén hon 12cm.

d) Téc dd tang trueong chiéu cao cua than cy ca chua ¢ tuan the 7 (Iam tron dén hang phan trim)

Xap xi bang 4,85 (cm/tuan).
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Bai toan 7: (Sé Yén Bai 2025) Mot khinh khi cau bay véi do cao (so véi mat nude bién) tai thoi
diém t 1a h(t), trong d6 t tinh bang pht, h(t) tinh bang mét. Toc d¢ bay cua khinh khi cau duoc
cho bai ham sé v(t)=-0,12t +1,2t Véi v(t) tinh bang mét/phit. Tai thoi diém xuat phat (t=0)
khinh khi cau & do cao 520m.

a) h(t)=-0,04t>+0,6t* (0<t<29).

b) Tai thoi diém t =3 phit d6 cao cia khinh khi cau 1a 524,32m.

¢) Sau 15 phut tir khi xuat phét thi khinh khi cau tré lai 6 cao khi bat dau xuét phat.

d) b6 cao tdi da cua khinh khi cau bay 1a 540m.

Bai toan 8: (Nghé An 2025) Trong day chuyén san xuét sira chua hién dai caa mot nha may thuc
pham, ting giot sita chua &m tham chuyén minh duéi tic dong cua hang triéu vi khuan Lactic, nhiing
“nghé nhén ti hon” kién tao vi chua thanh dic trung. Mat d6 vi khuan (s6 triéu té bao trén mdi ml
sita chua) tai thoi diém t (gio) dugc ki hiéu la N (t). Ban dau (t =0 gid), mat do vi khuan do dugc
la N(0)=10 triéu té bao/ml. Do sy thay d6i vé ngudn dinh dudng (duong lactose giam) va d6 pH
(axit lactic ting) nén toc d¢ thay doi mat do vi khuan N'(t) (don vi: triéu té bao/ ml mdi gio) dwoc
mo hinh hoa boi cong thire N'(t) =18t —3t* (triéu té bao/ml mdi gi®) véi t 1a thoi gian tinh bang gio
(0<t<7).

a) N'(1)=15 triéu té bao/ml gio. b) [N'(t)dt=0t* —t°.

¢) So Véi lic ban dau (t=0), mat do vi khuan da tang thém 108 tridu té bao/ml khi dén thoi diém
t=6 gio.

d) Tai thoi diém t =7 gio, mat do vi khuan trong 1 ml sita chua 1a 108 triéu té bao/ml.

Bai toan 9: (Nghé An 2025) Trong mot phong thi nghiém c6 may do ndéng do khi CO2 cho thay:
nong do khi CO2 trong phong thay d6i theo thoi gian t (tinh bang gio) va duoc thé hién qua ham sé

2000t
t>+5
c6 nghia 1a: Trong mét triéu phan thé tich caa khdng khi, c6 400 phan thé tich 12 khi COy).

f (t) = 400+ (ppm), véi t>0 (Khi néi ndng do khi CO2 trong khong khi 1a 400 ppm, diéu d6

Céc khang dinh sau dung hay sai?
a) Nong do khi CO; trong phong tai thoi diém t=0 1a 400 (ppm).

—2000t* -10000 .
> Vol t>0.
(t2 + 5)

c) Nghiém cua phuong trinh f'(t)=0 la t=2.

b) f(t) =
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d) Nong do khi CO2 cao nhat do dugc trong phong thi nghiém (Iam tron dén hang don vi) 1a 947
(ppm).

Bai toan 10: (SGD Hué 2025) Ong An c6 mot manh dat hinh vuéng ABCD ¢6 canh AB =12m. Ong
lam maot hd boi dang hinh thang cong (phdn 6 dam) va mot 16i di 1 doan thang HB . Néu dit hé truc
toa do c6 gbc tai A nhu hinh v&, d6 dai don vi 1a 1m, thi dudng cong EFIG 1a mot phan d6 thi cua
mot ham s6 bac ba y = f(x) c6 F 1a diém cuc tiéu va | 1a diém cuc dai. Biét CH = DE =GB =3m

va cac diém F,1 cach canh AD lan luot la 2m va 6m.

I
D

H C

A
a) Phuong trinh ctia duong thang HB 13 y =—4x+48.
b) Ton tai aeR sao cho f '(x)=a(x+2)(x+6)
c) Tiép tuyén cia do thi ham s6 y = f (x) tai diém c6 hoanh d6 bang 7 song song véi duong thang
HB.
d) Ong An can dat mot cai thang 1én xudng ho boi tai mot diém trén duong cong EFIG sao cho
khoang céch tir diém dat thang dén 16i di 1a ngan nhat, khoang cach d6 bang 2,56m (két qua lam
tron dén hang phan tram).
Bai to4n 11: Chi phi nhién liéu ciia mét chiéc tau chay trén song dugc chia 1am hai phan. Phan thir
nhat khong phu thudc vao van toc va bang 480 nghin dong trén 1 gio. Phan thir hai ti 16 thuan véi
1ap phwong cta vén tdc, khi v=10 (km/h) thi phan tht hai bang 30 nghin déng trén mot gio.
a) Khi van téc v=10(km/h) thi chi phi nguyén lidu cho phan thir nhat trén mot kilomet duong song
la 48000 dong.
b) Ham sb x4c dinh tong chi phi nguyén liéu trén mot kilomet dudng séng véi van toc x (km/h) 1a

f(x)=£xo+0,03x3.

¢) Khi van téc v =30 (km/h) thi tong chi phi nguyén liéu trén mot km dudng song 1a 43000 dong.
d) Van tbc nho nhit cua tau 12 v =20 (km/h) thi tong chi phi nguyén liéu trén mot km dudng song 1a
nho nhét
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Bai toan 12: Hinh vé& bén dudi minh hoa mét phan khu vuc thiét ké danh cho céc hoat dong truot
vén, patin. Puong 1én cua khu vic nay dan dén mot bé mat nam ngang (goi 1a ving bang phang),
tiép theo 1a doan dbc xudng, hai dudng ddi xing nhau hai bén. Mit trudc va mat sau cua chudéng

ngai vat vuéng goc véi mit dat ngang.

Dé mo ta mat bén phia trudc mot cach toan hoc, ta xét mat phang Oxy Véi truc Ox 13 phan bén dudi,
tryc Oy 14 truc d6i xirng cua bé mit dang xét. Ving bang phang trai dai trong mé hinh tr —2<x <2
. buong cong mat cit ngang caa doan doc xuéng trong khoang 2 < x <8 dugc md ta bai d6 thi cua
ham s6 f(x)=2-In(x~1). Trong hé toa do nay, mot don vi chiéu dai twong tng voi mot mét trong
thuc té.

Yk

Q
| 6]

a) Chiéu cao cua ving bang phang la 2m.

b) Trén khoang (2;8) c6 mot diem x, ma tai do, toe do thay doi tic thoi ciia ham f (x) bang toc do
thay doi trung binh cua ham f(x) trén khoang nay. Khi d6 x, =4,3 (Két qua 1am tron dén hang
phan chuc).

¢) Trén md hinh thi gié tri cia goc « =120° duoc xac dinh boi mit phang nam ngang cua viing bang
phing va doan dudng déc xudng tai canh chuyén tiép (tiép tuyén tai diém x=2).

d) Mit bén phia trudc cia chudng ngai vt dugc s dung mot phan 1am khu vuc quang cdo (xem
Hinh 1). Trong md hinh, khu vuc nay bao gdm hai phan dién tich, cu thé 1a dién tich gitra d6 thi ham
so f(x) va truc hoanh trong doan [2;6] va mot phan ddi xting véi nd trong goc phan tu tht hai.
Dién tich cua khu vuc quang céo 1a 7,91 m? (Két qua 1am tron dén hang phan tram).

Bai toan 13: Gia sir gia ban cho mdi san pham doc quyén duoc cho boi cong thirc P(a)=500-3a
trén mdi san pham va ham chi phi trung binh d¢ san xuat la C(a)=0,1a+4+ 600 trong d6 a 1a sd
a

don vi san ph'flm va don vi tinh 1a USD
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a) a=80 la lugng san ph'flm ban ra dé 1oi nhuan thu duge toi da

b) Gia ban dé loi nhuan thu duoc tdi da 1a 260 (USD)

¢) Loi nhuén thu dugc t6i da 1a 19180 (USD)

d) Néu mdi san pham phai chiu 12,4 (USD) tién thué thi gia ban san pham dé thu dugc loi nhuan toi
da 1a 266 (USD)

Bai toan 14: Cho mét vat bit dau chuyén dong thang véi db thi biéu dién gia téc theo thoi gian nhu

hinh vé& dudi day

O i
1

a) Tai thoi diém t, =5 gidy thi van téc cua vat 1a 10m/s

b) Tai thoi diém t, =10 gidy thi van toc cua vat bang 20 m/s

¢) Quéing dudng vat di duoc trong 5 gidy dau tién la 10m

d) Quing duong vat di duoc trong 12 gidy dau tién 1a 152m

Bai toan 15: Hiéu irng Doppler 12 hién tugng tin sd ctia song Am ma tai thu nhan thay doi theo van
tdc tuong dbi gitta ngudi nghe va ngudn am. Cu thé hon, néu ngudn 4m phét ra 4m thanh véi tan sb

f, co van téc twong d6i v4i nguoi nghe 1a v, thi tan sé 4m thanh ngudi nghe nghe dugc 1a

f= f, trong d6 a=343(m/s) 1a van toc 4m thanh va ddu "+" phu thudc vao ngudn am dang

— 70
ra xa hay tién lai gan nguoi nghe. Mot chiéc xe gan kém loa phat ra 4m thanh véi tan s6 khong ddi
432 Hz di vong quanh mot hd nudce hinh tron ¢6 duong kinh 1km véi van toc khong doi 60 (km/h).

Mot ngudi cach ¢ tim hd nude 1,5km nghe thiy tiéng chiée xe

a) Van toc goc ciia chiée xe v6i tim 14 tim hod nudc bang 3—10 (rad/s)

b) Lay thoi diém t, =0 1a lic ngudi d6 cach chiéc xe 1000m thi khoang cach giita nguoi nghe va
chiéc xe tai thoi diém t = %(giéy) x4p xi 1,32 km.

¢) Tan s6 4am thanh ma nguoi nghe nghe duoc tai thoi diém t véi 0<t <307 Ia:
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432at
f(t)= t
at+\/2,5—1,5cos
30

d) Tai ngudi nghe nghe dugc tan sb 4m thanh thip nhat vao thoi diém t =157 (gidy)

(Hz)

Bai toan 16: (Sé Lao Cai 2025) Khi loai thuéc A duoc tiém vao bénh nhan, nong do (mg/l) cua

30x
X2 +2°

thudc trong méau sau x phat (ké tir khi bat dau tiém) dwoc xac dinh béi cong thirc: C(x)=

(Ngudn: James Stewart, J. (2015). Calculus. Cengage Learning)
a) Thoi diém 1 phat sau khi tiém, nong do thude trong méu 1a 10 (mg/l).
_ 60 —30x°

b) Pao ham cua ham s6 C(x) 1a C'(x) (eeaf
X"+

¢) Trong khoang thoi gian tir 1 phit sau khi tiém tré di, nong d6 thude trong mau giam dan.

d) Nong do thude trong mau dat gia tri 16n nhat tai thoi diém 2 phat sau khi tiém.

Bai toan 17: Mot con kénh dai 200 m, rong 8 m (l1a khoang céach gitra hai mép bo kénh), sdu 2 m
(tinh tir diém thip nhat cua day kénh dén mat dat chira hai bo kénh).

Mit cat dung cua con kénh dugc md hinh héa boi mot phan parabol c¢6 phuong trinh
y = f(x)=ax? +bx+c (vSi a>0); xét mat phang chira parabol d6 vai hé truc toa dd Oxy , don vi mdi
truc toa do 1a mét, truc Ox tiép xUc véi parabol dé, truc Oy vudng goc véi mat dat, chira truc doi

Xtng cua parabol d6 va c6 chiéu duong hudng Ién troi (xem hinh minh hoa ¢ dudi).

ol

(0]

)
S =

a) Parabol d6 di qua diém (4;2) va c6 dinh O(0;0).

X2

b) Parabol d6 c6 phuong trinh y = f(x) = 5
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c) Dién tich mit cit caa con kénh bang %mz.

d) Vao mua he, muc nude trong kénh cao 1 m (tinh tir diém thap nhat caa day kénh dén mit nuéc).

Luong nudc trong kénh vao mia hé bang 754m°® (két qua 1am tron dén hang don vi).
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PHUONG PHAP TOA PQ TRONG OXYZ
Bai toan 1: Trong Dragon Ball, qua cau Genki la chiéu thuc lgi hai ma Sol Goku thudng st dung
khi gap nhitng di thu 16n. Pugc biét trong tran danh véi Frieza dai dé, cudc chién co lién quan dén
van ménh vil tru, Goku da ding qua cau nay dé tung don tuyét sat vai Frieza. Chon hé truc toa do
Oxyz thich hop, don vi trén mdi truc 14 mét, mit phang Oxy 1a mit dat va tia Oz huéng 1én troi, Sol
Goku dting ¢ vi tri A(5; 0; 40), Frieza dai dé dting o vi tri B(85; 60; 40). Trudc khi Goku tao ra qua
cau Genki thi Frieza di tin cong phu dau, hin lao vé phia Goku véi van téc 50 m/s.
a) Frieza s& mat 2 gidy dé dén duoc vi tri Goku dang ding.
b) Vecto van tc ctia Frieza |a v =(400; 300; 0), don vi: m/s.
¢) Sau khi tranh dugc don hiém tir Frieza, Goku dtng & vi tri C(8; —1; 46) da tao ra qua cau Genki
dugc md hinh hoa véi phuong trinh (x—8)° +(y+1)° +(z—-58)° =100 . Khoang cach bé nhét tir vi tri
D(-182; 159; 45) ma Frieza dang ding dén qua cau bang 238,7 m (két qua lam tron dén hang phan
chuc).
d) Qua cau duoc Goku ném vé phia Fide vai van toc 1én dén 64 m/s. Cir sau mdi gidy thi ban kinh
no tang 1én 1 mét. Néu Frieza khong di chuyén thi sau 3,67 gidy (Iam tron dén hang phan trim cua
gidy) qua cau Genki dén dugc vi tri cua Frieza.
Bai toan 2: (THPT Ngé Si Lién — Bic Giang 2025) Cau Cong Vang (The Golden Gate Bridge) ¢
My dugc gan hé truc toa d6 Oxyz voi O 1a bé cia chan cot tru tai mat nudce, truc Oz tring vai cot
try, mat phang (Oxy) la mat nuwéc va xem nhu truc Oy cung phuong véi cau nhu hinh v&. Day cap
AD (duoc xem nhu 13 mot doan thing) di qua dinh D thudc truc Oz va diém A thudc mit phang
Oyz, biét rang diém D 1a dinh cot tru cach mat nuéc 227m, diém A céch mat nuéc 75m va céch

tryc Oz 343m, biét rang 1 don vi trén hé truc toa do twong ang véi 1m trén thyc té.

a) Duong thang AD c6 1 véc to chi phuong la AD = (0;-343;152).

b) Toa do diém A 1a (0;-343;75).
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c) Do dai doan day cap AD la AD =+/140753(m).

d) Tir diém M trén thanh ciu, M thudc mit phang Oyz ( nhu hinh v&) cach mit nuéc 75m, cach
truc Oz 5m, nguoi ta treo mot dén led trang tri c6 dang doan thang MN (voi N thudc day cap AD
), biét rang 1m dén led c6 gia 125000 ddng, sb tién thap nhat cd thé sir dung dé lap dén led (lam tron
dén don vi nghin déng) 1a 17118000 dong.

Bai toan 3: (Sé Pa Ning 2025) Mot radar phong khong dugc dat tai vi tri goc toa o O(0;0;0) trong
khong gian Oxyz , mdi don vi trén cac truc toa d6 ung véi 1km. Radar nay c6 kha ning phat hién cac
muc tiéu bay ban kinh 250km. Mot méay bay khong nguoi 1ai (UAV) dang bay thang déu tir vi tri
diém A(300;-400;100) dén diém B(-300;400;100). UAV bay véi van téc khong doi 900km/hva
mang thiét bi gay nhiéu chu dong c6 tam hiéu qua 50kmtinh tir UAV. Radar c6 thé theo ddi UAV
trong khoang thoi gian hon 30phut khong?

(tham khdao tir Stimson’s Introduction to Airborne Radar, 3rd Edition, George W. Stimson,
Hugh D, Griffiths, Christopher Baker, Dave Adamy)
(Hinh anh minh hoa radar tai goc toa d6 O va duong bay cia UAV tir A dén B)
a) Radar khdng thé phat hien UAV khi UAV & vi tri A.
x =300-3t
b) Phuong trinh tham sé cua duong bay UAV 14 <y = —400+ 4t .
z=0
¢) Trong subt qua trinh bay, s& c6 thoi diém UAV gay nhidu duoc radar.
d) Radar cd thé theo ddi UAV trong khoang thoi gian hon 30 phdit.
Bai toan 4: Hai chiéc flycam duoc diéu khién cuing bay 1&n tai ciing mét dia diém. Sau mot thoi gian
bay, chiéc flycam thix nhat bay dén vi tri diém A cach mat dat 10m, cach diém xuat phat 8m vé phia
nam va 3m Vé phia déng. Chiéc flycam thir hai bay dén diém B céch mat dat 12m, cach diém xuat
phat 4m vé phia bic va 5m vé phia ty. Chon hé truc toa do Oxyz véi gbc O dit tai diém xuat phét
cua hai chiéc flycam, mit phang (Oxy) triing véi mét dat (coi nhu phang) c6 truc Ox huéng vé phia
nam, truc Oy huéng vé phia dong va truc Oz huéng thang dung I1&n troi (don vi do mdi truc 12 mét).

Khi do:
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a) Toa d¢ cua diém A(8;3;10).
Xx=8+12t
b) Phuong trinh duong thang di qua vi tri cua hai chiéc flycam tai A va B la {y=3+8t .
z=10-2t

€) Mit phang trung truc cia doan thing AB di qua M (L-2;1).

d) Trén mat dat nguoi ta dat mot thiét bi pha song flycam sao cho c6 thé phé song hai chiéc flycam
tai hai vi tri A, B clng mét lic. Tong khoang cach ngan nhat tir thiét bi ¢o dén hai chiéc flycam tai
hai vitri A va B (lam tron dén hang phan trdm) bang 25,46(m).

Bai toan 5: Trong khong gian Oxyz (don vi trén mdi truc tinh theo kilomét), mot tram thu phat séng
dién thoai di dong duoc dat ¢ vi tri 1(1,3,;7). Tram thu phat song d6 duoc thiét ké vai ban kinh phu

song la 3 km.

a) Phuong trinh mit cau (S) dé md ta ranh giGi bén ngoai cua ving phu song trong khong gian 1a
(x+1)2 +(y+3)2 +(z+7)2 =9

b) Néu nguoi dung dién thoai & vi tri diém A(2;2;7) thi cd thé st dung dich vy cta tram thu phat
song d

¢) Néu nguoi dung dién thoai ¢ vi tri c6 toa do B(5;6;7) thi khong thé sir dung dich vy cua tram thu

phat song do
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d) Tinh theo duong chim bay, khoang cach 16n nhit d&& mot ngusi ¢ vi tri ¢d toa do B(5;6;7) di
chuyén dugc téi ving phu séng theo don vi km 1a 8km.

Bai toan 6 : Céc k¥ su dién dang tién hanh lip dit cap dién tai mot cong trudng xay dung. Toa do
cac diém (x;y;z) duoc xac dinh twong ddi so vai tram chuyén mach chinh dit tai goc toa do (0;0;0)
, don vi 1a mét. Cac doan cap duoc lap dit theo cac duong thing va coi nhu khong c6 bé rong. Mot
doan cap di co san, ky hiéu 1a C, bt dau tir tram chuyén mach chinh va cé véc-to chi phwong 1a:
u(3%-2)

Mot doan cap méi duoc lap dat, di qua hai diém: P(1;2;-1); Q(5;7;a)

x=3t
a) C:{y=t ,(teR) la phuong trinh duong thang chira C
7=-2t

b) Khi a =—§ thi dudng cap méi duoc lap dat, s& giao nhau véi C

c) Bé dam bao hai doan cép khéng giao nhau, cac ky su di chon a=-3. Gid day, ho mubn néi moi
diém P va Q voi mot diém R nam trén C. Céc k§ su mudn giam d6 dai cap can thiét va cho rang
dé 1am duogc diéu d6 thi goc PRQ =90".

d) Céc ky su phat hién khu vuc gitra P va R ¢6 dia hinh rat kho thi cong. Do d6, ho quyét dinh
giam do dai doan PR xubng muc nho nhit, khi d6 d6 dai PR 1a 1,58m (1am tron két qua dén hang
phan tram)

Bai toan 7: Trong khong gian vai hé truc toa do Oxyz (don vi trén mdi truc toa do la kilomét), mat
phang (Oxy) la mit dat, chiéu duong cua truc Oz hudng lén troi, mot khinh khi cau bat dau chuyén
bay tir diém A(-1;18;0,5), n6 bay theo mot dudng thang véi van toc khong doi va sau mot gio dén
diém B(31;42;0,5). Tai thoi diém khinh khi cau bat dau bay, mot may bay ¢& nho & diém C(15;18;0,1)

X =15-80t
bat dau bay theo duong thang d c6 phuong trinh {y =18+60t(t € R), trong d6 t >0 duoc tinh bang
z=0,1+4t

gio.
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a) AB=40.
X=32-5

b) Puong thang AB ¢ phuong trinh <y = 24+18s(s € R).
z=0,5s

c) Hai dudng thang AB va d cét nhau tai diém H(7;24;0,5).

d) Khi may bay bay dén diém H thi may bay va khinh khi cau cach nhau 6 km.
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CAC BAI TOAN XAC SUAT - THONG KE

Bai toan 1: Nam 2025, bao Gido duc da c6 cudc khao sat tai mot trudng dai hoc va thdy ring co
40% sinh vién quan tim dén chuwong trinh hoc bong A; c6 17% trong s6 nhiing sinh vién quan tim
dén hoc bong A ciing d3 quan tdm dén hoc bong B. Qua khao sat ho ciing thdy rang c6 20% sinh
vién quan tAm dén chuong trinh hoc béng B. Ngudi ta chon ngau nhién mot sinh vién tir trudng dai
hoc nay dé tham do ¥ kién.

a) Xac suat dé sinh vién dugc duge chon quan tim ca hai chuong trinh hoc bong bang 0,062 ..

b) X4c suat dé sinh vién quan tim hoc bong A néu biét rang ho di quan tdm hoc bong B bing 0,4.
C) Xac suat dé sinh vién khong quan tdm dén ca chuong trinh A 1an hoc chuong trinh B bing 0,41.
d) Sinh vién dugc chon cho rang minh c6 quan tim dén hoc bong B; hai hom sau mot nha bao khac
quay lai truong va tiép tuc chon ngiu nhién mot sinh vién dé tham do ¥ kién thi gip duoc mot sinh
vién quan tim dén hoc bong B, xac suat dé ngudi nay khong quan tim dén hoc bong A bang 0,66.
Bai toan 2: O ctra ra vao cua siéu thi Winmart Hai Lang c6 mét thiét bj canh bao hang hoa chua
duoc thanh toan khi qua ctra. Thiét bi phat chudng canh bao véi 99% cac hang hoa ra cira ma chwa
thanh toan va 0,1% cac hang hda da thanh toan. Ty I¢ hang hoa qua ctra khéng dugc thanh toéan la
0,1% . Chon ngau nhién mot hang hoa khi di qua ctra. Xét tinh diing sai ctia c4c ménh dé sau?

a) Xac suat dé hang hoa qua cira da thanh toan 13 0,999.

b) Biét rang hang hoa qua cira di thanh toan, xac suat dé thiét bi phat chudng canh bao 14 0,001.

c) X&c suat dé hang hoa qua cira chua thanh toan va thiét bi phat chuéng canh bao 13 0,01.

d) X4c suat hang hoa qua cira chua thanh toan va thiét bi khong phét chudng canh béo 1a 10°°.

Bai toan 3: (Chuyén Lé Khiét — Quang Ngai 2025) Ban Hoang Huy chon ngau nhién mot bong
dén led trén quay. Trén quay c6 hai loai dén mau trang va mau vang cé hinh thire va kich thudc nhu
nhau. Trong d6 mau trang chiém 60%. Bong dén mau tring co ti 18 hong 1a 3%, bong dén mau vang
cd ti 16 hong 1a 2%. Xac suat dé Huy chon duoc

a) Mot bong dén mau vang 1a 0,6.

b) M6t bong dén khong hong, biét né mau tring 12 0,97.

c) Mot bong dén khong hong, biét né mau vang 14 0,98.

d) Mot bong dén khong hong 1a 0,974.

Bai toan 4: Trong khoa Li cua treong dai hoc Su pham c¢6 200 sinh vién trong d6 c¢6 95 nam va 105
nit. Trong ki thi t6t nghiép c6 50 loai hoc sinh gioi, gdm 24 nam va 26 nit. Ly ngau nhién mét sinh

vién. Xét tinh dang, sai cuia c&c ménh dé sau:
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7 K A - - A x " A PSRN 1
a) X&c suat dé sinh vién chon ngau nhién gioi la 7

. I . R . ‘n < -.-0s 13
b) Xac suat deé sinh vién chon ra la nit biét rang sinh vién chon ra la gioi la >

. T . s Liha Ll . A « o~ s 26
€) Xac suat dé sinh vién chon ra la giéi biét rang sinh vién chon ra la nir la 05

d) Gia sir sinh vién chon ra 1a gioi, khi d6 nhiéu kha niang d6 14 sinh vién nam.

Bai toan 5: (Sé Hoa Binh 2025) Mét doanh nghiép c6 45% nhan vién la nit. Trong cac nhan vién
nit c6 30% nhan vién c6 bang dai hoc, ti 1& nay trong cac nhan vién nam la 25%.

a) Ti Ié nhan vién nam trong téng s6 nhan vién 1a 55%.

b) Ti 18 nhan vién nit khdng c6 bang dai hoc trong tong s6 nhan vién la 13,5%.

¢) Chon ngau nhién hai nhan vién trong doanh nghiép, xac suat dé chon dugc hai ngudi khac gioi
I6n hon 24,5% .

d) Chon ngiu nhién hai nhan vién trong doanh nghiép, x4c suat dé trong hai ngudi dugc co ding
mot ngudi 6 bang dai hoc khong vuot qua 19,8%.

Bai toan 6: Biém kiém tra cudi ki mdn Toan caa mot hoc sinh phu thudc vao viéc hoc sinh d6 ¢o
cham chi l1am bai tap vé nha hay khong. Néu ban An chiam chi 1am bai tap vé nha mén Toén thi xac
suit dat diém tét kiém tra cudi ki 1a 0,9. Con néu ban An khong cham chi 1am bai tap vé nha thi xac
suat dat diém khong tot kiém tra cudi ki 1a 0,85. Xac suat An cham chi lam bai tap vé nha mén Toan
la 0,75.

a) Néu An cham chi 1am bai tap vé nha mon Toén thi x4c suat An dugc diém khong tét kiém tra cudi
kila 0,1.

b) Néu An khong cham chi 1am bai tap vé nha mon Toan thi xac suit An duoc diém tét kiém tra cudi
kila 0,2

c) X&c suat dé An dat diém khong tot kiém tra cudi ki 1 0,35.

d) X4c suit & An dat diém tét kiém tra cudi ki 1a 0,7125.

Bai to4n 7: Mot cong ty tham gia ddu thau 2 du 4n. Kha ning thang thau dy an 1 12 60% va du &n 2
1a 50%. Kha ning thang thau ca hai du an 12 40%. Goi A va B lan luot 13 bién cb cong ty thang thau
du an 1vadu éan 2.

a) A va B la hai bién cb doc lap.

b) Kha ning cong ty thang thau dung 1 dy an 1a 30%
C) X&c suat cong ty thang thau dy &n 2 biét cong ty da thang thau du an 1 13 % .

Trang. 120



CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

d) Xac suat cong ty khong thing thau du an 2, biét cong ty da khong thing thau dir an 1 1a % .

Bai toan 8: Trong quan su, mot may bay chién dau cia d6i phuong co thé xuat hién ¢ vi tri X voi
X4c suét 0,55. Néu may bay d6 khong xuat hién ¢ vi tri X thi né xuat hién & vi tri Y . Bé phong thu,
céc bé phong tén lira duoc bd tri tai cac vi tri X va Y . Khi may bay ddi phuong xuét hién & vj tri
X hodc Y thitén lra s& duoc phong dé ha may bay d6. Néu may bay xuat hién tai X thi bin 2 qua
tén lra va néu may bay xuat hién tai Y thi ban 1 qua tén lira. Biét ring, xac suat ban tring may bay
cua mdi qua tén lta 1a 0,8 va cac bé phéng tén lira hoat dong doc 1ap. May bay bi ban ha néu n6
trdng it nhat 1 qua tén lira.

a) X4c suat dé may bay dbi phwong bi ban ha néu né xuat hién & vi tri X 1a 0,64

b) Xac suat dé may bay dbi phuong bi ban ha néu nd xuat hien g vitri Y 13 0,8

¢) X4c suat ban ha may bay déi phuong 1a 0,888

d) Biét rang may bay déi phuong di bi ban ha. Xac suat dé may bay dbi phuong xuat hién & vi tri
X 14 0,59 (Két qua lam tron dén hang phan trim)

Bai toan 9: (Sé Ninh Binh 2025) Aria mua mét ngdi nha vai gia ban P =290.000$ theo hinh thic
mua tra gop, 14i suat 8,25% mot nam, trong vong 30 nam, v4i $6 tién phai tra mdi thang khong doi
bang M ($). Goi r la lai sudt mot thang.

a) Sé tien Aria con ng sau thang dau tién 1a A =P (1+r)-M ($).

b) r=0,6875%.

¢) Tong sé tién Aria phai tra sau 30 nam gap hon 2,5 1an so vai gid ban P cua ngdi nha.

d) Mdi thang, Aria quyét dinh tra thém 250$ so Vi s6 tién phai tra M ($). CO 4y s& tra hét tien mua
nha trong 20 nam.

Bai toan 10: Mot nghién ciru cho thay c6 5% céc tin nhan trén mot mang vién théng X 1a tin nhan
quang c&o. Trong cac tin nhan quang cdo, 80% tin nhin c6 chua chir "sale”. Trong cac tin nhan

khong quang céo, 2% tin nhan c6 chit "sale”. Chon ngau nhién 1 tin nhan trén mang vién thong X

Goi A la bién cb: "tin nhan 1a tin nhan quang céo".
Goi B 1a bién cé: "tin nhin chira chit "sale".
a) P(A)=0,05 va P(A)=0,95.
b) Xac suat c6 diéu kién P(B| A)=0,02.
€) X&c suat tin nhin nhan dugc c6 chira chir "sale™ 1a 4,1%.
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d) Biét rang tin nhan nhan duoc c6 chira chit "sale", x4c suat dé tin nhan d6 1a tin quang co bang

0,68. (1am tron két qua dén hang phan tram).
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2. Phan tra loi ngan

CAC BAI TOAN SU DUNG TiCH PHAN - PAO HAM
Bai toan 1. Anh Dinh nhan thiét ké logo hinh con mit (phan dwoc t6 dam) cho mét co sd'y té: Logo
|a hinh phang gisi han bai hai parabol y = f (x), y = g(x) nhu hinh v& (don vi trén mdi truc toa do
la centimét). Chi phi san xuat mdi cm? trén logo 1a 1000 dong. Chi phi san xuat mdi logo 1a bao

nhiéu dong? (két qud lam tron dén hang don vi)

J

y=g(z)

Pap s6: 9798
Bai toan 2. Trong Iop hoc, man hinh tivi hinh chix nhat ¢ chiéu cao 1m duogc dat & do cao 1,2m so
VGi tam mat cua hoc sinh (tinh tir dau mép dudi cia man hinh). Bé nhin rd nhat phai xac dinh vj tri

ngoi sao cho gdc nhin I6n nhat (BOC 1a g6c nhin).

V) tri mdt

I 0
Néu xét nhitng hoc sinh ngdi nhin thang man hinh thi hoc sinh ngdi ban thir may nhin dugc rd nhat?
Biét ban dau tién céach tivi 1,2m va mdi ban ké tiép nhau cach nhau 0,4m.

Pap so: 2
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Bai toan 3: Vién gach men dung dé 1at nén nha 1a mot hinh vudng cé canh bang 80

cm (xem hinh bén duéi). M&i vién gach c6 4 bong hoa, méi bdng hoa gom 4 cénh
hoa. Mdi canh hoa (phan mau xanh) 1a phan giao nhau caa hai hinh tron c6 cing

ban kinh va khoang cach giira hai tim 1a . 202 cm .. U'éc tinh & cong doan trang

men, phan mau xanh (¢ dé cua cac em 1a mau den) co chi phi 50 nghin dong trén
mot mét vudng, con phan mau tring c6 chi phi 30 nghin dong trén mot mét vuodng. Tinh chi phi (don
vi: ti d6ng) cua cong doan trang men nay, khi co sé san xuat dy dinh san xuat 100000 vién gach nhu
thé (1am tron két qua dén hang phan trim).

Pap so: 2,65

Bai toan 4: Hinh 1 v& miéng bia ABC c6 dang tam giac déu canh a. Tai mdi dinh cua tam giéc,
nguoi ta cat di mot hinh diéu nhu chi ra, thu duoc hinh phang & Hinh 2. Phan bia con lai & Hinh 2
duoc gap lai theo cac dudng nét chim dé tao thanh mot ling tru tam giac ho c6 chiéu cao x, nhu

minh hoa & Hinh 3.

B C

Hinh 1 Hinh 2 Hinh 3

Sau tinh toan, ngudi ta tim duoc gia tri 1on nhat caa thé tich lang tru 1a V :a{ . Tim k?

Pap s6: k =54

Bai toan 5: (THPT Ngé Si Lién - Bic Giang 2025) Lat cit cua mot ving dat dugc mé hinh héa
bai ham bac ba y = f (x)c6 dd thi nhu hinh v& duéi (don vi trén cac truc 1a km). Biét khoang cach
OM = 2km; d6 rong caa nti MN =3,5km. Do sau ctua hd nude 14 450m. Chiéu cao cua ngon nii 1a
bao nhiéu mét? (Iam tron dén hang don vi).

y (km)

Hb nwéc
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Traloi: 1191

Pap sé: k =54

Bai toan 6: San van dong Sport Hub (Singapore) 1a san c6 mai vom ky vi nhat thé gigi. Pay 1a noi
din ra 18 khai mac Dai hoi thé thao Dong Nam A duoc t6 chirc tai Singapore ndm 2015. Nén san la

mot elip (E) ¢ truc I6n dai 150m, truc bé dai 90m (hinh v&). Néu cat san van dong theo mot mat
phing vudng goc véi truc 16n ciia (E)va citelip & M, N (hinh v&) thi ta dugc thiét dién ludn [a mot

phan cua hinh tron ¢ tim 1 (phan t6 dam trong hinh 4) véi MN 1a mét day cung va géc MIN = 90°.
Dé lip may diéu hoa khong khi thi cac ki su can tinh thé tich phan khong gian bén dudi mai che va
bén trén mit sin, coi nhu mat san 1a mot mat phang va thé tich vat liéu 13 mai khong dang ké. Biét
rang cach tinh cdng suét can di 1 200 BTU /m®. Hoi can it nhat bao nhiéu chiéc diéu hoa cong suat

50000 BTU? (Pap s6 463)

Bai toan 7: Mot kién trac su chiu trach nhiém thiét ké mot tda nha cao 30 mét.
Mt cit ngang tai moi do cao, vudng goc véi truc thang dang, ludn 1a mét hinh
vudng (xem hinh v&). Mat day toa nha 1a hinh vudéng c¢6 canh L, =26 m, mat
dinh Ia hinh vudng c6 canh L,, = 20 m. Mt cit ngang tai vi tri hep nhat cua toa
nha: Hinh vuéng c6 canh L, =13,75m. Mit cat cua toa nha theo mat phang
dung chaa duong chéo day co dang 1a hinh phang giéi han bai hai dudng cong

parabol déi xirng nhau qua truc thang dung di qua tim day cua tda nha. Tinh

thé tich cua toa nha d6 (1am tron dén hang don vi, don vi tinh: mét khéi).
Dap an: 8976
Bai toan 8: Cho dudng cong y =2e™*. Tai diém P(t,2e“) véi t>0 trén d6 thi, goi A 1a hinh chiéu

vubng goc caa P Ién truc Oy, va goi B 1a giao diém cua tiép tuyén tai P véi truc Oy.
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obcc//n:

Goi S(t) la dién tich tam gidc APB. Hoi gid tri t nao dé S(t) dat gié tri lon nhat?

Pap s0: t=2

Bai toan 9: (Sé& Hoa Binh 2025) Mét bién quang céo ¢ dang hinh vudng ABCD canh bang 4m va
I 1a trung diém cua doan thang CD. Trén tim bién dé c6 duong parabol dinh I di qua A, B va cat

duong chéo BD tai M (tham khdo hinh vé).

\\ \M

Chi phi son phan td hinh té ong (c6 dién tich S,) 14 200000 dong/m?, chi phi son phan t6 dam (c6
dién tich S,) 14 150000 d6ng/m? va phan con lai 1a 120000 dong/m?. S tién can chi tra dé son
tam bién quang cao 1a bao nhiéu nghin dong?

Pap s6: 2465 (nghin dong)

Bai toan 10: (Cum trwong Nghé An 2025) Mot cong ty mudn dau tu vao hé thong dién mit troi co
cong suat x (don vi tinh: MW). Theo nghién ctu cho thdy mot s6 thong tin sau: Chi phi dau tu ban
dau 1a C,(x)=1400+55x (ty dong). Doanh thu hang nim la R(x)=28x-0,15x" (ty ddng/nam). Chi
phi van hanh hang nam l1a C, (x)=12+0,35x+0,012x* (ty ddng/nam). Hay tim cong suat x (1am tron
dén hang don vi) dé ti da héa loi nhuan trén dau tu, duoc tinh 14 ty 1é loi nhuan hang nam trén chi
phi dau tu ban dau.

Dap an: 46
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PHUONG PHAP TOA PQ TRONG OXYZ
Bai toan 1: Mot cong ty logistics dang thir nghiém hé théng giao hang
tu dong bang may bay khong ngudi lai (drone).
Trong khdng gian Oxyz , mdi don vi trén cac tryc tuong tng véi 1 mét A
trén thyuc té. Mat ngoai cua
mot toa nha cao ting duoc xem la mét phan cua mit phang (P) thing

dtmg, di qua hai diém C(10;50;0) va D(30;10;0). Vi tri giao hang la O

diém B nam trén mat phang (P). Drone bit dau bay tir kho hang tai

goc toa do O(0;0;0). Ban dau, nd bay theo mot dudng thang dén vi tri A(30;40;120). Tur vi tri A,
drone thay doi duong bay, di chuyén theo phuong vudng goc voi mat phang (P) dén vi tri giao hang
B. Tinh khoang céch tir O dén B (lam tron dén hang don vi).

Pap s6 : 126

Bai toan 2: Trong khong gian véi hé truc toa do Oxyz , mot tim bang ddng chat c¢6 dang hinh vudng
ABCD tam O dugc treo nghiéng bai 4 soi day 1A,1B,1C, 1D gan cb dinh tai diém 1(0;0;9) nhu hinh

Vé. Diém 0(0;0;5); A(—ﬁ;ﬁ;s)vé g6c OID dat gid tri I6n nhat. Goi F,F,,F,,F, lan luot 12 luc

cing cua cac soi day 1B,1C, ID, IA. Biét ring \El\ =50N va |F,|=40N

-

Q..---------------.H.i----

B
Tinh khéi luong m (kg) cua tim bang (Két qua lam tron dén hang don vi) (Cho gia téc trong truong
g =9,8(m/s?) va trong lwong cua tam bang dugc tinh bang céng thic P =m.g)

Pap s6 : 15
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CAC BAI TOAN XAC SUAT - THONG KE
Bai toan 1: Cho mot gio chira it nhat 3 vién bi va bay hop tréng danh sé 1,2,3,4,5,6,7 .

Thuc hién lién tiép ba lan thi nghiém sau, ding mét con stc sac chuan:

1. Tung stc sic, dugc mat ne{L,2,3,4,5,6}.

2. Néu hop s6 n hién chua co vién bi nao thi 14y mét vién bi tir gio b vao hop sé n.

3. Néu hop s n hién di c6 it nhat mot vién bi thi 1ay mot vién bi tir gio bo vao hop s6 7.
Két thic ba lan, tinh xac suat dé hop danh sé 7 ¢6 it nhat mot vién bi (1am tron két qua dén hang
phan trim)
Pap sb: 0,44
Bai toan 2: (Sé Hoa Binh 2025) Trong mot dém thi hat, mdi thi sinh phai tham gia hat hai bai: Mot
bai theo phong cach &m nhac dan gian, mét bai theo phong cach &m nhac nhac nhe. Mot d6i c6 20
ngudi tham gia dém thi hat d6. Két qua 1a 15 ngudi dat bai thi theo phong cach am nhac dan gian,
17 ngudi dat bai thi theo phong cach am nhac nhac nhe; 2 nguoi khong dat ca hai bai. Chon ngau
nhién mot nguoi trong doi. Xac suat dé ngudi do dat ca hai bai thi.
Pap s6: 0,4
Bai toan 3. Mot thanh phd c6 ba loai phuong tién giao thong cong cong: xe buyt, tau dién ngam va
taxi. Ti & str dung mot loai phuong tién d6i vai xe buyt 13 40%, tau dién ngam 1a 35%, taxi 1a 25%.
Ti Ié tré gio ctia xe buyt, tau dién ngam va taxi trong mot thang lan luot 12 20%, 10%, 5%. Anh Hung
1a nguoi dan thanh phd. Trong thang dau tién, anh Hung chon mét trong ba phuong tién dé di 1am,
sa0 cho xac suat chon mdi mdi loai phuong tién ding bang ti I¢ sir dung phuong tién d6 ciia nguoi
dan trong thanh phd. Tir thang thr hai tré di, cach anh Hung chon phwong tién di 1am phu thudc vao
viéc anh bi tré gio trong thang truéc hay khong:

- Néu thang truéc anh khong bj tré, thi anh tiép tuc sir dung loai phuong tién ma anh

da di trong thang do.
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- Néu thang trudc anh bi tré, anh s& chon ngau nhién mét trong hai loai phuong tién

con lai dé di 1am trong thang tiép theo, vai xac suat chon mdi loai 1a 50%. Xéc suat dé anh Hung sir
dung taxi trong thang tha ba c6 dang ™ (1a phan sé téi gian). Tinh n—2m?
n

Pap sb: 5354
Bai toan 4: Ban Tuin hing ngay n sang bang xdi hoic bin. Néu hdm nay ban in sang bang xdi thi
X4c suat d& hdm sau ban an sang bang bin 1a 0,7. Xét mot tuan ma thi ba ban an sang bang Xoi.
Biét xac suat dé thir nam tudn d6, ban Tuin an sang bang bun 1a 0,63. Hoi néu hdm nay ban in sang
bang ban thi xac suat dé hdm sau ban an sang bang x0i 1a bao nhiéu?
Pap s6: 0,4
Bai toan 5: Trong mot dot dich sot xuat huyét, & mdi khu phé tién hanh thir nghiém maot thiét bi
phat hién sét xuat huyét. C6 9000 dan tham gia, trong d6 ¢6 1500 nhiém bénh va 7500 khong nhiém
bénh.\Khi thir v6i 1500 nguoi nhidm bénh cho két qua 76% duong tinh; con véi 7500 ngudi con lai
thiét bi cho két qua 7% duong tinh. LAy ngau nhién mot ngudi, két qua kiém tra cho'thay nguoi nay
duong tinh v6i bénh. Xac suat dé nguoi d6 1 nguoi bi sét xuat huyét 12 bao nhiéu?

Viét két qua duéi dang sb thap phan (1am tron dén hang phan tram)
Tra loi: 0,68
Bai toan 6: Cho mot ludi 6 vudng kich thudc 6x8 vai cac ki hiéu nhu hinh v&. Véi A, B 1a 2 diém

nam & cac nat giao (nhu hinh v§).

f

M ——

Dé di tir diém M dén N mot con kién di chuyén ngau nhién sang phai hoic di 1én theo cac doan
thang 1a canh cua hinh vudéng don vi.

Goi A labiéncd: "Conkiénditr M >A—>N "

Goi B labién cé: "Conkiénditht M -B —>N "

Tinh xac suat c6 diéu kién P (Al B) (Iam tron két qua dén hang phan tram).

Pap sb: 0,32

Trang. 129



CHUYEN PE TOAN HQC CAC BAI TOAN THUC TE ON THI THPTQG 2025

CAC BAI TOAN THUQC NQI DUNG KHAC

Bai toan 1: (Chuyén Hoang Vin Thu - Hoa Binh 2025) Nang lugng giai toa E cta mot tran dong
dét tai tim chan & M d Richter dugc xéac dinh béi cong thuc log(E)=11,4+15M . Vao nim 2024,
thanh phd X xay ra mot tran dong dat 7,4 do Richter va ning luong giai toa tai thm chan caa dong
dat d6 gp 11 lan tran dong dat xay ra ¢ thanh phd Y vao nim 2023. Hoi khi d6, d6 16n cua tran
dong dat tai thanh phé Y 1a bao nhiéu do Richter? (két qua lam tron dén hang phan chuc).

bap $0: 6,7

Bai toan 2: (S& Thanh Hoéa 2025) Trén cong trudong xay dung, mot cong nhan mudn tao ra mot
dung cu dé dung vt liéu long tir mot tAm thép hinh chit nhat ABCD tdm O ¢6 AB=3,2m,AD=2,4m
. Do tam thép bi hong mat phan (tham khao hinh v&) nén ngudi d6 cat bo tam giac OBC va han mép
OB,OC Véi nhau dé thu duoc mét hinh tir dién OABD (khdng c6 mit ABD). Dung cu nay sé dugc
vui dat xung quanh sao cho dinh O quay Xuéng va mat ABD hudng lén trén, khi dung déy vat liéu
long thi phan khdng gian trong 16ng dung cu hoan toan bi lap day. Tinh thé tich cua vat liéu long
duoc dung day trong dung cu. (Két qua 1am tron dén hang phan chuc cia don vi m® va xem d6 day

cua tim thép khong dang ké)

O sau gia cong

A D

B=C
Pap s6: 1,2
Bai to4an 3: Mot nha dau tu ¢ sé von 14 5 ty ddng (5000 triéu ddng) dé phan bd vao Quy co phiéu
A va quy trai phiéu B. Cac thong tin va diéu kién dau tu duoc xac dinh nhu sau: Quy Co phiéu A
cd ty suat sinh 10i 12 17%/ ndm. Quy trai phiéu B c6 ty suat sinh 15 1a 8% /nidm. Tong s6 tién dau tu
khong vuot qua 5000 triéu dong. Phai dau tu it nhat 1200 triéu dong vao quy trai phiéu B. Khong
dau tu qua 3200 triéu dong vao quy co phiéu A. Véi cac diéu kién trén thi nha dau tu co thé dat
duoc tong loi nhuan hang nam 16n nhat 12 bao nhiéu triéu dong (1am tron dén hang don vi)?
Dap an: 688
Bai toan 4: Mot bé boi véi mat nude khi day c6 dang hinh chit nhat véi chiéu rong 14m va chiéu

dai 30m. C4c thanh bé xung quanh thing dung va day 1a mot mat phang nghiéng. Chiéu sau tai mot
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dau bé 1a 1,2m va ting dan déu dén 2,0m ¢ dau kia cua bé (xem hinh v&). Ban dau bé khdng chua
nude. Ngudi ta sir dung mot may bom cong sudt 16n dé bom nuéc vao bé véi tée do khong doi la

42m? / gior. Hoi sau bao nhiéu gior thi may bom bom day bé nugc?

10 15
Chiéu dai (m)

Dap an: 16

Bai toan 5: Cho mot miéng tén mong hinh chit nhat ABCD véi AB = 4dm, AD =9dm. Trén canh AD
liy diém E sao cho AE =3dm, trén canh BC liy diém F 1a trung diém caa BC ( tham khao hinh
1). Cuon miéng tén lai mot vong sao cho canh AB va DC trung khit nhau. Khi d6 miéng ton tao
thanh mat xung quanh caa mot hinh try ( tham khao hinh 2). Thé tich V cua t dién ABEF trong
hinh 2 bang bao nhiéu dm3 (1am tron két qua dén hang phan trim)

4 E DA E'-':'"'_

B c B O

Tra loi: 2,37
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